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Abstract

In this project, the controller is designed and simulated using sliding mode

controller with integrator for uncertain non-linear Multi Input Multi Output

(MIMO) three tank system. Robustness against unknown disturbances are

considered and improved using SMC with integrator. A sliding mode con-

troller is a robust controller against the external disturbance. Consequently,

robustness against uncertainties increases from the very beginning of the pro-

cess. Furthermore, the control laws considerably alleviate chattering along

the switching manifold. In addition, the performance of the controller boost

up in the presence of uncertainties. An ideal sliding mode controller has

a discontinuous switching function like saturation, hyperbolic, signum and

tangent. Such a switching functions produce a chattering phenomenon that

is highly undesirable. This chattering phenomenon is reduced by integral

sliding mode controller. For the above mention reason, the robust controller

is designed for MIMO non-linear three tank system. A comprehensive com-

parative analysis carried out with sliding mode control and integral sliding

mode control which demonstrates superiority of the newly designed control

law. A reduced chattering regulate uncertain non-linear system with im-

proved performance in the presence of external disturbances, which ensures

the robustness of the proposed integral sliding mode controller.
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List of Symbols

1. h1 = Height of tank 1

2. h2 = Height of tank 2

3. h3 = Height of tank 3

4. h2d = Desired value of tank 2

5. h3d= Desired value of tank 3

6. ḣ2 = Derivative value of tank 2

7. ḣ3 =Derivative value of tank 3

8. ḣ2d = Derivative value of desired value of tank 2

9. ḣ3d =Derivative value of desired value of tank 3

10. a = Tank section

11. sn= Cross section of valve

12. azi= Flow correction term(i=1,2,3)

13. bzi= leakage flow correction term(i=1,2,3)

14. hmax= Maximum water level in each tank(i=1,2,3)

15. Qimax= Maximum inflow through pump(i=1,2)

16. g =Gravitational constant

17. C1, C3 =Parameter of opening and closing of valve

18. Q1, Q2 =System Inputs
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Chapter 1

Introduction

The sliding mode control theory is a plays important role in variable structure

control(VSC). This sliding mode controller theory is robust control method.

This sliding mode control concept is related to systems state space. The SMC

is consist of two parts one is sliding manifold(sliding surface) and another is

controller design. The sliding mode controller is a robust controller against

the uncertainties and parameter variation[1]. In the sliding mode controller

is generate the chattering phenomenon. This switching phenomenon is con-

tinuously switching between two sates on sliding surface. A highly switching

is affect or damage the system itself[2].

In this project, literature survey is carried out on design and application of

sliding mode controller and integral sliding mode controller for non-linear

multi input multi outout(MIMO) three tank system. The sliding mode con-

trol is important for both linear and non-linear system. This robust controller

gives better accuracy and robustness against disturbances. It’s also provide

the minimum chattering. It is a leading contender for Three tank multi input

multi output system. This three tank MIMO system is designed based on

SMC and integral sliding mode controller(ISMC).

12



Chapter 2

Design of Sliding Mode

Controller

2.1 Variable Structure Control

A Variable structure system is a dynamical system whose structure changes

with the current value of the state. It is made up of two independent struc-

tures along with a switching logic to switch over between the structures[4].

2.1.1 Example of Variable structure system

Figure 2.1: Variable Structure System

• Let

X1 = e (2.1)

13
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X2 = ė (2.2)

• The System model can be given as:

ẋ1 = x2 (2.3)

ẋ1 = −u (2.4)

• The trajectories are given by the following equations:

x1(t) = −1/2x22(t) + x1(0) + 1/2x22(0) (2.5)

x1(t) = 1/2x22(t) + x1(0)− 1/2x22(0) (2.6)

• Phase portrait of the two structures are as shown in Fig. Each structure

Figure 2.2: Phase portrait

is a family of hyperbola and they are not asymptotically stable. By choosing

a suitable switching logic, we can improve system stability[10,11].
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2.1.2 Effect of switching logic

If the switching of control law (u) is done as:

u(t) = +1; σ(x1, x2) > 0 (2.7)

u(t) = −1;σ(x1, x2) < 0 (2.8)

Following phase portrait is obtained which shows the system being marginally

stable.

If the switching surface(σ) and control law are as shown below.
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It is seen from the resulting phase portrait below that the system is

asymptotically stable.
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For the switching logic in example:

• Equation of optimal switching curve AOB is obtained as:

x1(t) = −1

2
x2(t) |x2(t)| (2.9)

by setting

x1(0) +
1

2
x22(0) = x1(0)− 1

2
x22(0) = 0 (2.10)

• Switching function is

σ(x1, x2) = x1(t) +
1

2
x2(t) |x2(t)| = 0 (2.11)

The given switching logic works as under:

• If the initial state point lies at (P1) on the segment A-O, the state

point (x1(t);x2(t)) is driven to the origin along a segment of a parabola

corresponding to u=+1.

• If the initial point lies at (P2) on the segment B-O, the state point

(x1(t);x2(t)) is driven to the origin along a segment of a parabola cor-

responding to u=-1.

• If the initial state point lies above or below the curve A-O-B, then

only one switching is required to drive the state point to the origin.

Consider the initial point at (P3), which is above the curve A-O-B. The

state point (x1(t);x2(t)) follows a parabola corresponding to u=+1 till

it reaches the segment B-O. This is followed by switching of the control

to -1, and driving of the state point to the origin along B-O with u=-1.
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• Consider the initial point at (P4), which is below the curve A-O-B.

The state point (x1(t);x2(t)) follows a parabola corresponding to u=-1

till it reaches the segment A-O. This is followed by switching of the

control to +1, and driving of the state point to the origin along A-O

with u=+1.

2.2 SMC Design

2.2.1 Hyperplane Design

In the hyper plane design stage, a sliding hyper plane is computed on the

basis of the nominal model, a hyper plane design is fully presented for both

eigenvalue allocation and optimal sliding-mode approaches in a unified man-

ner for linear and nonlinear systems. On the basis of the partition transfor-

mation method for linear systems in Utkin et al. 1979, a direct allocation

method that may be the simplest way to see what the invariance property

really means and is extendable into nonlinear systems.

A hyper plane normalization is proposed to greatly simplify a control function

in the controller design stage. There are 2 types of eigenvalues to be pro-

posed: sliding-eigenvalue and hyperplane-eigenvalue. Sliding-eigenvalues de-

termine the dynamical model of three tank systems. Hyperplane-eigenvalue

is determines the desired values of sliding-eigenvalues that is related to de-

sired dynamic of the three tank system. In addition, the concept of sliding-

eigenvalue is conveniently applied in the stability problem and the invariance

property[8].

ẋ = Ax+Bu (2.12)

s = Hx (2.13)

ṡ = Hẋ (2.14)
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Here,

ẋ = Ax+Bu (2.15)

Hẋ = H(Ax+Bu) (2.16)

2.2.2 Controller Design

A VSS controller design will be fully developed in a unified manner that is

extendable into robust control and MIMO nonlinear systems where a VSS

control is a discontinuous sliding mode control (SMC). Based on the concept

of sliding-eigenvalues introduced, we propose a stability criterion which is

much simpler than the current approach.

By the sliding condition, a control function is first computed in a standard

form as in Utkin 1977. The sliding condition is a necessary condition to

guarantee the existence of the sliding mode[10].

Lyapunov’s direct stability criterion equation

V = 1/2 ∗ s2 (2.17)

v̇ = sṡ (2.18)

sliding condition is

s.ṡ < 0 (2.19)
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2.3 Requirements of SMC Design

The SMC design approach consists of two components. The first involves

the design of a switching function so that the system motion on the sliding

manifold (termed the sliding motion) satisfies the design specifications. The

second is concerned with the selection of a control law, which will make the

sliding manifold attractive to the system state in the presence of external

and internal disturbances/uncertainties.

The main features of the sliding mode include its insensitivity to external

and internal disturbances matched by the control, ultimate accuracy, and

finite-time reaching of the transient.

The requirements for the SMC design are:

• The sliding surface should attract the trajectories when they are in the

vicinity and once the trajectory intersects the sliding surface, it should

stay on it thereafter.

• The sliding mode exists only if, in the vicinity of the sliding surface,

the state velocity vectors are directed towards the surface.

• The trajectories should reach the sliding surface in finite time.

2.4 Properties of Sliding Mode Control

• Sliding mode control improves the stability.

• Entire dynamics of the system is governed by the sliding line/surface

parameters only, which is reduced order function.

• During sliding mode, dynamics are independent of system parameters.



Chapter 3

Literature Review

3.1 Sliding Mode Control

The sliding mode control is mainly use for non-linear system. In this method

dynamic model of non-linear system is forces to the system to sliding sur-

face. The control law are defined for continuous function of time. The sliding

mode controller is gives the continuously switching between one state to an-

other state. This control method is also known as variable structure control

method. The multiple control structures are designed so that trajectories al-

ways move toward an adjacent region with a different control structure and

so the ultimate trajectory will not exist entirely within one control structure.

The switching logic is slide along the control structure. The switching of

the system is slide towards the surface is called sliding mode and the switch-

ing area is known as sliding surface. Switching logic means chattering phe-

nomenon. This fast switching can damage the system. So, less switching

is better for system. In the context of modern control theory, any variable

structure system, like a system under SMC, may be viewed as a special case

of a hybrid dynamical system as the system both flows through a continuous

21
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state space but also moves through different discrete control modes[17].

In the theory of sliding mode control, it’s consist of two modes. The first

one is the reaching mode and another one is sliding mode. In the reaching

mode, system starts from the non zero initial condition and reaches at the

sliding surface. after some it’s reaches at the origin through chattering phe-

nomenon. A SMC design is composed of 2 phases, hyperplane design and

controller design. In the sliding mode control theory Lyapunov stability Cri-

terion Theorem is applied for the stability purpose.

Figure 3.1: Sliding surface and Reaching Phase

In the reaching mode, the control dynamics depend on system parameters,

but in the sliding mode they depend on the hyper plane; this is the invariance

property of the sliding mode.

The chattering phenomenon is the main disadvantage of these types of con-
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trollers and all efforts are concentrated on decreasing this singularity. This

chattering phenomenon is reduced by the robust sliding mode controller[15].

Figure 3.2: Structure of the used control system

Here, a shown in fig.(3.2) is a block diagram of close loop control of sliding

mode controller. it’s consist of controller and plant. plant means dynamic

model of three tank MIMO system is put on this block. Plant gives actual

output X1. This X1 is compared with X1d and it’s generate the error. Con-

troller can take a action to minimize this error. In the SMC block different

control law are defined to control the external disturbances and error.

SMC with Saturation function

The major inconvenient of classic sliding mode controller is the existence of

chattering phenomenon. To avoid this problem, saturation function are used.
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Figure 3.3: Saturation function

SMC with Signum function

In mathematics, the sign function or signum function is extracts the sign

of a real number. In mathematical expressions the sign function is often

represented as sgn.

Figure 3.4: Signum function

sgn(x) = −1 ifx < 0

sgn(x) = 0 ifx = 0
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sgn(x) = +1 ifx > 0

3.2 Integral Sliding Mode Control

The concept of integral sliding mode control (ISMC) has been proposed and

defined by Utkin and Shi in 1996. An integral sliding mode controller is

constructed by incorporating an integral term in the switching surface. The

main feature of the ISMC is that, when in sliding mode, the sliding manifold

spans the entire state space. The main advantage of the ISMC, in the sequel,

is the ability to directly design and specify the sliding manifold in the entire

state space. This is achieved through the integral term, which provides a

direct means for us to shape the sliding manifold based on the knowledge of

the system nominal part.

In integral sliding mode controller is applied for minimize the steady state

error[5].This development is introduced and justified only by tests on spe-

cific systems. Our idea consists on reconstituting a control law to eliminate

steady-state error created by disturbance. To do so we added an integral

action when the trajectories of states approach their references[6].

An immediate consequence is that we can easily design a non-linear ISMC

to stabilize the sliding manifold in the ideal closed-loop. This project pro-

poses a dynamic integral sliding mode controller for uncertain MIMO non-

linear systems. The new controller design incorporates an integral sliding

manifold which results in the elimination of reaching phase. Consequently,

sliding starts from the beginning of the process and the system becomes

robust against external disturbance and parametric uncertainties with im-

proved performance and considerable attenuation in chattering[4].



Chapter 4

Three Tank MIMO System

4.1 System Description

A shown in fig.(4.1) is a three tank multi input multi output system, this

system having two inputs and three outputs. A coupled tank system consist

on three cylindrical pipes of identical section Sn. This pipes is communication

between two tanks T1 and T2 . This T1 and T2 are valves; these valve can

control manually. flow rate of connection pipes is controlled by ball valves

az1 and az2 and system having one outlet pipe located at the bottom of tank

T3[6].

In this system three others pipes each one is connected at the bottom part of

the each tank; they gives the direct connection (out flow rate) to the storage

with ball valves bz1, bz2 and bz3, respectively, this ball valve are manipulated

manually. in this system pumps 1 and 2 are supplied the water from the

storage tank with flow rates Q1(t) and Q2(t), respectively. The level of h1(t),

h2(t) and h3(t) tanks carried out by the piezo resistive differential pressure

sensors[9].

The state equations are obtained by writing that the variation of the water

volume in a tank is equal to the difference between the incoming flow and the

outgoing flows, that means, the water of the tanks 1 and 2 can flow toward

26
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the tank 3.

Figure 4.1: Schematic diagram of three tank MIMO system

Then the system can be represented by the following equation[14]:

ḣi(t) =
1

a
(Qin

i (t)−Qout1
ij (t)−Qout2

ij (t) i = 1, 2, 3 (4.1)

Where ḣi(t), Q
in
i (t) and Qout1

ij (t) are respectively the levels of water, the

input flow and the output flow rates. The parameters of three tank system

are defined in the following table: The controlled signals are the water levels

(h2, h3) of tank 2 and tank 3. These levels are controlled by two pumps. The

system can be considered as a multi inputs multi outputs system (MIMO)

where the inputs are in flow rate Q1, Q2 and the outputs are liquid levels h2,
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h3 using the law of Torricelli[14].

Torricelli’s law can be demonstrated in the spouting can experiment, which

is designed to show that in a liquid with an open surface, pressure increases

with depth. It consists of a tube with three separate holes and an open

surface. The three holes are blocked, then the tube is filled with water.

When it is full, the holes are unblocked. The jets become more powerful, the

fluid exit’s velocity is greater the further down the tube they are.

Figure 4.2: Fluid system

Torricelli’s law, also known as Torricelli’s theorem, is a theorem in fluid

dynamics relating the speed of fluid flowing out of an opening to the height

of fluid above the opening. Torricelli’s law states that the speed of efflux,

v, of a fluid through a sharp-edged hole at the bottom of a tank filled to a

depth h is the same as the speed that a body (in this case a drop of water)

would acquire in falling freely from a height h, i.e. v =
√

2gh, where g is

the acceleration due to gravity (9.81 N/kg). This last expression comes from

equating the kinetic energy gained, 1
2
mv2, with the potential energy lost,

mgh , and solving for v[18-19].
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4.2 System Modelling

The constant parameters of non-linear MIMO three tank system are de-

fined in the table: in this system two controlled variables are the water

levels(h2, h3) of height of tank 2 and height tank 3 respectively. These levels

are controlled by two pumps. The system is considered as a multi inputs

multi outputs system (MIMO) where the inputs are inflow rate Q1, Q2 and

the outputs are liquid levels h2, h3. Then the three tanks system can be

modelled by the following three differential equations[16]:

dh1

dt
= −c1sign(h1− h3)

√
|h1− h3|+ Q1

a
(4.2)

dh2

dt
= c3sign(h3− h2)

√
|h3− h2| −B4

√
h2
Q2

a
(4.3)

dh3

dt
= c1sign(h1− h3)

√
|h1− h3| − c3sign(h3− h2)

√
|h3− h2| (4.4)

Here,C1 and C3 is calculated by;

Ci =
1

a
azisn

√
2g i = 1, 3 (4.5)

B4 is calculated by;

Bj =
1

a
bzisn

√
2g i = 1, 2, 3, 4 (4.6)

Sliding Surface is given by[3]:

S1 = λ(x2 − x2d) + (ẋ2 − ẋ2d) (4.7)

S2 = λ(x3 − x3d) + (ẋ3 − ẋ3d) (4.8)

Sliding surface is designed with the help of error and rate of change of error.

In this system, as per eq. no.(4.7) (x2 − x2d) and (ẋ2 − ẋ2d) is a e and ė

respectively. similarly eq. no.(4.8) is designed.

In this system two controlled signals (h2,h3) of tank 2 and tank 3. So, two

sliding surface are required S1 and S2 for tank 2 and tank 3.
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4.3 System Controller Design

with the help of l1, l2, u1 and u2 developed a controller.

l1 = c3
√
|h3− h2 | −B4

√
h2 − ẋ2d (4.9)

l2 = λ2(c1
√
|h1− h3| −c3

√
|h3− h2| −ẋ3d)+c1

−2c1
√
|h1− h3|+ c3

√
|h3− h2|

2
√
|h1− h3|

(4.10)

−c3
c1
√
|h1− h3|+ 2c3

√
|h3− h2|+B4

√
x2

2
√
|h3− h2|

− ẋ3d (4.11)

The control SMC with ISMC is defined by:

u = −b−1
(
l +

[
k1sign(s1))

k2sign(s2))

])
+K

[∫
(h2 − h2d) dt∫
(h3 − h3d) dt

]
(4.12)

Here,

b−1 =

[
b11 b12

b21 b22

]
(4.13)

b−1 =

− ac3
√
|x1−x3|

λ1c1
√
|x3−x2|

2a
√
|x1−x3|
c1

a
λ1

0

 (4.14)

Here, value of K matrix is given in table no.(5.1)

K =

[
K11 K12

K21 K22

]
(4.15)

Put the eq.(4.14) and (4.15) in eq.(4.12). finally we get controller output in

the form of u(1)and u(2). this u(1) and u(2) is inputs of a tank 1 and tank

2.

u(1) = −b11l1 − b12l2 − b11k1signs1 − b12k2signs2 (4.16)

u(2) = −b21l1 − b21k1signs1 (4.17)



CHAPTER 4. THREE TANK MIMO SYSTEM 31

Symbol Value Meaning

a 0.0154m2 Tank section

Sn 2.5.10−5m2 cross section of valve

azi 0 ≤azi≤ Flow correction term

bzi 0 ≤bzi≤ Leakage flow correction term

g 9.81m/s2 Gravity Constant

hmax 0.6m Maximum water level in each tank

Qimax 1.17.10−4m3/s Maximum inflow through pump i

C1,C3 0.03595 Parameter of opening and closing of valve

K1 0.699

K2 0.53

K11 10−4

K12 18.10−3

K21 7.10−4

K22 10−4

λ 0.6

sign Signum function

SMC Sliding mode control

ISMC integral sliding mode control

Table 4.1: Numerical value for the physical parameters of the three tank

system
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4.4 Simulink Diagram

Figure 4.3: Simulink Digram of Three Tank MIMO System

Integral SMC based Three tank MIMO system is simulated in MAT-

LAB/Simulink. The model diagram for the scheme is as shown in Fig.(4.3).
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Simulation Results

5.1 Simulation Results of SMC

Figure 5.1: Height of tank 3 (h3) with SMC

33
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A shown in fig.(5.1) is a height of tank 3. I have set the initial height

of tank 3 is 0.30m and desired value is 0.35m. Output of h3 is follows their

desired reference h2d. With sliding mode controller it’s gives the more chat-

tering around the desired reference. h3 is controlled variable of this system.

Sliding surface for h3

Figure 5.2: Sliding Surface for Height (h3)

Figure 5.3: Sliding Surface for Tank (h3)
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A shown in fig.(5.2) and (5.3) is sliding surface for tank 3 with sliding mode

controller. It’s gives more switching between one state to another state. This

surface is design based on e and ė. Blue line indicate the error and is de-

veloped by (h3 − h3d) and green line indicate the rate of change of error it’s

developed by (ḣ3−ḣ3d). System start from non zero initial condition and after

some times it’s reaches at the sliding surface through chattering phenomenon.

Height of tank 2

Figure 5.4: Height of Tank 3 (h2) with SMC

A shown in fig.(5.4) is a height of tank 2. I have set the initial height of tank

2 is 0.20m and desired value is 0.25m. Output of h2 is follows their desired

reference h2d. With sliding mode controller it’s gives the more chattering

around the desired reference because it’s continuously switching between one

sate to another. Height of tank h2 is not gives the smooth response compared

to height of tank h3.
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Sliding surface for h2

Figure 5.5: Sliding Surface for Height (h2)

Figure 5.6: Sliding Surface for Height (h2)

A shown in fig.(5.5) and (5.6)is sliding surface for tank 2 (height of tank

2). This surface is design based on e and ė. Blue line indicate the error

and is developed by (h2 − h2d) and green line indicate the rate of change of
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error it’s developed by (ḣ2−ḣ2d). System start from non zero initial condition

and after some times it’s reaches at the sliding surface through chattering

phenomenon. It’s gives more switching compare to h3 is shown in fig.(5.2)

and (5.3).
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5.2 Simulation Results of Integral Sliding Mode

Controller

Figure 5.7: Height of Tank 3 (h3) with ISMC

A shown in fig.(5.7) is a height of tank 3. I have set the initial height

of tank 3 is 0.30m and desired value is 0.40m.Output of h3 is follows their

desired reference h2d and Integral sliding mode controller gives the less chat-

tering compare to sliding mode controller. h3 is controlled variable of this

system.
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Sliding surface of h3

Figure 5.8: Sliding Surface for Height (h3)

Figure 5.9: Sliding Surface for Tank (h3)

A shown in fig.(5.8) and (5.9)is sliding surface for tank 3. This surface is

design based on error and rate of change of error. Blue line indicate the error

and is developed by (h3 − h3d) and green line indicate the rate of change of

error it’s developed by (ḣ3−ḣ3d). System start from non zero initial condition
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and after some times it’s reaches at the sliding surface through chattering

phenomenon.

Height of Tank 2

Figure 5.10: Height of Tank h2

A shown in fig.(5.10) is a height of tank 2. I have set the initial height of

tank 2 is 0.25m and desired value is 0.40m. Output of h2 is follows their de-

sired reference h2d but more chattering are produce and not get the smooth

response With integral sliding mode controller.

Sliding surface of h2

A shown in fig.(5.11) and (5.12)is sliding surface for tank 3. This surface

is design based on e and ė. Blue line indicate the error and is developed by

(h3 − h3d) and green line indicate the rate of change of error it’s developed

by (ḣ3 − ḣ3d). System start from non zero initial condition and after some

times it’s reaches at the sliding surface through chattering phenomenon.
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Figure 5.11: Sliding surface for height h2

Figure 5.12: Sliding surface for height h2
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Height of Tank h1

Figure 5.13: Height of Tank h1

A shown in fig.(5.13) is a height of tank 1(h1). I have set the initial height

of tank 1 is 0.5m. It’s completely follows the set point and it is continuously

varied. Tank 1 is not a controlled variable.

Input flow of tank 1 and tank 2

Figure 5.14: input flow of Q1
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A shown in fig.(5.14) is a input flow of tank 1. Pump 1 is supplied the water

from reservoir with flow rate Q1(t).

Figure 5.15: Input flow of Q2

A shown in fig.(5.15) is a input flow of tank 2. Pump 2 is supplied the water

from reservoir with flow rate Q2(t).
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Conclusion and Future Scope

6.1 Conclusion

A robust controller is designed for class of non-linear MIMO three tank sys-

tem using SMC with integrator. A designed controller with SMC has a dis-

continuous switching function like saturation, signum and tangent switched

from one value to another value continuously and fast. Such a switching

function produces chattering phenomenon that is highly undesirable. Re-

sults shows that sliding mode controller without integrator produces more

chattering, which is reduced using SMC with integrator for the same system.

Simulated results shows that designed controller is robust against external

disturbances and uncertainties.

6.2 Future Scope

• Implementation of integrated SMC based designed controller for the

non-linear three tank MIMO system.
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