MOMENT RESULTANT FOR SYMMETRIC ANISOTROPIC PLATE
WITH SUPER ELLIPTICAL SHAPE HOLE
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In present work, distribution of moment resultant around hole of super elliptical shape in symmetric
laminated plate is obtained by Muskhelishvili’s complex variable approach. The anisotropic plate with
super elliptical shaped hole is subjected to moment at infinity is considered and analytical solutions are
obtained. In this paper, effect of various parameters like material, hole geometry, loading angle, staking
sequencing etc. on moment distribution is studied for symmetrical laminates. The material considered for
study are Glass/Epoxy, Graphite/Epoxy, Boron/Epoxy etc. and cross ply, angle ply, 16 ply laminates are

considered for obtaining results.
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1 Introduction

The solution of stress analysis problems is
fascinating to researchers for many years. The solution
of the problem is become difficult when it contains any
discontinuity. The discontinuity may be due to
environmental effect like corrosion, wear or damage.
Many times, it is due to design needs to provide some
access or opening into components in terms of holes of
different shape. Such holes or discontinuity leads to
stress concentration when the component is under
different loading conditions. Today, the use of
composite material have been increased to a great extent
in the application of aerospace, aircraft, marine, sports,
automobile etc. hence, it is necessary to increase
research in the area of stress analysis with anisotropy
consideration. The designers can be equipped with
handy solution tool which gives better results with
minimum time.

Savin [1] and Lekhnitskii [2] have provided
formulation for bending based on thin plate theory for
anisotropic media. They presented solution for circular
and elliptical hole in various anisotropic materials. For
isotropic material, Goodier [3] gave the solution for
bending and twisting based on thin plate theory. Prasad
and Shuart [4] provided closed-form solution for the
moment distribution of an infinite anisotropic plate
using fundamental equation given by Lekhnitskii [2].
Ukadgaonkar and Rao [5] and Ukadgaonkar and
Khakhandaki [6] has extended Muskhelishvili’s [7]
complex variable approach and provided superposition
method to solve problem of stress analysis with
different hole shape using conformal mapping and
Gao’s [8] arbitrary biaxial loading condition. A general
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solution is given by Ukadgaonker and Rao [9] for
bending of symmetric laminates with holes based on the
formulations of Savin[l] and Lekhnitskii[2] that
considers any shape of hole in symmetric laminates
subjected to remotely applied bending or twisting
moments. The moment distribution around circular,
elliptical and triangular hole is studied by various
parameter like stacking sequence, material and
geometry by Sharma and Patel [I0] using
Muskhelishvili’s [7] stress function.

This paper focuses on the solution for moment
resultant for anisotropic infinite plate with super
elliptical hole. Super ellipse represents family of curve
by single equation. By changing various constant in the
equation many shapes can be obtained. Here,
Muskhelishvili’s stress functions are extended to
obtained general solution for super elliptical hole in
symmetrical laminates.

2 Analytical Formulation

Considering displacement “and VvV in x and y
direction respectively and corresponding strains €x:€y
and 7xcan be presented as a function of deflection

w(x,y)of mid plane in z direction by following
equations.

U=-2ZW, ,V=—2W,,

Ey = =Wy €y =—TW, Vi = —22W M
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Taking strain — stress relation ship and substituting
values of strain from Eq. (1) in it and considering h as a
height of laminate from mid plane, we obtain following
equation for stresses.
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o, = —ZE(D“w,xx+D12w,yy+2D16w,xy ),
h3
o, = —ZE(DHW,M +Dyyw, 2Dy w, ), ()
3
Ty = —ZE(Dléw,mﬁD%w,” +2D oW, )

The flexural stiffness matrix D,;,-,(i,]. =1,2,6) can
be obtained by conventional relations. The moments can
be expresses as follows.

3
M. = —%(Dl1W,H+D12w,”,+2D16w,x", ),

x
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M, = _E(D12W’XX+D22W’);V+2D26W’xy ), 3)
i3
M, = —E(Dlﬁw,U+D26w,W+2D66w,x),)

Introducing the expression for the moments from
Eq. (3) into equilibrium condition, following
characteristic equation is obtained.

Q555" +40565” +2(0); +2066)5° 40165+ 01, =0.  (4)

dF, drF.
Taking stress functions as #(z;) = d—ZII,l//(Zz) = Ej , the
deflection can be represented by
w(x, y) = 2Re[F(2); + F,(2);] (4)

By substituting derivatives of deflection from Eq. (4)
into Eq. (3), following relations can be derived.

73,3
M, = 6 Re[p1¢,(21)+‘h‘//(zz)],
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M, = 6 Re[p,0'(z)) + q,¥'(2))],

(&)

_h3 ’ ’
Mxy = TRe[p3¢ (Zl) + 6131// (Zz )]’

Where,

pi =Dy +Dyys’ +2D4514, =Dy +Dyy53 +2Dy45,

P2 =Dy +Dysi +2D0y81,q5 = Dyp +Dyys5 +2Dgs5,
P3 =Dy + Dagst +2Dgs51,45 = Dy +Dag 55 +2Dgs55,
D =lz—111+3D16 +(Dyy +2Dgg)s; + Dogsi, ©)

D
q, = S—“+ 3D, + (D), +2Dg)s, + Dygs?
2

3 Stress Functions

The Super ellipse, shown in Fig. 1, is represented
by following equation.
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where, a is semi major axis and b is semi minor axis.
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Figure 1: Super Ellipse

Taking polar form as x =rcos@ and y = rsiné and

substituting into Eq. (7), solution of radius r is obtained
as follows.
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Taking Z = X + iy ;mapping

1
]” ®)

function as,

n

cos@ sin @

a

Z=w(.§)=rei€ and incorporating constant of

anisotropy s; and applying affine transformation, the
mapping function becomes,

Zj:a)j(g)zg[ajé'i_bjg} )]

where, d; =1+S;and b; =1-s; j=1.4
Super ellipse is obtained by taking n = 2.5 in Eq.

(8). By arranging values of n and dividing 27 into
number of sector many other shapes can be obtained.



The hole free plate subjected to remotely applied
moment M, M7, M7 at infinity is considered
initially. Taking derivatives of first stage stress functions
as ¢'(z))=(B +iC"),y'(z,)=(B +iC") in Eq. (5),
solution for B*,B”,C" can be obtained.

Boundary conditions fj,f, on fictitious hole can
be obtained by integrating bending moment and bending
force over the hole boundary and applying tensor
transformation for moment and shear force.

As hole is traction free, negative boundary

conditions —fj.—f>are considered in absence of

moments at infinity. Introducing mapping function and
solving by Schwarz formula, second stage stress
functions are obtained as follows.

a b
P ($) = [—94'—9 ,
& ¢
. (10)
aip 10
wo() = {—+—}
& ¢
where,
g :s—l[ql(K7 +K_s)—42S2(K5 +K_e)]
(P19252 = P24151)
by :S—l[‘ll(Kx +K_7)—512‘Y2(K6 +K_5)1
(P19252 = P24151) m
a :#[pl([(7 +K_3)—P2‘Y1(K5 +K_6)]
(P19252 — P24151)
big :#[Pl(Ka +K_7)— P25, (Ke +K_5)]
(P19252 — P24151)
and
Ks =R Popta + DB +iCYay. |,
2| 5 5y
K, :E{ﬂbel +4 g +iC1’*)b2.},
20 5 S, (12)
R * 7% .
K, ZE[szl a, +q,(B; +iC )az.l
R * 2% . E
K ZE[szl b +q,(B; +iC, )bz.]
The final solution is given by,
#(z1) =0 (21) + Py (21) (13)

W(z,) =¥(25) +Wo(22)
The moments obtained about the Cartesian

coordinate system are transformed into an orthogonal
curvilinear coordinate system by transformation.

4 Results and Discussion

The general formulation obtained as above can be
used to get results for different material and loading
conditions. The values are obtained for Graphite/epoxy
(Ei=181GPa, E,=10.3GPa, G,=7.17GPa and v;,=0.28)
and Glass/epoxy (E1=47.4GPa, E,=16.2GPa,
G,=7.0GPa and v,,=0.26) and Boron/Epoxy (E,=282.77
GPa, E,=23.79 GPa, G1,=10.35 GPa and v,=0.27).

The flexural modulii is obtained for given material and
stacking sequence and using Eq. (4), constants of
anisotropy are obtained. By selecting proper values of n,
dimensions for super ellipse can be obtained by Eq. (8).

Using conformal mapping and values of B',B",C",
first stage solution @ (z1),¥1(2,) is obtained. Further,
applying Eq. (10, 11, 12), second stage stress functions
90(21):¥(22) is obtained.

The symmetric cross ply and angle ply are considered

for solution with 16 plies. The ply group of 4, 8 and 16
is considered. The thickness of each ply taken as 125

um.

4.1 Effect of stacking sequence

Max M, — [0,90,],

[[0,/90,] =2.8242 at 90° - . [0,90,]

[0,/90,], = 24653 at99°

[0/90], =2.2337 at 99°

Figure 2: M¢/M for moment about X - Direction

Fig. 2 shows the moment distribution Me/M for applied
moment about X — Direction for [04/904]s, [02/90,]»s and
[0/90]4s laminates. The maximum values are 2.8242,
2.4653 and 2.3337 at 99° respectively.
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Figure 3: Mo/M for Biaxial moment

Fig. 3 shows the effect of stacking of angle ply for
biaxial moment. Symmetric angle ply laminate with 16
plies is taken in 4, 8 and 16 ply group. The maximum
value of My/M is in decreasing order respectively.

To study effect of material, Graphite/Epoxy,
Glass/Epoxy and Boron/Epoxy is taken for comparison.
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Figure 4: Effect of material

As shown in Fig. 4, the maximum values of Mg for
Graphite/Epoxy, Glass/Epoxy and Boron/Epoxy are
3.3495, 2.5298 and 3.4266 are respectively at 22° and
204°
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Figure 5: Effect of loading angle for cross ply
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Figure 6: Effect of loading angle angle ply

Effect of change of loading angle for moment
applied about X Direction is shown in Fig. 5 and Fig. 6
for cross ply and angle ply respectively.

The maximum value is occurred for 4 ply group in
both cross and angle ply arrangement. For cross ply,
maximum value is 10.2972 at 22 ° and for angle ply,
maximum value is 8.3265 at 6°.

5 Conclusion

The stacking sequence, load angle and material
have significant effect on moment distribution.

The maximum value of moment M /M is decrease
as we increase number of ply group for both cross and
angle ply.

High value of My /M is observed for Boron/Epoxy
in comparison with Graphite/Epoxy and Glass/Epoxy
for loading in Y direction.
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