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Abstract— This paper focuses on the compound phenomenon of
Instability and Imbibition called Fingero-Imbibition
phenomenon arising in two immiscible phase (oil and water)
flow through homogeneous porous media in vertical downward
direction. Mathematical formulation leads to non linear partial
differential equation. The analytical solution is obtained by
using generalised separable method in terms of quadratic
polynomial by using appropriate boundary conditions and its
physical interpretation is given with numerical tabulated values
and graphical presentation.
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1. INTRODUCTION
This paper discusses the compound phenomenon of
Instability and Imbibition, (Scheidegger A. E. [1] ) called
fingero-imbibition phenomenon arising in two phase (oil and
water) flow through homogeneous porous media in vertical
downward direction under capillary pressure.
Fingero-imbibition phenomenon occurs during secondary
recovery process when water is injected in oil formatted
region to push oil towards oil reservoir. First, imbibition
phenomenon occurs near the common interface due to the
contact of the two immiscible fluids. Then due to external
injecting force, water shoots through the oil formation and
gives rise to protuberance (fingers). Thus two phenomenon
Fingering and Imbibition occur simultaneously and it
describes Fingero-Imbibition phenomenon.
In real, field area is too large for practical as well as
experimental study. Therefore it is necessary to develop
mathematical model by selecting its small part as cylindrical
porous matrix. For study of one dimensional case, we take
vertical cross sectional area which is rectangular shape and
instead of real fingers occurs in irregular shape, it has been
considered as rectangular fingers. Its average value of cross
sectional area is considered for the study of saturation of
injected fluid.
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As shown in figure (1), let the medium be completely
saturated with a non-wetting fluid (oil) and some wetting
fluid (Water) is injected on top of its surface in vertical
downward direction. In this situation, there will be
spontaneous flow of wetting fluid into the medium, which
will displaced the non-wetting fluid (oil) in downward
direction under effect of gravitational force and capillary
pressure.
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Figure: 1

Many authors have discussed this phenomenon from different
point of view. Verma[2] has discussed a problem of the
simultaneous occurrence of fingering and imbibition in
artificial replenishment of groundwater through cracked
porous medium by considering the effect of capillary pressure
and variation in phase density and he was the first researcher
who has designated this compound phenomenon as fingero-
imbibition. Other authors such as Scheidegger [3], Graham
and Richardson [4], Mehta [5] have contributed in the study
of this phenomenon. Recently, Patel and Mehta [6] have
derived the solution of partial differential equation
representing the fingero-imbibition phenomenon by
converting it into Burger’s equation. Yadav and Mehta [7]
discussed  similarity  solution of fingero-imbibition
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phenomenon in banded porous matrix. Meher and Mehta [§]
have applied Adomian decomposition method to find the
solution of partial differential equation representing the
fingero-imbibition phenomenon in double phase flow through
porous media. Kinjal and Mehta [9] have given power series
solution for this phenomenon in heterogeneous porous media.
In fact, most of researchers have worked on fingero-
imbibition phenomenon in horizontal direction, but very few
efforts have been made for this phenomena occurring in
vertical downward direction. Parikh et.al [10] have discussed
counter current imbibition phenomenon in vertical
downward direction and obtained analytical solution using
generalized separable method. In continuous efforts, the
present paper analytically discusses a fingero-imbibition
phenomenon in vertical downward direction in homogeneous
porous media.

2. STATEMENT OF THE PROBLEM

water injection

v
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area of fingers

Figure: 2

To understand this phenomenon with mathematical point of
view, here it is considered that a finite cylindrical piece of
homogeneous porous matrix of length L is fully saturated
with native fluid (oil). It is completely surrounded by an
impermeable surface except top of the cylinder, which is
labelled as imbibition surface (z=0) & this end is exposed to
an adjacent formation of the injected fluid (water), Figure (1).
Since water preferentially wets the medium it gives rise to
counter-current imbibitions first that is spontaneous linear
flow of wetting fluid (water) into the medium and a counter
flow of the resident fluid (oil) from the medium. Hence
fingers are generated of very small size up to distance x =/
which is very near to common interface. Then due to external
injecting force together with gravitational effect, the size of
fingers can be extend up to the end of porous matrix at x=L.
Thus two phenomenons Fingering and Imbibition occur
simultaneously and it describes Fingero-Imbibition
phenomenon. This phenomenon is shown in the figures (1)
and (2). For study of one dimensional case we take vertical
cross sectional area which is rectangular shape, Figure (2).
Actually the fingers are generated in irregular shape so
instead of real fingers occurs in irregular shape, it has been
considered as rectangular fingers as shown in schematic
figure (2) and its average length is considered for the study of
saturation of injected fluid. During secondary oil recovery

process when fingero-imbibition phenomenon occurs then
our purpose is to measure the saturation of injected fluid
(water) occupied by cross sectional area of schematic fingers
of average length at any depth z for any time t > 0.

3. MATHEMATICAL MODEL

3.1 Dependent and Independent variables

In this mathematical model, the saturation S;(z,t) of
injected fluid depends on depth z and time t, therefore

saturation S; of injected fluid is considered as dependent
variable, depth z and time t are independent variables.

3.2 Basic assumptions

For mathematical model, the following assumptions are
made:

Medium is Homogeneous. Two fluids are immiscible and
injected fluid is less viscous as well as preferentially wets the
medium. Flow is considered in one dimension only. In real,
oil formatted region is too large. Therefore to develop
mathematical model we have selected its small part as
cylindrical porous matrix surrounded by impermeable
surfaces except one end which is designated as common
interface (Z=0) and this end is exposed to an adjacent
formulation of injected fluid. For study of one dimensional
case we take vertical cross sectional area which is rectangular
shape and instead of real fingers occurs in irregular shape, it
has been considered as regular small rectangular fingers. Its
average length is considered for the saturation of injected
fluid. Darcy’s law is valid for oil-water flow for law
Reynolds number. Macroscopic behaviour of the fingers is
governed by statistical treatment. The average cross-sectional
area occupied by the fingers considered by ignoring the shape
and size of the fingers.

33 Governing laws and some standard relations

For mathematical formulations of the model some useful
governing laws and standard relations are mentioned below:
(i) Since water and oil are flowing through porous medium
for small Reynolds number than Darcy’s law is valid in such
case.

According to Bear J. and A.H.D.Cheng[11], Muskat [12],
Scheidegger[1] and using Darcy’s law, when water is injected
in downward direction then the velocity of injected water (V;)
and velocity of oil (V) upward above common interface
under gravitational effect will be

vi=-(5)k (52 + no) M
== (2)k (52 + png) @

Where K is the permeability of the homogeneous medium, X;
and K, are relative permeabilities of water and oil which are
functions of saturations S; and S,, P, and P, are
pressure, p; and p,, are the density, §; and §,, are constant
kinematic viscosity of water and oil respectively, g is the
acceleration due to gravity. The coordinate z is measured
along the vertical axis of cylindrical medium, the origin being
at the imbibition surface.

(i1) The law of Darcy is not sufficient to determine a given
flow problem, In addition, there is a continuity equation of
the wetting phase
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p as;\  dv; — 0 3
(6t> 0z ®
where P is the porosity of the medium which is constant for
homogeneous porous medium.

(iii)) The capillary pressure (P.) is defined as the pressure
difference of the flowing phase across their common interface
is a function of phase saturation. It may be written as
PL':Pn_Pi :f(S,')‘Say, (4)
(iv) For definiteness, we may consider the following
relationships for relative permeability-phase saturation and
capillary pressure-phase saturation due to Schiedegger and
Johnson [3].

k=S , ky,=1—-a$5 (a=111) %)
(v) As Mehta [13] suggested that capillary pressure is
proportional to saturation of injected fluid in opposite
direction,

P. = —fS; ,where B is constant of proportionality (6)

34 Mathematical Formulations
For counter-current imbibition phenomenon, the sum of the

velocities of injected fluid (water) and native fluid (oil) is
zero, therefore the following imbibition condition holds true:

V; ==V, , Scheidegger [1] (7
From (1) and (2),

KiK6P+ ) (KnKaP g
(E) (a_ P\ ) (az p"g) ®
From equations (8) and (4)

(K+K>6P+<Kn)6PC_ (Ki +Kn ) 9

5 8.)az "\, )8z \5,PiT s Pn)Y ©

K; K, K,\ 0P,
or,__|(Getsiem)o+ (32) 5 N
aZ - KL + Kn ( )

5,5,
On substituting the value of from equation (10) into (1),
we get
K, dP,
K, (5—”) (pi = pn)g — ( ) 57
Vo= (5) K| (11)
T
6 O
On substituting the value of V; from equation (11) to (3),
K; K,
sy 0 5,8, \dR.0S;
P(5)* 3 K K |35,92
i n
KKy
6; Op
— 5, |K(Pi—pPu)g KK |=° 32
5,15,

This equation (12) is a non linear partial dlfferential equation
which describes the fingero-imbibition phenomenon of two
immiscible fluids flow through cylindrical homogeneous
porous medium with impervious bounding surface on three
sides.

Since the present investigation involves water and viscous
oil, therefore according to Schiedegger [1], we have
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K K,

n
3.5, | K 1-«s5
~l= 13
K K|~ 5, 13
5 "8,

On substituting values from (12) and (6) into equation (12),
we get
KB o

4 Kg(p; — pn) d

P(E) 2P0 (1) 2
at _6n62( 07
5, 0z

This is the desired non linear partial differential equation
describing Fingero-Imbibition phenomenon.

To solve this equation, we choose the following appropriate
initial and boundary conditions as follows:

Let the Initial Saturation of injected fluid is

Si(2,0) = S, (2) (15)
Let saturation of injected fluid at common interface (z=0) is
S,:(O, t) = SiO ) t>0 (16)
Saturation of injected fluid at the bottom of cylindrical
porous matrix (z=L) is

—(1-xS;) (14)

S;(L,t) =S, t>0 (17)
where L is the total length of cylindrical porous matrix,
Sio and S;; are the saturations at z = 0 and z = L
respectively.

For more simplification, putting S = 1—« S; in equation

(14), we get

p as K,Ba 565 Kg < (p; — pn) 0S
((’)t) 5 0z 62] o 0z

We now choose new dimensionless variables to convert

equation (18) into dimension less form

(18)

_ _KB _z
T= L2P6nt , 2= L
05 _ 9% (as)z 408 1
aT " 9z2  \az 0z (19)
x gL(p;: —
where A = ZILCLT P oo n sz

B

This is governing equation of fingero-imbibition phenomenon
in vertically downward direction and its solution represents
saturation of injected fluid i.e. the average cross sectional
area occupied by schematic fingers of average length at any
depth Z at any time T.

The initial condition (15) is converted into

S(Z,0) =1-x S, (Z) (20)
The boundary conditions (16), (17) are converted into

S0, T) =1-x S , T>0 21
S(L,T) =1-x S;; , T>0 (22)

4. SOLUTION BY GENERALISED SEPARABLE
METHOD

In order to solve equation (19), we apply generalized
separable method.

Let the generalised separable solution be of the form
Polyanin and Zaistav [14]

S(Z,T) =P(Z)D(T) + Q(D¥(T) + R(Z)t(T), (23)
As per Galaktionav and Posashkov [15], equation (23) can be
expressed as

S(Z,T) =0(TZ% +¥(T)Z + «(T) , (24)
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where the functions @(T), W(T) and t(T) are determined by
a system of first order ordinary differential equations.

From equation (23),
L = 9(1)Z* + ¥(T)Z +1/(T)

d
2 =20(1)Z +¥(T)

a2s
P 20(T) 2
Substituting the values of 595 25y equation (19) and

ar ‘9z’ oz
then equating the coefficients of different powers of Z, we get
the system of first order ordinary differential equations with
variable coefficients as follows:

1
' = 2 = —
0'(T) = 602 = @(T) GTEC (25)
o _ 2 A
W(T) = 60¥ - 240 = ¥(T) = —— o t3 (26)
T'(T) =20t + Y2 — AY
—(Cy)? Cs AC,
= 1(T) = -2
() 4(6T+C) (6T +¢)7s 3
A2(6T + C,)
—— 27)
where C;, C, and Cj; are constants of integration.
using the condition (19),
S(Z,0) = 0(0)Z% + ¥(0)Z + 7(0)
= 1-x S, (Z) =0(0)Z2 +¥(0)Z + 7(0) (28)

where 9(0), ¥(0), t(0) are non zero constants.
Let @(0) =a ,¥(0) =b, 7(0) = ¢ where a, b and ¢ are
arbitrary constants.
Now to find C;,, C, and C; substituting the values of
?(0), ¥(0) and t(0) in (25),(26) and (27) respectively, we
get

1 1/A A% Ab
G=—7 G=5(5-b)G=(c+ig-5-
b24a—1al3

(29)
Substituting the values of C;, C; and C; in (25),(26) and (27)
1
() = —— (30)
6T ——
a(5-) 4
Y(T) = 1 +§ (31)
6T — 2
1
1 /4 2 A?> Ab b? 1\3
~z(3-9) (”m—a—m) (-2)
©(T) = ot i,
_= 3
4(67 ) (67 1)
1
4 (A ) 42 (61 -2) .
3a\3 18 (2

Substituting @(T), ¥ (T) and (T) in (24), we get

14
S(Z,T) = — 6T_% 7% + afj:§)+§ Z
2
e
\4(6T—%)

< gL(p; — pp)
B

where A =

This is the required solution of governing equation (19).
Numerical values and graphical representation of the solution
(33) is obtained by Mat Lab coding as follows.
5. NUMERICAL AND
PRESENTATION
Here for numerical calculation we consider the following
values:
According to Meher et.al [8], the initial saturation of injected
fluid is Sy (Z) = e~% for any Z > 0.
Now substituting So(Z) = e~% in equation (28), we get
1-xe? =aZ*+bZ+c where x=1.11.
Using the expansion of e™# and equating the coefficients of
Z?, Z and constant term by neglecting Z3 and higher powers
of Z, we obtain the values of a, b and ¢ as follows:
a = —0.555, b = 1.11, c = —-0.11
The values of some constants are taken from standard
literature as follows:
L=1,9g=98, p,=03, p;=01, f=1,a=111
= A= 43
Numerical and graphical presentations of solution (33) have
been obtained by using MAT LAB coding. Figure (3) shows
the graphs of S; Vs. Z for time t = 0.5, 0.6, 0.7, 0.8 and Table-
1 represent the numerical values.

GRAPHICAL

TABLE 1

SATURATION OF INJECTED WATER (S) FOR

DIFFERENT Z FOR FIXED TIME T

Time »| 05 0.6 07 | 08

Depthy Saturation of injected water S(Z,T)
0 0.8559 0.8468 0.8378 0.8288

0.1 0.8514 0.8415 0.8317 0.8218
0.2 0.8382 0.8257 0.8131 0.8006
0.3 0.8161 0.7992 0.7822 0.7653
0.4 0.7852 0.7621 0.7390 0.7158
0.5 0.7455 0.7144 0.6833 0.6523
0.6 0.6969 0.6561 0.6154 0.5746
0.7 0.6395 0.5873 0.5350 0.4827
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0.8 0.5733 0.5078 0.4423 0.3768
0.9 0.4983 0.4178 0.3372 0.2567
1 0.4144 0.3171 0.2198 0.1225
The Graph of Saturation S(Z,T) Vs. Depth Z for a fixed time T
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The above graph shows that S(Z,T) is decreasing with respect
to depth (Z) and time (T) but actually saturation of injected
fluid is increasing with respect to depth as well as time which
can be observed from figure (4).

Substituting S(Z,T) = 1—x S;(Z,T) in (31),

6T — = 6T — =
a a

|
1
2 2 3
L)) (e d -
1
\ 4(6T_1) (6T—%) s
44 Az(sr—l)\]
_§<§ ) 18 a}I (34)
|
KB z x gL(p; = py)
whereszt, ZzzandAz#

This is the required solution of governing equation (14) of the
fingero imbibition phenomenon which represents the
saturation of injected water occupied by the schematic fingers
of average length at any depth Z for any time T > 0.
Graphically, it can be represented as follows.
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The Graph of Saturation Si(Z,T) Vs. Depth Z for a fixed time T
0.8 T T T T T T T T T

Saturation Si

Depth Z

Figure: 4
6. INTERPRETATION AND CONCLUSION

The solution (33) represents Saturation of injected water in
vertical downward direction for any depth Z for any time T >
0. The solution is in the form of quadratic polynomial in Z
which is parabolic type and which satisfies the boundary
conditions.

The graph of S;(Z,T) vs. Z for any time T > 0 is shown in
figure (3) which shows that as the depth increases S;(Z,T)
also increases for any time T > 0 which is consistent with
physical phenomenon. In real, when depth is very high then
gravitational effect play very less effect on saturation of
injected fluid which shows by the graph that all family of
curves are very close to each other. Also when injection rate
is very high compare to gravitational effect then gravitational
effect is negligible. In practical, many other parameters play
important role in saturation of injected fluid but we have not
considered those parameters for our particular interest.

For numerical values an Mat Lab coding, we have considered
standard values of different parameters are taken from
standard literature.

We can extend this work as future projection by adding other
external effect and parameters which can increase the
saturation of injected fluid.
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Unified approach for solving initial valued and
boundary valued Ordinary Differential
Equations using wavelet collocation method
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Abstract--This article discusses approximation of solution for
ordinary differential equation with wavelets. It presents a
unified approach for wavelet collocation method; applied to
solve both the initial valued problems as well as boundary
valued problems. The method was found to give good agreement
with the analytical solutions. We can directly solve the boundary
valued problem as against the traditional shooting methods
where the boundary valued problem itself is approximated by
Initial valued problem and hence we achieve better accuracy
with wavelet collocation methods.

Index Terms--Boundary valued problem, initial valued
problem, numerical solution of ordinary differential equation,
wavelet collocation method.

L. INTRODUCTION

VER the last two decades wavelets are being effectively

used for signal processing ,fingerprint verification[8],
storing fingerprint electronically using wavelet, denoising
data , musical tones, etc see [11] and solution of differential
equations [2],[5], [3]. Wavelets have several properties which
are encouraging their use for numerical solutions of
differential equations. The orthogonal, compactly supported
wavelet basis exactly approximates polynomial of
increasingly higher order. This wavelet basis can provide an
accurate and stable representation of differential operations
even in region of strong gradients or oscillations. In addition,
the orthogonal wavelet basis has the inherent advantage of
multi resolution analysis over the traditional methods [3]. The
adaptive wavelet collocation method is able to dynamically
track the evolution of the solution's “irregular” features and to
allocate higher grid density to the necessary regions.
Therefore, the number of collocation points needed is
optimized, without damaging the accuracy of the solution [2].
The benefit of Haar wavelet approach is their sparse matrices
representation, fast transformation and possibility of
implementation of fast algorithms [11].
In this paper we brief the collocation method used for solving
initial valued problem and boundary valued problem with
simple examples to establish a common unified approach of

978-1-4673-1719-1/12/$31.00020131EEE

approximating derivative using wavelet function as basis. In
this method higher order derivative is approximated using
wavelet function and the lower order derivatives and
functions itself are expressed by repeated integration. The
orthogonal set of Haar functions is used. This group of square

waves has magnitude *1 in some interval and zero
elsewhere. These zeros make Haar transform faster than other
square functions such as Walsh’s functions. Haar wavelet
basis lacks differentiability and hence the integration
approach will be used instead of the differentiability for
calculation of coefficients. Due to the local property of the
powerful Haar wavelet the new method is simpler.

II. HAAR WAVELETS

Haar wavelet transform has been used as an earliest example
for orthonormal wavelet transform with compact support. The
Haar wavelet transform is the first known wavelet and was
proposed in 1909 by Alfred Haar.

The Haar wavelet family for, x € [0,1) .

Is defined by
1 xe [, )
h(x)=4-1 xe [5,7) 1)
0 elsewhere
with
k k+0.5 k+1
a=— f= Y= (2)
m m m
here m=2’ ,j=0, 1, ..., J. indicates the levels of wavelet and

integer k=0,1,..,(m-1), the shift parameter. Maximum
resolution is J, and i=m+k+1. Incase of minimum value m=1,
k=0, i=2.

The maximal value of 1 is i=2M=2J+1.
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The function

() 1 xe[0,1) 3)
X)=
: 0 elsewhere.
From equation (1),
1 xe[0,0.5)
hy(x)=3-1 x€[0.5,1) can be graphically
0 elsewhere.

visualized as in fig 1.
1 i
ol 1
1t |
0 1/2 1
Fig 1, Haar function.

The equation (3) is also called mother wavelet. In order to
perform wavelet transform, Haar wavelet uses translations
and dilations of the function, i.e. the transformation uses the
following function

h(x)=h(2'x—k) (4)
h(x)=h(x-k)

h(x) = h(2’ x)

Translation / shifting

Dilation / scaling
where this is the basic work for wavelet expansion.

With the dilation and translation process as in Eq.(4), one
can easily obtain father wavelet, daughter wavelet,
granddaughter wavelet etc.

Wavelet
Father
! Mother
Ii
Daughter
1.
[ —
gL — Grand-
i daughter
1.

Fig 2 represents Haar wavelets up to two resolutions

We can obtain coefficient matrix H of order 2m X 2m as

I 111
I 1-1-1
= for m=2.
I-1 0
0 0 1-1
The Haar wavelets are orthogonal as,
ie.
| 1 _
[homac={m 77T )
0 0 for i#l

The operational matrix P which is a 2m square matrix is
define as in [12] by

Py (x)= J-hi (x")dx' (6)

and the recurrence relation is given by

Diyn (X) = J.pw (x")dx' wherev=12, ... (7)
0
We will need the integral
X X X ) 1 X -
P =[[..[h(0)dt =————ﬂkx—o 'h(t)dt  (8)
aaa (=Dl
u-times
with u=2,3,...n and i=12,..,2m.

The above integrals can be evaluated using equation (1); the
first two are given by

x—a for xela,p),

pi(x)=1y—x for xel[p,7), )]
0 elsewhere.

pi,Z(x):

G- for xefap),

L Lo for xelpy

4m2 2 7 775 (10)

- for xely),

0 elsewhere

and so on will be utilized in representing the derivative
and function values in the further discussion.
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III. FUNCTION APPROXIMATION.

Considering the fact that Haar functions are orthogonal, we
may take any function f(Xx) which is square integrable in

the interval [0,1] as an infinite sum of Haar wavelets,

(=Y ah(x)

where @, are haar coefficients and /,(x) are haar wavelet
functions.
f(x) has finite terms if f(X)is piecewise constant or can

be approximated as
subinterval as,

piecewise constant during each

ﬂm=Z%Mﬂ (11)

In this scheme the highest order derivative of the function is
approximated by haar wavelets and the consecutive lower
order derivatives and function itself is obtained by repeated
integration as explained in the section IV and V.

IV. SOLVING INITIAL VALUED PROBLEMS.
Consider the general nth order linear differential equation
My" () +M,y" () +. A M, y(x) = (12)
for xe|[A,B] with initial conditions
y"(4), y"P(A), ..., y(A) are known.

oM
We assume that " (x) = Z a;h,(x) (13)
i=1

and all lower order derivative approximations are obtained by
repeated integrals. For example 1™ order derivative of y is
obtained as

n—r-1

2M
r 1 [ r+o
V0= 2 ap, () 2, — (=)
i=1 4

o=0

(14)

We obtain y" ™ (x), y"(x),... and y(x).
The collocation points are obtained by
1
(p— 5)
X, =—=,

» Y, 1s)

p=12..

The expressions of 1"(x), Y "(x), ..and y(x)are
substituted in differential equation, discretization is applied
along the points given by equation (15) resulting in a linear or

non linear system of 2M X2M . Solving the system for
haar coefficients the approximate solution is achieved.

V. SOLVING BOUNDARY VALUED PROBLEM.

Consider a second order boundary valued problem
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V') =1xy.y) o for xe[0]]

(16)
For second order ordinary differential equations, there are

four different types of boundary conditions possible. They are
treated differently as follows;

a) Y(0)=R and y(l)=Q, then integrating
oM
equation (16) yields y'(x) = Zal.pi’1 (x)+'(0)
i1
s pyy(0)=0.

Integrating again and using condition y(0) = R we

get y(x) =R+ y'(0)x + zaipi,z (x).

i=1
Now utilizing second condition (1) = QO , we obtain

oM
¥ (0)=(Q-R)- Y ac,
i=1
1
with ¢, = J.o P;y(X)dx further simplifying we get

Y@ = R+Q=R)x+ Y a,(p(x)=x¢,) (17)
and

Y0 =0-R+Y a,(p,(x)-c,) (18)

b)) Y'(0)=R, and y(1)=0,
Integrating equation (16) and using boundary condition

V' (0)=R,, we get

oM
Y(X)=R + zaipi,l (%)
i=1

and

@) =0, -R(1-x)- Zai (cy — Dis (x)) (20)

19)

o yO)=R, and y()=0,
we get V'(x)=Q, —a, + iZAjal.pm (x) (21
and
=R+ ma)x+ D a(pal) (D)
) y'(0)=R, and y'(1) :Q3

here integrating
first condition

equation (16) we get by implementing



2013 NIRMA UNIVERSITY INTERNATIONAL CONFERENCE ON ENGINEERING, NUiCONE-2013, 28-30 NOVEMBER, 2013

2M
Y'(X)=R,+ . a,p, (x) using y'(1)

i=1

(O;—R;)=q,

SO

Y'(x)=(0; — Ry (x) + Z a;h;(x)

as p,(1)=1.
(23)

Y'(xX)=R,+(0; — R, )p1,1 (x)+Zaipi,l(x) (24)
¥(x)=y(0)+ Ryx+(Q0; — R, ) P15 (X)

M
+ Z ap;, (x)
i=2

which is obtained by equation (24), by integrating from 0 to
x. Similarly we can extend the approach to higher order
differential equations with boundary conditions.

Section VI discusses the wunified algorithm for
implementation of the wavelet collocation method, for both
initial valued problems and boundary valued problem.

(25)

VI. ALGORITHMS

i) The highest order derivative is approximated by
haar wavelet function.
i) The successive lower order derivatives and the

function itself is replaced by the expressions

obtained by repeated integration obtained in (i).
iii) The algebraic expression in terms of haar

coefficients is represented in matrix form.

iv) The matrix is solved to obtain the haar

coefficients @;,'s which are then substituted in

the expression of solution function.
Separate MATLAB routines are generated for
computation of the matrix P and C which appear in the
algebraic representation. P represents the matrix formed

by pi’k's and C represents the matrix formed by

requiredc,, 'S, where k depends on the order of the

equation handled.

Now to get a clear idea of the methods we give examples, one
each for second order initial valued problem and second order
boundary valued problem in section VII and VIII along with
the plot of haar solution compared with the exact analytical
solution for the same.

VIL

Consider an initial valued ordinary differential equation
y'+y =sinx+ xcosx xe[0,1]

and y(0)=1,»'(0)=1.

The analytical solution is

EXAMPLE 1.

) 1 )
y(x) = cosx+%smx+z(x2 sinx — xcosx)

Wavelet formulation is obtained by substituting

2M

V'(x)= Z a;h;(x) and integrating twice this equation
=1

we get

2M
Y=Y a,p,(x)+1+x

i=1
The differential equation gets converted to

oM

Zai(hi(x)+pi’2(x)) =sinx+xcosx—1—x.

i=1

Solving the system A[H + P]= B we obtain the wavelet
coefficient matrix A, where H is the haar matrix, P is the
matrix consisting with rows p, ,'s and B is right hand side

vector obtained by considering values of x at collocation
points. From the expression of »(Xx) by substituting the

wavelet coefficients, the solution function is generated.

For j=3, that is m=16. We obtained the result, compared it
with analytical solution using MATLAB program.

The plot is given in fig 3.

solution for y™+y=sinx +xcosx

1.8 T T T T T T T T T

171 i
*___exact solution.

16} - ._.haar solution. i

0 0.1 02 03 04 05 06 07 08 09 1
X axis

Fig 3, represents comparison of haar solution with exact
solution for an initial valued ordinary differential equation for
j=3.

Now fig 4 represents the graph of the haar, analytical and
inbuilt function implementation of matlab results for the
initial valued problem (example 1)
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The solution with {a) Haar solution (b) Analytical solution (c) IVP inbuilt function in matlab.
1.8 1.8 1.8

1.7 117 117 .
+
16 1 18 1 18 .
+
+
15 115 £ 1 15 .
*
*
1.4 1.4 . 14
+
13 113 * 113 .
4'(.
1.2 1 12F + 112 _
*
11 SR 4 11 .
;’@
1 : 1 : 1 :
0 05 10 05 100 05 1

Fig 4.

VIII. EXAMPLE 2.
Consider a second order boundary valued problem as
V'=y+y+e (1-2x) xe[0,1].
with conditions y(0)=1, y(1)=3e.
which are the boundary conditions as mentioned in type (a)

in section V
The analytical solution of this boundary valued problem is

y=e" (14 2x), the wavelet formulation as per section V
(a) we obtain

¥ =3 ah(x)

oM
Y'(x)=3e~1+> a(p,(x)~c,) and

i=1

oM
y() =1+Ge=Dx+3 a,(p,,(x)—xc,)

i=1
Therefore the boundary valued problem gets transformed as
oM

> a,(h(x)= p, (x)+c,(1+x) = p,,(x)) = x(3e—1)

i=1
+e*(1-2x)+3e.

For 2m collocation points we get 2m linear algebraic
equations with unknowns 2m haar coefficients, which are
obtained by solving the system of equations. By substituting

the coefficients @, so obtained in the equation for y(x)we

get the required solution.
This result is compared with the analytical solution which is
exactly similar at j=3, that is m=16, as in fig 5.
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Solution for y"=dy/dx+y+e™(1-2x), y{0)=1, y(1)=3e x=0to 1

* ....exact solution
- .... haar solution

0 01 02 03 04 05 06 07 og 09 1

X axis

Fig 5, comparison of haar solution with exact solution for
boundary valued ordinary differential equation for, j=3.

Now fig 6 represents the graph of the haar, analytical and
inbuilt function implementation of matlab results for the
boundary valued problem (example 2).

The solution with (a) Haar solution (b) Analytical solution (c) BVP inbuilt function in matlab.
8 8 8

+ +
T q T +1 T +
* *
6 1 6 1 6 1
* *
5 1 5 + & + A
* *
4 g 4 +* g 4 * g
+ *
3 i 3 * i 3 + i
* *
* *
2 1 2 + 1 2 + 4
+ +
* *
+ +

1 L {1 L 1% L

0 0.5 1 0 0.5 1 0 0.5 1

Fig 6.

IX. CONCLUSION

We have presented a unified way for solving the initial
valued problem and the boundary valued problem using the
wavelet collocation method. As we stated earlier this method
is bound to give more accurate solution for boundary valued
problem compared to the traditional shooting methods. Also
an appropriate higher wavelet resolution may be chosen if the
ordinary differential equation is stiff. To improve the
accuracy and optimize the computation an appropriate
dynamic resolution adaptive scheme could be formulated.

In case of nonlinear differential equation with relatively less
non linearity, it generates manageable non linear algebraic
equations; otherwise it becomes a complicated system. Our
method is more amicable for linear differential equations.
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Imparting Communication Skills 1n
Technical Courses: A Paradigm Shift
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Abstract--A course in communication skills in technical courses
usually receives minimal attention from students and teachers
alike. However its importance is realized only when students are
required to compile practical research or experiments into a
written assignment for submission, or a presentation, proposal
for research, dissertation or a thesis. This may occur at both the
under graduate as well as post-graduate courses of technical
education. This inadequacy usually results in poor technical
writing, plagiarized reports and ill organized essays in written
communication as well as substandard performance in
recruitment interviews, lack of confidence in presentations and
ill-organized meetings in terms of oral communication. In order
to avoid this, the students should be made aware of the skills
that they are required to practice by acquainting them in
advance about the possible repercussions of ignoring the
components and the course requirements of technical
communication skills. This paper explores some of the issues
concerning the necessity of communication skills in technical
education, which components should receive prime focus, how
these components can be best imparted, the expectations from
the students, the role of the instructor and reflections upon how
the course can pronounce a positive impact upon the students in
the long run.

Index Terms--, Communication Skills, engineering , English,
Technical courses.

A course in communication skills in technical
education usually receives peripheral attention from students
and teachers alike. However its importance is realized only
when students are required to compile practical research or
experiments into a written assignment for submission, or a
presentation, proposal for research, dissertation or a thesis.
This may occur at both the under graduate as well as post-
graduate courses of technical education. This inadequacy
usually results in poor technical writing, plagiarised reports
and ill organized essays in written communication as well as
substandard performance in recruitment interviews, lack of
confidence in presentations and ill-organized meetings. In
order to avoid this, the students should be made aware of the
skills that they are required to practice by acquainting them in
advance about the possible repercussions of ignoring the
components and the course requirements of technical
communication skills. This paper explores some of the issues
concerning the necessity of communication skills in technical
education, which components should receive prime focus,
how these components can be best imparted, the expectations
from the students, the role of the instructor and reflections
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upon how the course can pronounce a positive impact upon
the students in the long run.

Most schools in India recommended the learning of
English language as a subject in the syllabus, recognizing the
fact that it has attained the position of an associate official
language in our country. Likewise, in most undergraduate
syllabi particularly in technical education in engineering
colleges this subject further features as the study of
communication skills. Although there is no written rule
which endorses that the study of Communication Skills in
technical education should be in English, it is usually taught
and learnt in this language in acknowledging its stature as the
global language of the world. In most cases the content of the
communication skills course is designed to help students to
communicate well usually with the existent knowledge of
English language. Alternatively it serves as a remedial
course, enabling the student to unlearn what has been
wrongly learnt or learning all that has been missed to be
learnt in school. Since it is a basic course that supports
students throughout their career as a student and a
professional it is usually studied by the students in the first or
second semester of the curriculum.

At this juncture it is important to briefly outline
what are communication skills. Having its origins in the Latin
word “Communis” meaning to share the word
communication includes activities such as the sharing of
ideas, suggestions, information and so on through listening,
speaking, reading and writing. The process of communication
comprises primarily of sending and receiving messages.
When this message is clear and effective, there is little scope
of ambiguity and misunderstanding. Recent reports have
indicated that very few candidates in proportion to those who
appear for interviews are identified with employability skills.
They may possess sound technical skills but they lag behind
the others in communication skills. Hence the study, practice
and application of communication skills have become
indispensible to the technical professionals as well.

In most universities, courses in business and
technical communication have grown, though slowly and
unevenly. The growth has been fuelled by the demands of
industry for graduates who could write and by requirements
from accrediting institutions for instruction in communication
used at the workplace. It is currently nurtured by the
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burgeoning research base which led to tenured positions for
atleast some of the faculty teaching these courses.

From a student’s perspective there are various issues
concerning the necessity of communication skills in technical
education. Technical communication is an indispensable
course for all students and professionals. The advent of new
technologies has caused the world to shrink into a global
village. As a result, effective communication has become
essential. While the students experience the need for
successful oral and written communication in their academic
activities, professionals have to tackle the challenges of
communication effectively and efficiently at their workplace.

An ideal course in technical communication should
enable the learner to encounter the issues in communication
primarily in a technical milieu as communicating formal
technical messages 1is vital both for students and
professionals. This can be accomplished by underscoring the
significance of both oral and written communication in
myriad circumstances. Learners may be encouraged to devise
certain techniques to improve confidence and effectiveness
both for making presentations and for working as a member
of a team.

One of the prime challenges that a student is faced in
technical education in the rationing of time among laboratory
work, key components of his or her course and refining
communication skills. It is needless to mention, that the third
component receives very little or no attention.

A course in communication skills in technical
education is commonly taught in under-graduate engineering,
Computer Applications, Science, and in the PG level it can
exist all- pervasively as a supplementary course for remedial
teaching depending upon the communication competence of
the students.

An integral component of communication skills
should be to develop some of the key skills of students like
refining listening, questioning and explaining skills as well as
presenting or defending a position clearly. Hence certain
components of communication should receive prime focus.
These include the basic theory of communication including
process, barriers, forms and methods of communication,

technology in communication, listening, group
communication like effective presentation strategies,
interview skills, meetings and conferences, paragraph

development, précis writing and reading comprehension.
Written forms of communication could include résumé,
formal letters, memos, emails, technical reports, technical
proposals, research papers, dissertations, theses instruction
manuals and technical description.

There can be many ways in which these components
may be best imparted. Communication skills can be taught
particularly in the undergraduate courses by highlighting the
uses of effective communication. Gathering evidence relating
to written communication is comparatively easy and can be
incorporated into most areas of the curriculum. Evidence of

oral communication skills can be built into many parts of the
curriculum in most subject areas, such as those associated
with individual student or group presentations. Such evidence
often arises from activities that represent good opportunities
for learning, and for students to gain feedback not only from
their lectures but from each other.

Today Information and Communication
Technologies play an important role in enhancing quality of
education. ICTs  (Information and Communication

Technologies) are a diverse set of technological tools and
resources used to communicate, and to create, disseminate,
store, and manage information. These technologies include
computers, the Internet, broadcasting technologies (radio and
television), and telephones. According to Anderson the
growth in the use of computer based learning resource
materials assists students to collect evidence of their use of
information technology, and to do so in the context of their
subject based studies (in this case, communication skills)
rather than having to undertake additional tasks to accumulate
this type of evidence. When students use information

technology for communication, such as email, they
simultaneously  reveal their proficiency in their
communication skills. Additional use of information

technology may involve students’ activities with the Internet,
emailing assignments, using spreadsheets or desktop
publishing packages in the context of their coursework or
class-work. (21)

Since the new ICTs are assisting in achieving many
objectives of education particularly with cooperative and
collaborative learning approach (of constructivist paradigm),
there is a need to assess the effectiveness of ICTs in
education. This could be done through planned research
studies. We need to take a fresh look at the research
methodologies which we have been using in Education for
the new ICTs as they demand a new perspective. The use of
ICT in language teaching can implemented with the
appropriate use of Google groups, blogs, Slideshares and so
on.

Analytical thinking and preparing persuasive
messages can be taught though innovative ways. For
example, a simple exercise of printed and -electronic
advertisements of popular products can be conducted.
Slogans of well-known products can be hung up on the walls
of a class room, and the students could be asked to identify
the products and critically assess the use of these punch lines.
All the tasks can be aimed at understanding analytical
thinking and developing it. Thus the teachers could creatively
use different materials and methods to evoke critical thinking
in their ELT classrooms.

Conducting well organised meetings can be taught
through simulation. Some students could be engaged in
preparing the agenda, others could arrange for the necessary
infrastructure. Issues, though imaginary could be discussed
and some learners may be asked to record the proceeding of
the meeting by noting down the minutes of the meeting. This
gives the participants the necessary practice in both oral as
well as written communication. Similar exercises may be
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conducted for teaching interviews. A group of students may
become the panel of interviewers while other students may
assume of the role of interviewees. The role of the instructor
becomes that of a facilitator and intervenes only to give
relevant inputs and feedback to the students’ performances.
Such role-playing has been found to be popular among both
graduate and undergraduate students. Brief and snappy
demonstrations of a presentation on a general or technical
topic by the instructor can guide students about how to
deliver an effective presentation and what pitfalls to avoid
while doing so. However if the instructor takes too long
“explaining the ‘right’ way of doing something (then) pupils
who are itching to try it themselves at first become turned
off”. (Brown et al 15) Further the teacher should convey to
the participants that “Getting other people to do what we
want them to do is the one of the most valuable skills in the
workplace.” (Denny 34) However one should learn to
motivate rather than manipulate in order to make such
communication effective. Participants should remember,
“The difference between good leadership and poor
management is the difference between motivation and
manipulation.” In order to motivate, one should have good
communication with an individual and have high emotional
intelligence that is characterised by self-awareness, self-
regulation, motivation, empathy and social skill. Finer points
like those enumerated below may also be discussed or
brainstormed in the classroom like:
ea word or two of praise maintains enthusiasm and good
performance at the workplace.
o Criticism is only acceptable if it is constructive and leads
to positive communication that will eliminate errors and
enhance performance. (Ibid. 35-36)

While teaching letter writing, the teacher should
clarify how the “physical preparation of letter writing is far
from complex business”. (Adair 104) This can be
accomplished by making the learners collect relevant facts
and materials together, reading any related previous
correspondence in order to get a clear picture and finally
sifting through the facts to sort out the relevant information to
be included in the first draft of the letter. (Idem.)

Various studies in English as a Foreign
Language/English as a Second Language (EFL/ESL) contexts
have confirmed the positive correlation between analytical
thinking and reading comprehension. Reading comprehension
frequently demands logical thinking and is thus an integral
aspect of technical communication. To this end, all question
types associated with general and Critical Reading Questions,
Vocabulary in Context, Literal Comprehension, and Extended
Reasoning can be identified. This can strongly influence
students’ attention when reading different passages. Given
that learning a foreign language, specially at intermediate and
advanced levels, calls for a good deal of flexibility and the
deployment of higher order thinking skills, analytical
thinking can be seen as a contributory factor to the success of
foreign language learners and students in reading
comprehension. Students can be encouraged to read and
summarise or answer questions based on technical reports or
news items for practice.
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Certain demographics within the user population
(older adults, disabled persons, non-native speakers) may
face serious challenges while attempting to use self-service
documentation. Technical communication educators should
prepare students to function as user advocates for members of
these groups. Technical communication students need a
thorough understanding of the challenges that may interfere
with an audience's ability to use websites and other online
documentation. Web  writing may include blogs, news
updates, and even email messages. In order to give letter and
email writing practice to students they may be given real life
situations and asked to exchange formal letters or emails with
one another. This encourages peer learning and students can
give a feedback for the messages they receive and learn from
the mistakes that they or other learners may commit. This
induces a healthy learning environment with minimal
intervention of the instructor. Resume is a vital form of
communication for selling one’s self to the recruiter.
Preparing a CV and a cover letter requires diligence and
practice and although there are general directives for both,
there is no universal yardstick. Here the learners may be
made to realize how customizing their resume and covering
letter according to the recruiters’ requirements can help
achieve the desired results. A detailed demonstration of how
to acknowledge sources or references and give citations to
avoid plagiarism is greatly helpful in preparing assignments,
proposals and dissertations. Hence this can be elaborately
shown in the class.

The expectations of the students are largely tangible
outcomes at the end of the course. In alignment with their
individual learning outcomes, they hope to be imparted some
practical guidelines which they can use in their various forms
of oral and written communication in both formal and
informal contexts. It is expected from the students that each
session module and course component along with its
assignment should be duly completed through all fair means
by every student to achieve this end.

The role of the instructor in teaching communication
skills is challenging and diverse. In an age where education is
the cause of concern for the youngest country in the
world, fundamental skills such as language skills, if they are
to be imparted to our generation next, should be offered at the
basic levels of a student’s education even before they
complete their school education. However wherever this is
not accomplished, it is in educational institutions offering
undergraduate and post graduate courses that this should be
achieved in order to enhance a student’s employability skills,
so that his/her transition from being a student to a
professional is a smooth process.

Students should be sensitized to a unique learning
process which continues to pay dividends throughout their
lives. The focus of such a course should be to develop
conceptual understanding via Active learning, interactive
classes, inculcate the habit of self learning, pre-class reading
and develop problem solving skills. Lectures in interactive
mode through upload of study material on university website
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can persuade students to come prepared for a session.
Students could be asked concept related pre-planned
questions, generate group discussion, focus on peer learning
(question pairs) and quizzes and oral tests.

Since most of the students who might study
communication skills as a part of their curriculum are adults,
it is advisable to justify the contents of the course in order to
trigger off an andragogical approach in the classroom.
Students work best when they are aware of what they are
trying to do and why they are made to study certain
components among others. Thus the relevance of the course
contents should be clear to them. In addition, Anderson and
others have pointed out that the intended leaning outcome of
each session should be articulated to them with the
explanation regarding why it is worthwhile for students to
strive to achieve them. (27) As a result of this the students
can gain a self-direction in learning. This further helps
students to progressively take the responsibility for their
grades and their learning. For instance they should be able to
clarify their goals as learners.

It has been observed that “the key strategies of
communication should be substantiated to the learners with
examples from real-life  workplace situations. By
amalgamating theory and practice the instructor should be
able to bring forth real situations of communication in the
discussion.” (Raman, Sharma iii) In written communication
the kinds of content, writing style, text organization and
format for various types of technical documents should be
elaborately discussed. They should address the students with
real-life examples and orienting the strategies to practical
application.

An instructor should attend to what takes place by
observing and listening to students’ involvement and
contributions in terms of class participation. They should
acquaint students with the consequences of participating, in a
group discussion for example. In addition students should be
given realistic and achievable targets. For instance, students
could be asked to prepare for a ten-minute presentation on a
general topic at the notice of one week. Through various
activities the teacher could give students the understanding of
personal growth, communication skills, group and team work
skills and self-direction in learning. The instructor should
demonstrate to the students the notion of an academic
discourse or intellectual process and academic arguments in
their discipline. For instance, he/she can show why certain
words and abbreviations in a particular kind of writing are
barred from formal academic writing. Another example could
be that of a group discussion which could help students to
develop their critical and analytical thinking. It can also help
them to review evidence in the light of the theories. Grouping
students for group activities can enable students to learn to
collaborate and work as an effective group or a team.

Reflections upon how the course can pronounce a
positive impact upon the students in the long run can be done
by the instructor periodically in various ways. Students’ self-
reflection and the instructor’s self-introspection can jointly

achieve this purpose. In order to improve technical
communication skills learning language registers can offer an
extra edge. For example, students pursuing a Bachelor of
Computer Applications may learn computer application
oriented vocabulary and related jargons which they can relate
to the other courses in their syllabus.

Assessment of students can be formative based on
continuous evaluation rather than summative alone—based
on a test at the end of the course. Depending upon the degree
of autonomy that is granted to the tutor, interactive question
papers or test papers maybe generated instead of theory
oriented questions. For instance, instead of asking a question
like “What are the different layouts of a business letter and
explain each of them in detail.” An illustration of a letter may
be given with the question “Identify the layout of the letter
and state whether it is a good or a bad example of a letter
justifying your answer in detail.” This also gives the
instructor continuous feedback about the performance of the
students and the instructor himself/herself.

For best results such a course may be tailor-made
according to the requirements of the students based on their
performance in some accurate diagnostic tests on
communication skills in the beginning of the course. It should
be remembered that “Using language effectively, particularly
in business and professional settings, is not always easy. The
relationship between a word and what it represents is not
always based on real or concrete shared characteristics that
can be analyzed or predicted.” (O’Hair 145) One can increase
one’s skill in using language by continually learning new
ways to express what one means. The changing world of
turbulent times has witnessed the need not only for managers
but also technical professionals to embody the skills of
effective communication. Effective communication will help
increase the commitment and motivation of the employees as
a part of a workforce and is the direct reflection of one’s
behaviour. Without good communication, there is less
involvement, resistance to change and the risk of
misunderstanding. This ensures that the participants become
“industry ready”, effective communicators with high
employability skills, good leaders and thereby ideal and
desirable employees in the work-place.
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Abstract-- In this paper an effort is made to present
theoretical model for the oil recovery problem in porous media
for the two phase flow.The Analytical Solution and graphical
illustration of the oil recovery problem is presented by means of
Variational Homotopy Perturbation method which is
formulated by the coupling of variational iteration method and
Homotopy Perturbation Method. The graphical representation
is givenby using MATLAB coding.

Index Terms-- Variational Homotopy Perturbation method,
porous media, oil recovery.

I. INTRODUCTION

This paper is devoted to the study of mathematical
modeling of oil and gas recovery This work is devoted to the
mathematical modeling of water-flooding, which is the most
important and widely used method of oil recovery. Buckley-Leverett
equation, which describes two-phase displacement of immiscible
liquids through porous media, and the simultaneous flow of
oil and water, in particular. Water-flooding of reservoirs,
which is the basic process involved in the development of oil
fields. He [5-10] developed the variational iteration and
homotopy perturbation methods for solving linear, nonlinear,
initial and boundary value problems. In these methods the
solution is given in an infinite series usually converging to an
accurate solution. In a later work Ghorbani et al. [11] split the
nonlinear term into a series of polynomials calling them as
the He’s polynomials. Most recently, Noor and Mohyud-
Din[12],[13] wused this concept for solving nonlinear
boundary value problems. The basic motivation of this paper
is the introduction of the Variational Homotopy Perturbation
Method (VHPM) which is formulated by the coupling of
variational iteration method and He’s polynomials. The
proposed VHPM provides the solution in a rapid convergent
series which may lead the solution to a closed form. In this
technique, the correction functional is developed [7],[9],[10]
and the Lagrange multipliers are calculated optimally via
variational theory. The use of Lagrange multipliers reduces
the successive application of the integral operator and the
cumbersome of huge computational work while still
maintaining a very high level of accuracy. Finally, He’s
polynomials are introduced in the correction functional and
the comparison of like powers of p gives solutions of various
orders. The proposed iterative scheme takes full advantage of
variational iteration and the homotopy perturbation methods
and absorbs all the positive features of the coupled
techniques.

I VARIATIONAL HOMOTOPY PERTURBATION

978-1-4673-1719-1/12/$31.00020131EEE

METHOD

To convey the basic idea of the Variational homotopy
perturbation method, we consider the following general
differential equation

Lu+ Nu=g(x) @)

where L is a linear operator, N is a nonlinear operator, and
g(x) is the forcing term. According to variational iteration
method , we can construct a correct functional [9],[10] as
follows:

() =ty + [ A0 (L, ()4 N, (7) g (£)) de

2.2)

Where A is a general Lagrange multiplier, which can be
identified optimally via variational theory. We apply

restricted variations to nonlinear term V¥ so that we can
determine the multiplier. In the homotopy perturbation
method, the basic assumption is that the solutions can be
written asa power series in p.Now, we apply the homotopy
perturbation method,

. .| 2P "L, (7))
Zp(n)un =Up(y) +p_|./1(7) "= .

dz’—jﬂ(r)g(r)dr
L NS ()|
n=0
(2.3)

A comparison of like powers of p gives solutions of
various orders.

This method does not resort to linearization or assumptions
of weak nonlinearity, the solutions generated in the form of
general solution, and it is more realistic compared to the
method of simplifying the physical problems.

IIT EQUATIONS OF TWO-PHASE FLOW THROUGH A
POROUS MEDIUM

Water-flooding of oil reservoirs will be described by the differential
equations of the simultaneous flow of two immiscible,
incompressible liquids through a porous medium, derived below.
We use the macroscopic approximation of the mechanics of a
continuous medium situated at the same point (in a volume
element).The fraction of the volume element occupied by the pore
space is the porosity m (Bedrikovetsky, 1993)[16]. The ratio of the
volume that a fluid occupies to the pore volume is called the
saturation of that fluid. We will consider the part of the pore space
occupied by water as will be known as the water-saturation or, more
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simply, the saturation. The percolation velocities of the phases are
defined as their volume rates of flow per unit surface area. The

velocities of water and oil are denoted by VW and VO respectively.

We shall also use the total flow velocity

V:V:)—*_Vw 3.1

In 1942 Buckley and Leverett presented what is recognized as the
basic equation for describing immiscible displacement in one
dimension (Buckley and Leverett, 1942) [14]. To describe the
simultaneous flow of oil and water in the reservoir, applying
Darcy’s law, the absolute permeability k used earlier must be

replaced by the effective permeabilities kO (O' ) and kW (O' )

respectively, therefore, the law may by generalized for each of the
phases in the form

sz—kw(d)%

3.2)
M,  Ox
-k (o
V =—— ( ) 8& (3.3)
M,  Ox
Capillary pressure is defined as,
p.(0)=p,-p, (34
Subtracting equation (3.2) from equation (3.3),
o Oy __y oy By
ox  Ox k, k,
From equation (3.1),
V.=V-V, (3.5)

Using equation (3.4) and (3.5) we get following equation,

Pe__(y_y yHeyy H

3.6

ox k, k, 0

%:—V’a‘% ﬂ”+ﬂ v, 3.7

ox k, \k, Kk,
K, M,

k, k, P =— k, V+V, 338
u, )1,  H, ox H,  H,
k., k, k.,

Using equation (3.4) we get following,

. R
ﬂo 1+11’lw70 do- ax 1+7o&

;okM) kW lLl()
(3.9)

Equation (3.9) can be rewritten as,

v, =f(0')V—D(O')%—Z- (3.10)
1
A WAGPAG .
k. (o) 4,(0)
D(O‘):—ko (O')f(O') dp, (O-) G.12)

H, do

For the simplest case of horizontal flow, with negligible capillary
pressure [2], the expression in Eq. (3.10) reduces to

V.=f(o)V
For displacement in a horizontal reservoir, the Buckley-Leverett
function is defined by eq. (3.13).And so f (O' ) , is equal to the

ratio of the mobility of water to the sum of the mobilities of the two
phases

Denoting m as porosity of porous media, the mass balance equation
has the following form,

(3.13)

W, +m8_0'_0 (3.14)
ox ot '
Substituting value of equation we get,
N [ o
Vf (0)— +m—=0 3.15
7 (o) ox ot (G4

This resulting equation which describes the two-phase
flow through a porous medium.[2] Equation (3.14) can be expressed
as,

0 Vo Jo

ot (95 =0 oo

do  V df (o)

99 P I9) |
ot +m ox G17

- df (o) df (o) _df(o)do

h = = N

where f (o) do ~  ox do ox

(3.18)

Here,
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k, :the effective permiability of water
M, water viscosity

k, :the effective permiability of oil

M, :oil viscosity

k : absolute permeability

w

k", :relative permeability of water : k', = %

. . - S k
k, :relative permeability of oil: k| = k“
The effective permeability of water and oil are dependent on the
saturations of each fluid and the sum of the effective pemeabilties is
always less than the absolute permeability.

We introduce dimensionless variables of length and time,

x=X r=r
L mL

Where L ,the length of the reservoir and m L is the pore volume

(3.19)

for a reservoir of unit cross-sectional area.
The dimensionless time 1" can be interpreted as the ratio of the
volume of liquid injected into the reservoir by time # to the pore

volume of the reservoir. From equation (3.19).

v=Lx, t="Lr
Vv

Ox=L3X, dr="20T

Substituting these in equation (3.17) gives

Voo, V(o) _

——=0 (3.20)
mL 0T mL 0X
a—O-+M:O (3.21)
oT dX

Thus, in the large, oil displacement by water can be described by the

equation (3.19) in the unknown O (X ,T ) .

IV SOLUTION BY VARIATIONAL HOMOTOPY
PERTURBATION METHOD

2
o
O)=—-
1(0)=2
Equation (3.21) reduced to
90, 599 _y
oT oX .10
o(X,0)=0, =exp(—X) “2)

Applying Variational Homotopy Perturbation method to the above
problem

We construct the correction functional for equation (4.1) as,

978-1-4673-1719-1/12/$31.00020131EEE

[A(2) (Lo (2)+ N6, (7)-g(7)) |dT

o t—

o (t)=0,(t)+

4.3)
Now substituting the value of Lagrange’s multilpier
t
a0, a0,
Ot (t) Oy (t)_.('[ oT O 87 dT
4.4)
"5 i -
= (g +po+P°0;+....) +

Comparing the coefficient of like powers of p, we have

p0 10y(x,t)=e"
© 0
P oy (x,1) =IO'0—0'0dr
. Ox
:e—ZxT

p’io,(x,1) =%e3XT2 +§e”T3

P :0'3(x,t)=2e‘4XT3+§e"5XT4+
24

ﬁe—GXT5+Ze—7XT6+E

20 6 63

So for the numerical purpose we used few approximations and get
the following values of o(X,T) for different values of X and T.

e—SXT7

V CONCLUSION

A quasi linear first order partial differential equation for two phase
flow through a porous medium has been solved using modified
variational homotopy perturbation method. It has been observed that
the saturation of water is decreasing for various values of time, this
resembles with the physical phenomena of the problem.
Notwithstanding the same can be concluded by considering other
types of function of saturation. It can be easily concluded that the
method is elegant and reduces computational work with high
accuracy.
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4
TABLE I Values of saturation for different values of time and distance
X\T | 0.01 0.02 0.03 0.04 0.05
0.1 | 09131 | 0.9217 | 0.9304 | 0.9394 | 0.9486
0.2 | 0.8255 | 0.8325 | 0.8396 | 0.8469 | 0.8543
0.3 | 0.7464 | 0.7520 | 0.7578 | 0.7638 | 0.7698
0.4 | 0.6749 | 0.6795 | 0.6842 | 0.6890 | 0.6939
0.5 | 0.6102 | 0.6140 | 0.6179 | 0.6218 | 0.6258
1 T
— T=0.01
0.95 — T=0.02 |
— T=0.08
— T=0.04
09r — T=0.05]]
0.85 b
0.81 b
0.751 i
0.7 - i
L S i
0.65 x&\
0.1 0.‘15 0‘.2 0.‘25 0‘.3 0.‘35 0‘.4 0.‘45 0.5
X

Figure 1.Saturation of water o(X,T) at different times .
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Human Development Index — Measurements,
Changes and Evolution

Samir K Mahajan

Abstract--The Human Development Index (HDI) was
introduced in 1990 by UNDP in its First Human Development
Report. The index is used for bringing forward the human
development profile of countries of the world and thus in
ranking and categorizing them on the basis of HDI scores. Since
then the HDI has attracted great deal of attraction from critics,
policy makers, development thinkers and its advocates. In
reaction to the diversified views and opinion, the methodology of
the HDI has undergone certain changes from time to time. This
paper is a humble effort to throw light on those changes.

Key words: Development, capabilities, wellbeing, Human
Development, HDI

I. INTRODUCTION

he Human Development Index (HDI) is an attempt

to reflect  human well-being and development
experiences of people as individuals, and members of a
community, state or nation beyond per capita income or any
of its variants. It is the natural progression of a new
development discourse called ‘human development
paradigm’ introduced by UNDP in 1990 in its first Human
Development Report. Drawing on Sen’s ideas of human
capabilities and functionings, the Report reject income as the
sole yardstick of development, and put people and its well-
being at the centre of development strategy. The Human
Development Report (HDR)1990 defined human
development as a "process of enlarging people's choices' by
expanding human capabilities and functionings as in [7]. The
most critical of these wide-ranging choices are to live a long
and healthy life, to be educated and to have access to resources
needed for a decent standard of living.. If these essential
choices are not available, many other opportunities remain
inaccessible. Rejecting income as the sole measure of well-
being/ development, HDR 1991 views that income is one
aspect of these choices — and an extremely important one but
it is not the sum-total of human life and we do not need
unlimited income to lead a good life as [2], [3] and [8].

Thus, along with notion of human development, the UNDP
also introduced the HDI by incorporating there basic
dimensions of life such as: knowledge, longevity and income
as in [7]. The index is used for bringing forward the human

978-1-4673-1719-1/12/$31.00020131EEE

development profile of countries of the world and thus in
ranking and categorizing them on the basis of HDI scores.

Since then, the HDI has attracted great deal of attraction
from critics, policy makers, development thinkers, activists
as well as its advocates. In reaction to the diversified views

and opinions, the methodology of the HDI has undergone
several changes, from time to time, with respect to
indicators, formulas, goalposts and others. The purpose of
this is to underline different changes that have been
introduced HDI, and the evolution that has taken place in it.

II. DIMENSIONS AND INDICATORS

Since its inception, the HDR has been incorporating
three basic dimensions of human life in measuring human
development. The dimensions that the UNDP has identified
in the construction of HDI are longevity, knowledge, and
command over resources. However, though, the basic human
dimension that has been considered has remained the same,
indicators to measure them has changed from time to time.

e Longevity — the  choice/ability to lead a long and

healthy life

Longevity component reflects the choice to lead a long
and healthy life. UNDP has used expectation of life at birth to
measure longevity. The importance of life expectancy lies in
the common belief that a long life is valuable in it and is a
function of many variables such as adequate nutrition and
good health which are closely associated with higher life
expectancy. With expansion in health facilities and increase
in availability of food, life expectancy is likely to go up. This
association makes life expectancy an important indicator of
human development, especially in view of the present lack of
comprehensive information about people's health and
nutritional status as in [7].

o Knowledge — the choice/ability to acquire knowledge

and be educated

Knowledge dimension mirrors  the choice to acquire
knowledge and be educated. Literacy is regarded as the first
step in ones’ accessibility to knowledge and education as in
[7]. Initially in 1990, only adult literacy at 15 years and above
was considered to indicate knowledge dimension. Later on, in
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1991, knowledge component was broadened by combining
mean years of schooling (one-third weight) with adult literacy
rate (two-third weight) in order to give a sense of educational
attainment to people not covered by adult literacy rate.
However, since 1995, mean years of schooling has been
dropped due to lack of updated data and combined gross
enrolment ratio' has been used instead as in [1]. Knowledge
dimension, thus, has been measured by two education
variables: adult literacy rate (two-third weight), and
combined gross enrolment ratio(one-third weight)

TABLEI
DIMENSIONS AND INDICATORS

DIMENSION Unit of

Measurement

Indicator

1990 onwards
Life Expectancy at Birth

Longevity Years

In 1990
Adult Literacy Rate (15
Years +)

Education
Percent

During 1991-1994

2/3 Adult Literacy Rate

173 Mean Years of
Schooling

Percent
Years

During 1995-2009

2/3 Adult Literacy Rate

1/3  Combined  Gross
Enrolment Ratio

Percent
Percent

2010 onwards

Vs Mean Years of
Schooling

%> Expected
Schooling

Years

Years
Years of

In 1990
Real GDP per Capita (log)

Command  Over

Resources PPP US$

During 1991-1993

Real GDP per Capita
(adjusted by Atinskon
formula with threshold value
derived from poverty line))

PPP US$

During 1994-1998

Real GDP per Capita
(adjusted by Atinskon
formula with throsold value
derived from global average)

PPP US$

During 1999-2009 PPP USS$

Real GDP

2010 onwards
Real GNI per Capita

PPP US$

Source: UNDP Human Development Reports and [1].

' Combined Gross Ratio at primary, secondary and tertiary level

till 2009 as in [14] . HDR 2010, however, replaced this
combination, and instead used the combination of mean years
of schooling” (one-second weight) and expected years of
schoolingiii (one-second) to measure the knowledge
dimension [14]).

e Command over resources — the choice/ability to enjoy a
decent standard of living and have a socially meaningful life

Command over resources satisfies the choice to enjoy a
decent standard of living and have a socially meaningful life
— economic attainment. To indicate command over resources,
the real gross domestic product (GDP) per capita at PPP US$
has been used by UNDP till 2009. According to HDR 1990,
selection of GDP per capita as the sole variable of command
over resource is due to scarcity of data with respect to many
other variables such as: access to land, credit, income and
other resources needed for a decent living. Real GDP figures
has been further improved by adjusting it by purchasing
power parity(PPP) for better approximation of the relative
power of the people of different countries to buy
commodities to gain command over resources as in [7].
Further, logarithm or adjusted (Atkinson formula)" of real
GDP per capita has been introduced to reduce the over
bearing influence of income indicator of high-income
countries on HDI from time to time as in [1], [9]and [10]. It
literary implies that people do not need excessive financial
resources to ensure a decent living. However, UNDP started
using natural log of real gross national income ( GNI) per
capita at PPP USS instead of log of real GDP per capita at
PPP USS since 2010 as in [14]. GNI is equal to GDP less
primary income payable to non-resident units plus primary
income receivable from non-resident units. Use natural
logarithm was used in order to enable greater familiarity with
economics literature, although this did not make any
significant difference to the results as in [1].

III. SCALING OF THE INDICATORS

The indicators/variables selected to measure the
dimensions of human life have different units of

" Average number of years of education received by people ages 25and older
in their lifetime based on education attainment levels of the population
converted into years of schooling based on theoretical durations of each level
of education attended.

" Number of years of schooling that a child of school entrance age
can expect to receive if prevailing patterns of age-specific enrolment
rates were to stay the same throughout the child’s life.

¥ The Atkinson formula used in the period from 1991 to 1998 is:
W(y)=y* for 0 <y<y*

=y* +2[(y-y*)1/2] for y* <y <2y*

=y*+ 2(y*1/2) + 3[(y-2y*)1/3] for 2y* <y < 3y*

=y*+2(y*1/2) + 3(y*1/3) + ... + n[(y-(n-1)y*)1/n] for (n-1)y* <y
<ny*.

Between 1991 and 1993, the y* was set at the poverty line value of
$4,829, while it was replaced by the global

averages of $5,120 in 1994 and 1995, $5,711 in 1996, $5,835 in
1997 and $5,990 in 1998 as in [1].
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measurement. Standard measurement of life expectancy at
birth is in years, income is at monetary units say PPP in US$,
literacy rate is in percentage. There arise methodological
problems while averaging the numbers with different units.
HDI being an average of different variables with different
units, normalizing of variables are done through a process of
scaling in order to avoid error of measurement. The
maximum and minimum values of the variables under
consideration are selected for each variable and the difference
between them constitutes the scale. Then the difference
between maximum and actual value (in case of deprivation)
or the difference between actual and minimum value (in case
of achievements) is calculated. Finally the ratio of the
difference and the scale is set which gives a unit free
normalized score for each variable. The normalized value of
the variable lies between extreme numbers 0 and 1, in case
of either deprivation or achievement whatever may be the
case as in [5]

IV. WEIGHTS FOR THE DIMENSIONS AND
INDICATORS

The dimensional components have been given equal
weights, not because of simplicity but because of the
reasoning that all dimensions included in HDI are equally
important and desirable in their own right for building human
capabilities as in [2], [3], and [5]. However, different weights
have been assigned to the various indicators of knowledge
dimension from time to time.

V. GOALPOSTS

Construction of dimension index requires setting of
goalposts — the maximum and minimum thresholds of
indicators. The basic criteria for goalpost fixation by UNDP
have been:

o {Maximum, Minimum} = {Observed Value,
Observed Value} during 1990-1993

o {Maximum, Minimum} = {Fixed Value, Fixed

Value} during 1994-2009

o {Maximum, Minimum} = {Observed Value, Fixed
Value} 2010 onwards

Till 1993, actual observed threshold values (minimums
and maximums) in the best- or worst-performing countries
for any particular year were used as goalposts in normalizing
the variables. Such differential values had serious limitations
as it could not be known whether changes in HDI values were
due to better performance or because of changes in the
goalposts . To avoid this problem and for a meaningful
interpretation of HDI in inter-temporal comparisons, the
UNDP set ‘fixed normative values’ for the different
indicators since 1994[5]. These minimums and maximums
are not the observed values in the best- or worst-performing
countries in current period but the most extreme values
observed or expected over a long period of around 60 years.
The minimums are those values which were observed
historically, going back about 30 years from 1990s. The
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maximums are the limits of what can be envisioned during
next 30 years as in [5] and [11]. On that basis, the maximum
average life expectancy at birth for the foreseeable future has
been fixed at 85 years while the minimum value for the same
indicator was fixed at 25 years. The maximum income/real
GDP per capita likely to be achieved by rich countries by
2020 is set at PPP US$ 40000 at and the minimum value is
fixed at PPP US$ 200 at 1990 prices. The minimum
threshold income was reduced to PPP US$ 100 at since 1995.
For adult literacy rate as well as combined gross enrolment
ratio, maximum and minimum values are 100 percent and 0
percent respectively during the period 1994-2009 as in [12],
[14]and [15].

One major change that is found in setting goalpost values
in recent time is that the UNDP has deviated from the rule of
setting fixed goalposts (especially in case of maximum
values) since 2010 as in [14].. The maximum values are now
differential observed values, and the minimum values are
fixed values for the different indicators considered in HDI.
Besides UNDP  has reduced the fixed minimum value for
life expectancy at birth to 20 years on the basis of long-run
historical evidence provided by Maddison and Riley as in
[14].

VI. CONSTRUCTION OF HUMAN DEVELOPMENT
INDEX

Formulation of HDI metric is the final stage in HDI
construction. By incorporating three basic components of
wellbeing such as: health, knowledge and command over
resources, UNDP formulates the composite index which is
the HDI. HDI can be formulated either in terms of region’s
deprivation / shortfall or in terms of region’s attainment in
each of the various selected indicators.

DEPRIVATION METHOD:

Initially ,during 1990-91, HDI was formulated from
deprivation perspective. The composite of average
deprivation was identified by going through deprivation in
each variable; the HDI was then presented as one minus the
composite average deprivation [5]. Construction of HDI from
deprivation/ shortfall perspective [6] follows the following

sequence:
max (X, )- X,
max"( A)—min(X' )
ig ig

Where, Xj; is the actual value of the i indicator for the
country j . max‘ 5( ig) and min (}(ig) are maximum and

We have, I =

minimum value that i indicator can attain respectively.

Li(i=1, 2, 3) is the deprivation index of i indicator
for country j which lies between 0 and 1.

1= Zn:a]i/ Such that Zn:a =1
' i ' i=1



4 2012 NIRMA UNIVERSITY INTERNATIONAL CONFERENCE ON ENGINEERING, NUiCONE-2012

Where; 0 i 1s the weights for the Dimension Index of the i

indicator and ] i is the sub- index of the k"

dimension(deprivation) (V k = 1, 2, 3,.....m)". containing n
indicator(s) for the j™ country.

By constructing each deprivation index for country j, an
average deprivation index I; for county j across the variables
was defined as a simple un-weighted average of the I

1 3 n
], = 5,; [ﬁk Such that Z::l Q. =1

The shortfall in the HDI for county j was then defined to
this average deprivation. The HDI was then presented as one
minus the composite average deprivation. Thus, if H; is the
HDI for country j, we have, by definition,

1- Hj: Ij
Or, Hi=1-T;

ATTAINMENT METHOD:

Over the years with better understanding of issues,
academic reactions, policy responses and demand from
development activists, some refinements have taken place in
HDI in which dimension index has been presented directly in
terms of attainment/achievement[5]. Reference [6] shows
that the shortfall perspective has some merit to study how far
a country has to travel in order to achieve a desirable goal or
target. However, it is preferable to express the HDI in terms
of attainments rather than shortfall as such formulation is
more natural to assess changes in HDI over time. The
attainment perspective is more relevant in examining how
well a country is doing, where as shortfall perspective is more
relevant in looking at the task ahead .

With the required change in methodology, HDI thus has
been presented from attainment perspective since 1992 as in
[6] and [9].

The dimension index (from attainment perspective) of
each indicator can be written as:

D _ Xij_ min (Xig)
7 max (Xl_g)— min (Xl_g)‘

Where, Xj; is the actual value of the i" indicator Xi for
the country j. max (Xj) and min(X;,) ,respectively, are
highest and lowest goalpost values that i" indicator can be
allotted. D; is the attainment index of the i™ indicator (V
1=1,2,3,........ , N )Vi that lies between 0 and 1 for country j.

Aggregation formula However, in attainment method,
UNDP has experimented with two aggregation formulae to
arrive at the HDI score. Though arithmetic mean has been the

¥ There are three dimensions of HDI such as knowledge, good health, and
command over resources)

Y Such as: life expectancy for longevity, adult literacy rate and combined
gross enrolment for education, real GDP per capita PPP US$ for command
over resources

basis of aggregation formula till 2009, UNDP has stopped
using it 2010 onwards and instead started using geometric
mean for aggregation as in [14]and[15].

Arithmetic mean has been used to arrive at the HDI score
till 2009. It goes as follows:

Hijk:ieiDij Such that i9i=l
! i=l

th

Where, 9 ; is the weights allotted to 1" indicator

and [ " is the sub- index(attainment) of the k™ dimension

(Vk=1,2,3,....m)" containing n indicator(s) for country j
attained through arithmetic method..

Finally, HDI (H;) for the country j is obtained by taking
arithmetic mean (simple average) of these n-dimension
indices"™ as shown below.

1 n
Hj :;ZHl'jk
k=1

Geometric mean has been used by UNDP in aggregation
formula since 2010. The rational behind use of aggregation
formulas is that geometric mean is most affected by lowest
values. As such, the countries with low HDI scores can
have a improved score in favour of their HDI score if
geometric mean is used. Use of geometric mean goes as

follows:
. = 1 £ i’ 1
. M eitha® - i mm ol Ca®
i | | - T . u

n
Such that Y @) =1
i=1

Where; 9 i is the weight assigned to i" indicator. HER is

the sub- index of the k™ dimension ~VMk=1,2, 3,....m)"~
containing n indicator(s) for the country j obtained through
geometric method.

Finally, HDI (H;) for the country j is obtained by taking
simple geometric mean of the three dimension indices as
shown below.

Hym (Iﬂj Hfr&f

VII. CATEGORIZATION IN LEVEL OF
ACHIEVEMENT IN HUMAN DEVELOPMENT

Like the dimension indices, the HDI is also a unit free
value which ranges between 0 and 1, and provides a
normalized measure of human development. Higher HDI
values indicate higher level of achievement of human

"' There are three dimensions of HDI such as knowledge, longevity, and
command over resources)

Y Same as foot note vi

™ Same as foot note vi
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development. During 1990-2008, countries were categorized
as low level (HDI score < 0.5 ), medium (0.5 >HDI >0.8 )
and high (HDI score > 0.8 ) level of human development
respectively as in [12]. A new classification has been
introduced since 2009 to categorize the countries the world
into four groups such as: very high (HDI score > 0.90), high
(0.899 > HDI score > 0.800), and medium 0.799 > HDI>
0.500) and low (HDI score < 0.500) level of human
development as in [14].

VIII. CONCLUSION

The HDI has evolved over the years with changes in
goalposts, method of aggregation of the variables and in
indicators as well. Life expectancy at birth has remained the
sole indicator of health and longevity dimension . Education
dimension has been indicated by different set of variables in
different HDRs. Use of ‘mean years of schooling’ and
‘expected mean years of schooling’ in recent years as
indicators of knowledge is of recent development. Numerical
measurement of these variables is based on certain complex
iterations , and is subject to constraint of data availability.
Such calculation may suffer when data are not readily
available whether at local, regional, national or global level.
Real GDP per capital has remained the basic indicator to me
measure command over resources for almost two decades.
Use of real GNI precipitate is of recent development.
However, human development paradigm lies in the eternal
faith that income is not the sum total of life. As such, the
various HDRs tried to put less emphasis on the variants of
income (whether GDP per capita or GNI per capita). Use of
Atkinson formula or that logarithm by UNDP in order to
lessen the over- influence per capita income in HDI score is
an attempt in this direction. Nevertheless, the question still
remains, can income be considered in the construction of
HDI? Income or any of its variants are means of
development, and human wellbeing is the output of
development. HDI attempts to measure human well-being
and not inputs of well-being, and there remains the
contradiction between income and HDI.
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Abstract--This paper presents the analytical solution of steady
state governing equation for a rectangular fin subjected to
simultaneous heat and mass transfer (i.e. wet fin) across the
surface as well as at the tip of the fin. The temperature
distribution is obtained by using homotopy analysis method for
the insulated as well as for the convective fin tip boundary
conditions. Earlier studies on wet fin have been restricted to the
analysis of nonlinear governing equation with insulated tip
condition only. The present study developed a closed-form
solution with consideration of nonlinearity effects in both
governing equation as well as in the boundary condition.

Index Terms-- analytical solution; heat transfer and mass
transfer; homotopy analysis method; rectangular wet fin.

L. INTRODUCTION

FINS are extended surface that are attached to the primary
surface of any equipment to enhance the heat exchange
process. Fins are widely used in industries [1] and in variety
of engineering applications, viz., heat exchangers [2-5],
electronic equipments [6, 7], turbine cooling [8], solar-air
heaters [9, 10], extended surfaces [11] etc. In these
applications, the temperature of the fin surface is below the
dew point of the surrounding air. Thus heat transfers occur
from the surrounding air to the primary surface through the
fin along with the condensation of water vapor across the fin
surface. As a result, surface of the fin becomes wet. Due to
which the consideration of simultaneous heat and mass
transfer across the wet fin surface is an important aspect for
accurate estimation of the local temperature [12]. Apart from
material thermal conductivity and surface heat transfer
coefficient, thermo-geometric and psychrometric conditions
are also equally important from the standpoint of energy
exchange across the wet fin surface. Thus the relationship
between humidity ratio and saturation temperature of the air
is important for estimation of the temperature distribution
across the wet fin.

Recently, many researchers turn their attention to
determine a closed-form analytical solution of the problem
involving wet fin by considering linear [13-16] and nonlinear
[16, 17] relationship between humidity ratio and saturation
temperature of the moist air. However, based on the
psychrometric properties of the air, it is more accurate to
consider a nonlinear relationship as discussed in [16, 17].
Thus the present study has been carried out to determine the
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temperature distribution of the wet fin by considering
nonlinear relationship between humidity ratio and saturation
temperature of the moist air. Earlier analysis on the wet fins
[13, 16-18] was only limited to simultaneous heat and mass
transfer across the surface of the fin by neglecting the effect
of convection at the fin tip. In practical, tip of the fin equally
interacts with the surrounding air and possesses the ability to
transfer a significant amount of heat due to simultaneous heat
and mass transfer events at the tip. This study also considers
convection of heat and mass at the tip instead of insulated
condition in order to determine the temperature accurately. In
connection to the above assumptions, the present article
estimates the temperature distribution of the fin involving
nonlinear governing equation as well as nonlinear boundary
conditions.

From the mathematical viewpoint, the solutions of non-
linear equations are quite difficult compared to linear ones
especially through analytical approach. Such nonlinear
system frequently arises naturally in engineering problems.
Due to the presence of nonlinearity in the governing equation
as well as in the boundary condition, the present boundary
value problem (BVP) becomes more complex and is much
more difficult to solve analytically. At present, there exist
few well known analytical approaches for solving nonlinear
problems, viz., perturbation technique, non-perturbation
techniques, homotopy perturbation method [19], homotopy
analysis method [20] etc.

The present work is based on the analytical solution of
governing nonlinear BVP for wet rectangular fin subjected to
nonlinear boundary condition using homotopy analysis
method (HAM). HAM is a recently introduced analytical
method [20] for solving nonlinear equations, which has
undergone rapid development since its inception. It is a
powerful method which gives acceptable analytical results
with convenient convergence and stability. Unlike
perturbation approaches, HAM does not depend on a small
parameter. As a result, HAM has the added advantage in
solving strongly nonlinear equations. Further, as compared to
perturbation approach, HAM includes greater flexibility in
the selection of appropriate set of basis functions for the
solution. It also allows us to control the convergence rate and
the region in a much simpler way [20]. HAM has been
successfully applied to many nonlinear differential equations
including nonlinear heat transfer problems, such as cooling of
lumped system with variable specific heat [21, 22], combined
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convection-radiation lumped system problems [23],
conduction with temperature dependent thermal conductivity
[23-26] and various other heat transfer problems on dry fins
[27, 28].

To the author’s knowledge, no study has been reported on
fins with simultaneous heat and mass transfer. Therefore
consideration of the problem involving wet fin with
simultaneous heat and mass transfer is of a particular interest.
In this article, HAM is successfully employed on rectangular
wet fin subjected to insulated as well as convective boundary
conditions to analyze the temperature distribution along the
fin surface.

II. MATHEMATICAL FORMULATION

The present study has been carried out by considering a
rectangular fin as shown in Fig. 1. The surface temperature of
the fin is kept below the dew point temperature of the air. As
a result, the dehumidification process takes place across the
surface of the fin. Due to which the fin surface is subjected to
simultaneous heat and mass transfer. The one-dimensional
steady state governing equation for a rectangular fin
subjected to simultaneous heat and mass transfer is given [16]
as

d dT
d—X[kAC d—xj+ P[A(Tg=T)+hwh g (04 -@)]=0 (1)
where, k is the thermal conductivity of the fin material, 4, is

the cross-sectional area of the rectangular fin, P is the
perimeter of the rectangular fin (=wr), w is the width of the
fin, 7 is the thickness of the fin, T is the temperature, / is the
convective heat transfer coefficient, %, is the mass transfer

coefficient, & o is the latent heat of condensation of water

vapor, @ is the humidity ratio and the subscript a denotes
ambient condition.

Air Flow 7, w,

S N

:./ w>>t
4 L 1 P=2w
! A.=wt

Fig. 1. Schematic of fin geometry.

The Chilton and Colburn [29] relation between the mass
transfer coefficient (4,,) and the convective heat transfer

coefficient () is given as
h

—=c¢,Le? (2)
hm

where ¢, is the humid specific heat of air (z Cpat @y cpv) ,

cpq 1s the specific heat of dry air, ¢, is the specific heat of

water vapor, Le is the Lewis number (=a/D,).,

a and Dy, are thermal diffusivity and mass diffusivity of
water vapor in air, respectively.
Substituting Eq. (2) in Eq. (1) and rearranging the terms,
the governing Eq. (1) can be  written as
2
d°T 2
d—2=M [(T-Ty)+&(0-a,)] (3)
X

where M is the fin parameter (:JPh/kAc :JZh/kt) , &=

2/3
(h fo /c ) Le )
The boundary conditions for the insulated as well as for the

convective tip are as follows:
Case I: Insulated tip

is the non-dimensional latent heat parameter.

T (X)|X:0 = Tb
dT(x) _ o (42)
dx <=L
Case II: Convective tip
T (X)|X:0 = Tb
dT (x
LICY) h[(T, =T)+&(w, - )| (4b)
dx <=L
where L is the total length of the fin.
By using non-dimensional parameters x“=x/L and

0 =(T,-T)/(T, —Tp), the governing equation (i.e. Eq.

w, —

(ML) | 0+ g12a=2) )
(Ta =Ty )

where @ is the specific humidity of air on the fin surface

corresponding to the saturation temperature. In the present

analysis the relationship for the specific humidity with the

(3)) can be written as
d’e
dx 2 -

temperature is considered [17] as w= A+BT+CT?+DT> Where
the constants A, B, C and D are obtained by regression
analysis using the psychrometric properties of air as

illustrated in [17]. Substituting the relationship for @ in Eq.
(5) as well as in the boundary conditions (4a) and (4b), we
have the following two boundary value problems (BVPs)

4% 2 2 3
7= (ML) [K1+K29—K39 +K40 ] (6)
X

subjected to the following boundary conditions
Case I: Insulated tip
[ (x>X< ) =1
x =0
d6(x")
T =0 (78.)
dx
*
x =1
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Case II: Convective tip

ox* =1
( )x*=0
de(x* K;+K,80-
2 1 2
(*) = _(ML) 4 2 3 (7b)
dx . K360°+K46
x =1

where ¥ (=1/2L) is the non-dimensional fin aspect ratio;
and KI, Kz, K3 and K4
K, =§(wa-A-BTa-CT3-DTa3)/(Ta ~Ty),

are constants which are given by

Ky = 1+BEH2CET, +3DET, 2, K3 =&[(C+3DT,)(T, ~Tp)]

and K4=D§(Ta—Tb)2. Here, x* is the non-dimensional

coordinate (i.e. the distance from the fin base), 8 is the non-
dimensional local fin temperature. The non-dimensional
latent heat parameter af is found to be varying with various

wet conditions or with the variation in relative humidity ¢.
The relationship between the relative humidity, the specific
humidity and the latent heat of condensation of water vapor is
given by Kuehn et al. [30]. In the present study, the second
order nonlinear differential equation, i.e. Eq. (6) subjected to
the insulated tip boundary condition (Eq. 7a) as well as
nonlinear convective tip boundary condition (Eq. 7b) have
been solved with the help of homotopy analysis method
(HAM).

III. BASIC IDEA OF HAM

HAM employs the concept of homotopy, a fundamental
concept of Topology. To describe the basic idea of HAM, we
consider the following differential equation:

N[6(z)]=0 (8)
where N is the non-linear operator, #(z) is an unknown

function to be solved, and z is the independent variable. By
means of generalizing the traditional homotopy method, Liao
[20] has developed a new kind of homotopy so called the
zero-order deformation equation
(1-q) L[ ®(z:9)- 69 (z)] = gh H(2) N [ @ (z:9)] (9)
where ®(z;¢q) is the mapping function of 6(z) , Gy(z) is
the initial approximation of #(z), % is the nonzero auxiliary
is the

parameter, H(z) is the auxiliary function, and £

linear auxiliary operator.
It is clear that when ¢=0 then ®(z0)=6;(z) and when

g=1 then®(z;1)=6(z), which indicates that as the

embedding parameter ¢ increases from 0 to 1, the solution
®(z;q) varies from the initial approximation 6y(z) to the

solution @(z) of the Eq. (8). Using the Taylor’s theorem,
(I)(z;q)
parameter

can be expanded with respect to the embedding

and is given as
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oo m .
m=1m! g™ 4=0

Differentiating the zero-th order deformation equation (Eq.
9) m-times with respect to ¢ at g=0and then dividing by
factorial of m, we have the so called m™ order deformation
equation

LL6(2)= 2 61 (2) ] =1 (2) R (61 (11)
where Hm(z):La ®(z9) = 0 form<l, and
m! 9q™ 1 form>1
q=0
5 I I N[ ;
R’”(e’”‘l):( 1 oG q)]| The auxiliary

‘q:O
the auxiliary function H, the initial
and the auxiliary linear operator £ are

parameter 7,
approximation 6,

chosen in such a way that Eq. (10) converges at g=1

Therefore, at qg=1, Eq. (10) becomes

0(z)=6p(2)+ 3 6 (2)

m=1
The auxiliary parameter provides us a convenient way to
control and adjust the rate and the region of the convergence.
More detailed information about HAM and its convergence
can be found in [20].

12)

IV. SOLUTION OF THE RECTANGULAR WET FIN USING HAM

This section is devoted to determine the analytical solution
of the second order nonlinear differential equation (Eq. 6)
with insulated tip condition (Eq. 7a) as well as nonlinear
convective tip boundary condition (Eq. 7b) using HAM. The
analytical solution can be obtained by symbolic computation
software such as MATLAB, Mathematica or Maple. The
present solution is obtained by performing symbolic
computation on MATLAB.

Using the rule of solution expression [20] and from Eq. (6),
it is straightforward to choose a nonlinear operator as well as
a linear operator as follows

/\/[CD(X*;q” = gjf; —(ML)Z(K1+K2(D—K3<I)2 +K4c1>3) (13a)

L[qn(x*;q” _ gjg (13b)

with the property L[c0+c1x1:0, where ¢y and c; are two

arbitrary constants.
The solution of the m™ order deformation equation (i.e. Eq.
(11)) can be written, after using Eqs. (13a) and (13b), as

*
Hm(x*)zzm em_l(x*)wj(;‘ ds [y R Ot (w) ] v ix* e (14)

where Ry, [ém_l (x* )} is given by
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1 {Bmlj\/[q)(x*;q)”

R, [éml(x*)}:(m_l)!{ E)qm_l

‘q:O
(I—Zm)K1+K29m—1(X*)
d%e, _ 2 m-1
=L (ML)™| K3 3 6;(x") 61 (x") (15)
dx j=0

m=1 J % %
tKy X Opo1-j 2 0,1 (x7) Gi(x7)
j=0 1=0

with ¢y, c¢; are the two integral constants which are
determined by using the following boundary conditions:
Case I: Insulated tip

Gm(O)ZO
’ for m 21 (16a)
am(l):
Case II: Convective tip
Qm(0)=0
Ky 6, (1)~ K35 6, (1)81_; (1)
s 2Y%m 3‘/:0 j m—1—j (16b)

m—1 j
+Kq X Oy (1) s ;-1 (16 (1)
j=0 =0
1) Solution of Rectangular Wet Fin with Insulated Tip
Condition
To solve the second order nonlinear equation (Eq. 6)
subjected to the insulated boundary condition (Eq. 7a) using

homotopy analysis method, we choose the initial
approximation as
o(x*)=1 a7

Now, using Equations (17), (14) and (16a), we obtain the
values of R; (i=1,2,...) and then from Eq. (13) we obtain the
values of 6; (=1,2,3,...) as follows

91()(*) = hJ.g* dSJ.gRl [éo (W)de+cl X+ o

h

:E(ML)z(K1+K2—K3+K4)(1—x*2) (18a)

6 (x") = n(ML)? (KK, —K3+K4)(1—x*2) +

(Kg—K3)+n(K;+Ky —K3+Ky)
2 +%(ML)2(K22+2K32+3K42) .
KiK, —2KK3 +3K;K

+2(ML)2 182 183 154
12 —3K2K3 + 4K2K4 - 5K3K4

(ML)

Then the temperature field (€ ), the solution of Eq. (6), for
the wet fin subjected to the insulated tip condition (Eq. 7a) is

O(x") =Y 6;(x) =6 () + G )+

i=0
where 6,(x") is given by relation (17), @(x")is given by
(18a), 6,(x") is given by relation (18b) and so on. For the

computation purpose, instead of an infinite series a finite
series has been considered, say of the order m, as

0(x) =D 6:(x) =) +HE" )+ +6,(x7)
i=0

19

2) Solution of Rectangular Wet Fin with Convective Tip

Condition

The second order nonlinear differential equation (Eq. 6)
subjected to the nonlinear convective tip condition (Eq. 7b)
has been solved using homotopy analysis method in this
section. The similar mathematical analysis, described above
for the case of insulated tip boundary, is followed to obtain
the final solution. For nonlinear convective tip boundary
condition, the temperature field is obtained as follows

0x" )= 6:(x" )= )+ (") + +6,(x")

(20)
i=0
where
*
91()(*) =hjg dsngl [éo(w)}dw-kcz x*+03
= = DMLY (R — Ky )2
Al 1+2(ML)? (K5 —K3+K 4)
2| Ko (ML) (K +Ky — Ky +Ky)
2 W 2 2,
+ —(ML) y/TK3((ML) (KZ—K3+K4)+1) x (2D

~(ML)? y/ém ((ML)2 (Ky —K3+K )+ 1)3

In the present study m = 4 is considered in both the cases.

To the best knowledge of the authors, at present no work
has been reported on the solution of nonlinear governing
equation of the wet fin subjected to nonlinear convective
boundary equation. Thus, the present work has been carried
out by validating the results for linear governing equation of
the wet fin with linear boundary conditions given by
Sharqawy and Zubair [16]. The comparisons are shown in
Figs. 2-3. Figure 2 presents the case when the fin tip is at
insulated condition and Fig. 3 presents the case when the fin
tip is subjected to convective condition. It has been found that
the present results are in satisfactory agreement with those
obtained by Sharqawy and Zubair [16].
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In the next section, the role of the relative humidity ratio
on temperature distribution is discussed in detail.

V. RESULTS AND DISCUSSION

The objective of the present work is to use homotopy
analysis method for solving the nonlinear governing equation
of wet rectangular fin subjected to insulated tip boundary
condition as well as nonlinear convective tip boundary
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Fig. 2. Comparison of non-dimensional temperature field of wet fin obtained
in the present work with that of the results obtained by Sharqawy and Zubair
[16] for insulated tip condition.
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Fig. 3. Comparison of non-dimensional temperature field of wet fin obtained
in the present work with that of the results obtained by Sharqawy and Zubair
[16] for convective tip condition.

condition. Unlike the previous studies on wet fins, the present
study is unique since it considers the nonlinear relationship
between the humidity ratio and the saturation temperature of
the moist air across the fin surface as well as at the fin tip
which leads to a complex BVP. In addition, the effect of
relative humidity on temperature distribution is discussed.

978-1-4673-1719-1/12/$31.00©2013IEEE

The temperature field of the wet fin for the insulated and
for convective tip boundary conditions with due
consideration of nonlinear relationship between the humidity
ratio and the saturation temperature of the moist air are
obtained using HAM and are presented in Figs. 4-5 for
different values of relative humidity, viz.
»=20%,60%,80% and 100% . The present analysis considers

the fin base temperature as Ty, = 7°C, the surrounding humid
air temperature as T, = 27°C [31] and air pressure as P, =
101.3 kPa. Figure 4 depicts the temperature distribution
across the fin surface for insulated boundary condition at the
tip of the fin. Whereas, Fig. 5 depicts the same for the case of
nonlinear convective boundary condition at the tip. It is
observed from Figs. 4 and 5 that the consideration of
convective boundary condition at the tip leads to significant

demarcation in the temperature at
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Fig. 4. The non-dimensional temperature field of wet fin for non-linear
relationship between the humidity ratio and saturation temperature of air are
obtained using HAM for different relative humidity for insulated tip
condition.
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the tip compared to that of insulated boundary condition at
the tip (Fig. 4) for different values of relative humidity.
Further, with the consideration of convective tip condition the
obtained local temperature field across the fin length exhibit a
distinctive nature compared to that of the insulated boundary
condition at the tip (Fig. 4).

V1. CONCLUSION

Nonlinear boundary value problems (BVPs) involving heat
transfer across a rectangular wet fin subjected to two different
boundary conditions, viz., insulated tip and nonlinear
convective tip conditions are considered for heat transfer
analysis. Solutions (i.e. temperature distributions across the
heat transfer surface) of nonlinear BVPs are obtained using
homotopy analysis method. For both cases, the temperature
distributions across the heat transfer surface are illustrated
graphically for various values of relative humidity. Unlike
previous studies, the present study suggest that the
consideration of insulated tip condition instead of convective
tip condition leads to high local temperature at tip, resulting
to inappropriate approximation of local temperature field
across the fin length. In general, the focus of the present
study is to predict the local temperature field accurately
across the fin length for the natural heat transfer event where
the temperature of the fin tip is also different from the dew
point of the adjacent air layer.
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Abstract— The study of calcium diffusion in neuron cells has
gained interest among researchers during the last two decades,
due to its wide variety of roles in human body like muscles
contraction, secretion, metabolism, signal transduction etc. Most
of the theoretical investigations on calcium diffusion in neurons
have been carried out for one and two dimensional cases by
various research workers and that too by incorporating a point
source of influx. In order to have more realistic study a three
dimensional model of calcium diffusion in a cylindrical shaped
neuron cells has been developed in this paper. Apart from the
point source, the line and surface sources of an influx of Ca®"
have been incorporated in the model. Appropriate boundary
conditions have been framed. The region is discretized using
three dimensional circular sectored elements. Variational finite
element method has been employed to obtain the solution. The
numerical results have been used to study effect of point source,
line source and surface source of an influx on Ca** distribution
in neuron cell.

Index Terms-- Variational form, coaxial circular sector elements,
reaction diffusion equation, diffusion coefficient, calcium influx.

L. INTRODUCTION

CALCIUM is one of the most crucial second messengers for
signaling processes in a neuron cell. The calcium
signaling in neurons plays an amazing role in regulatory
behaviour of human organs. The Cytosolic concentration of
free calcium ions (Ca*") plays a major role in the control of
cellular behaviour [1, 5]. Another important element in Ca*"
handling is buffers. Buffers are proteins binding most of the
Ca®" in a cell (up to 99%). They are present in the cytosol.
Depending on their diffusion features, buffers are considered
as mobile or immobile. The rate constant of Ca** binding and
fast dissociation rate covers the wide range from slow and
fast buffer. The calcium signaling in neurons is regulated by
various biophysical processes like diffusion of calcium,
reaction of calcium with buffers, calcium influx and number
of sources and sinks.

The study of calcium diffusion in neuron cell has
attracted great deal of attention among research workers due
to the important role of calcium in various cells and processes
in human organs. A number of experimental and theoretical
investigations [6, 23] are reported in the literature for
understanding the processes, components and parameters

978-1-4673-1719-1/12/$31.00020131EEE

involved in calcium signaling in neuron and other cells [9, 10,
17, 26]. The general buffered calcium diffusion equation is
given by:
[Ca™
AN p VICa - KIBL(C> T-[Cal.)

(1)

M. Narangi, N. Neher Carried out the results of linearized
buffered Ca?" diffusion in microdomains and its implications
for calculation of [Ca’"] at mouth the channel [19]. Also
attempts have been made by Smith et. al, [10, 11, 13] added
new dimensions and applied analytical and numerical
methods to find solutions to steady state problems of calcium
diffusion in single neuronal cell. Smith, Dai, Miura &
Sherman [9], have obtained the calcium concentration
profiles for steady state case by using perturbation methods.
S. Tewari, Pardasani [26] developed the finite element model
to study the cytosolic [Ca’"] concentration for two
dimensional unsteady states. S. Tewari, Pardasani [27]
studied the system of reaction-diffusion equations of
Cytosolic  [Ca*'] concentration for excess buffer
approximation (EBA) and rapid buffer approximation (RBA).
A. Tripathi, N. Adlakha [2] developed the finite volume
model to study calcium diffusion in spherical shaped neuron
cell. A. Tripathi, N. Adlakha [3, 4] has also obtained the
calcium distribution in neuron cell using finite element
method for one and two dimensions in polar coordinates.

In above investigations the research workers have
considered only the point source of influx for calcium
diffusion in neuron cells. No work is reported till date on
study of calcium diffusion in neuron cell incorporating line
and surface sources of influx. The most of the study carried
out by the research workers is for one and two dimensional
cases for calcium diffusion in neuron cell. In order to have
more realistic study there is a need to develop three
dimensional models of calcium diffusion in a neuron cell. In
view of above a three dimensional finite element model of
calcium diffusion in a neuron cell has been developed, in the
present paper for a steady state case. To make the study more
realistic, the line and surface sources of influx, apart from the
point source have been incorporated in the model.
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Excess buffering approximation (EBA) has been also
incorporated in the model. A computer program has been
developed in MATLAB 7.11 for the problem and simulated
on Core i3 processor with 2.13 GHz processing speed, 64-bit
machine with 320 GB memory [14]. The effect of different
geometrical shapes of these sources on calcium distribution in
neuron cells has been studied with the help of numerical
results. The mathematical formulation and its solution is
presented in the next section.

II. MATHEMATICAL FORMULATION

Calcium buffering reaction in a neuron cell can be put in the
form of following equations [9-11, 13, 17] :

2 ko
[Ca*+[B,]e==[CaB,] @
where [ B)] and [Cq B,] are free buffer and bound buffer, and

‘j> is an index over buffer species. The Calcium kinetics is
governed by a set of reaction-diffusion equations which in
three dimensional polar cylindrical coordinates are given by

[12, 15]:
aar_, (_1 2 (ra[af*]J REl (} a[af*]] az[af*]]
ot rorl  or roé\r o6 %
+3 R, +60(r) 3)

~

B, [1a(ra[%]]+1a[1a[3,]]+a [B,.]}R_ 2)
o \rorl o ) ro@\r 00 o !

aaB]_ (10 daBY) 19 (1dGB]) FGBT| (s
ad “lral o | rodlr 00 & %
Where R =—k[B)[Ca’* 1+k;[CaB,] (6)

D

o> Dy > D, 8TC diffusion coefficients of free calcium, free
7 a J

buffer, and Ca** bound buffer, respectively; k;.r and k; are

association and dissociation rate constants for buffer j

respectively. For stationary immobile buffers or fixed
buffers D, =D, =0 The first term on right hand side is due

to fick’s law [12] of diffusion, the second term R ; is known

as the reaction diffusion term and the third term is source
amplitude due to calcium channel. Let us let us assume that
there is a single mobile buffer species, i.e. [B], =[B] and
the Excess Buffer approximation (EBA) [12] i.e. the buffer
concentration is present in excess and buffer is constant in
space and time, i.e.[ B] =[CaB] = const

D, [1a(ra[ca“1j+1a[la[ca2*1j+az[ca2*1j
“\ror or

ro8lr 06 927

(M
—k!B_([Ca**1-[Ca**].)+G6(r) =0

where [B]

and [Ca]_ are the buffer concentration and

=3

calcium concentration respectively. We assume a cytosolic
neuron of cylindrical shape and it has been divided into 24

and 48 coaxial circular sectoral elements [as shown in fig 1 &

fig 2 respectively]. The centre of circle at (# = 0,8 = () and

radius of circle is ¥ =5um .

-
n

N VN \X
/) N2 N\
/ N1/ N

Figure 1 The cylindrical shaped cytosol divided into 48
elements
The influx at boundary is imposed for three cases given
below:
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20N
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Case I: The point source of calcium influx

The point source of calcium influx is assumed to be present
at(r =5,0 =,z =0). Therefore
imposed on this point [4, 10, 11, 26] is given by:

2+
lim [—27zrDCu a[g()a ]J —o,,
n

boundary conditions

(8a)

r—5,0-m,z-0

where 7 is normal to the surface
Case II: The line source of calcium influx

The line source of calcium influx is assumed to be present
RY/4 S
at(r = 5,7 <6< T, z=0). The boundary conditions

imposed along the curve is given by:
2+
lim {—27erCu I[Ca ]] =0,
“ dn

r—5,z—-0

for(rzS,STﬂS QSST,ZZO) 8(b)

where 71 is normal to the surface
Case III: The surface source of calcium influx

The surface source of calcium influx is assumed to be present

RY/4 Y4

at(FZS,TSHST,OSZSS). The  boundary

condition imposed on the surface is given by:
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. J[Ca™ [, ]
lim [—ZferCa L 1 O, !
HS’ “j (1 n 8 z 19 6z rz 16z |
RY/4 hY/4 u, 1r 6 z rf 6z, rz, réz
or(r=5—<0<— . 0<z<3 8(c A B o B A
f ( ’ 4 4 ’ ) ( ) @ u, and Lr 6 z 8 6z nz 58z
. u =
where 71 is normal to the surface u, PO — Ln g z 79 6z 15z 16
For other boundary condition, assumption is the background " Lrn 6 z 58 6z nz 16z
concentration of [Ca®] i.e. 0.1uM as it goes far away from ! Vrn 6 z 16 Gz 1z 16z
the source [2-4, 9, 10, 26, 27]. Ui Ln 6 z 16 6z nz r6z
lim [Ca*"]=[Cd] 9) LU ] Ul n 6 z 4 8z nz 1n6z |
r3020.253 from equation (13) we have
The discretized variational form for point source (Case I) of © © @
equation (7) & boundary conditions (8(a) & 9) are given by ¢ = R u (15)
[21-24]: Where R = p! (16)

(e) ©\ © . (e) . . .
1 J-J-J- au 1fou” ) (ou +l(u(”>2—2u(")um)r sdee,  Substituting ¢ from equation (16) in equation (14) we
_ﬂm[ o, ] (10) u' =P ROY (17)
2z D, . . (e) :
Variational form for line source (Case II) of equation (7) N?:;V’ the(gltegr?el) 1 ((:m be(gl the form
and boundary conditions (8b) and (9) are given by: r~ =1 k +1 m -1 s I z (18)
© ©\? ©\? Where
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i 2z D, 20 6,7
Variational form fo.r 'surfacesource (Case I'H) of equation (e) J' J' J' 1%\ drd Odz (20)
(7) and boundary conditions (8c) and (9) are given by:
© © Y © YV
7O = J‘J‘I{ [a“ ] [a“ ] +[au ] +l(u(6>2—2u(")um)r}drd9dz % 9k
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z;0 6
—u'? u® | _. |dod (12) Z 6
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19 = 1| | (2)
Here, we have used ‘u’ in lieu of [Ca®'] for our convenience, Ca
e=1, 2....48. Also the second term (p () =1) for e=12, 15 and dare® d[}ﬁe) d];f) d]:e) d]z(e)
(1 ¢ =0) for rest of the elements. The following tri linear =——+ T (23)
. . . . du(e) du(ff) du(e) du(e) du(e)
shape function for the calcium concentration within each
element has been taken as dl  Y—©) dI'© —@r
8, 12, 18, 21-25]: —=>M M (24)
u =c'+¢,% +c,' 29 +c¢,'z du e du'" -
1 2 3 4 0O 0 0 0 0 0 0 O
+e 10+ ¢, 0z + ., rz+ ¢, r0z  (13) 10000000
4@ = pTe® (14) 01 0000 0 0 .
Where o 0 1 0 0 O O0 O andIZZ[(e) (25)
0001 00 00 =
P=[l r 8 z v 0z 1z rOz] and w |00 001 0 0 0
(e) (e) (@) (e (e (e (e -
@ =l6" ¢ ¢ ¢ ¢? ¢ ¢7 ] 00000100
from equation (13) & (14) we get g g g g g g (1) (1)
Where,
000 0 0 0 0 0]
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The integral I is extremized with respect to each nodal
calcium concentration u; (i=1, 2.....96). This gives following
set of linear algebraic equations [28, 30].

BRI b

The Gaussian Elimination Method has been used to obtain
the solution to equation (26).

(26)

III. RESULTS AND DISCUSSION

The numerical values of physical and physiological
parameters used for computation of numerical results are
given in Table I:

Table I: List of physiological parameters used for
numerical results [9, 10, 26]

Sym Parameter Value
bol
Dca Diffusion 250pum°/s
Coefficient
k" Buffer 1.5pM !’ s
(EGTA) association rate
(Exogenous
buffer)
Bl Buffer 50-200 pM
Concentration
[Ca’'], Background Ca”” 0.1 pM
Concentration
o Source amplitude 1-5 pA

1. Point source of influx

Fig. 2 shows the radial and angular calcium distribution in
neuron cell for Case I: Point source of influx at z=0 .

point source, z=0

4000
o0
2000
1000

Ca-concentration i

g0 radius um
theta in radian

Fig. 2 Calcium distribution in a neuron cell along radial and
angular direction for z=0 and Case I: Point source of influx
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3

axial direction

Fig. 3 Calcium distribution in a neuron cell along axial and
angular direction for r=5 and Case I: Point source of influx

It can be seen in Fig. 2 that Ca®" concentration is maximum
i.e 3300.7 uM at the point source and it decreases as we move
away from the source along radial and angular direction and
becomes almost constant at background concentration from
r=3 um and 6= 3n/2 onwards.

Fig. 3 shows the axial and angular Ca®" distribution in a
neuron cell for Case I: Point source at r=5 um. The calcium
concentration is maximum near the point source at z=0 and
0=n at r=5 and it decreases as we move away along axial and
angular direction and becomes almost constant at background
concentration of 0.1 pM from z=1.5 pm and 8=n onwards.

point source, &=n

radiug pm

Fig. 4 Calcium distribution in neuron cell along radial and
axial direction for 8=m and Case I: Point source of influx
Fig. 4 shows the radial and axial Ca®" distribution in a neuron
cell at 6=n for Case I. We observe that the calcium
concentration is maximum near the point source at r=Spum
and 0=n at z=0. When we move away from the point source it
decreases and becomes constant from r=3 pm and z=2 pm

onwards.

2. Line Source of influx
Fig. 5 shows the radial and angular calcium distribution in
neuron cell for Case II: Line source of influx at z=0.
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line source, z=0

Ca-concentration M

radius prm theta in radian

Fig. 5 Calcium distribution in a neuron cell along radial and
angular direction for z=0 and Case II: Line source of influx
It can be seen in Figure 5 that Ca®" concentration is maximum
i.e. 3300.7 uM at the line source and it decreases as we move
away from the source along radial and angular direction and
becomes almost constant at background concentration. The
effect of line source is seen in Fig. 7 from r=2 pm to r=3 pm
and 0= n/2 to 6= 3n/2. Its spread is higher than that in Fig. 2

for Case I.

line source, =Spm

4000
3000 -

2000 -

=1
=]
=1

Ca-cancentration [uh)

oo

g 3

axial direction pm
theta in radian

Fig. 6 Calcium distribution in neuron cell along axial and
angular direction for r=5 and Case II: Line source of influx

Fig. 6 shows the axial and angular Ca®" distribution in neuron
cell for Case II: Line source at r=5 pum. The calcium
concentration is maximum near the line source for z=0 and
0=r at r=5 and it decreases as we move away along axial and
angular direction and becomes almost constant at background
concentration of 0.1 uM. The effect of line source in Figure 8
is seen between 0=n/2 to 6=3n/2 and z= 0 to z=2 um. When is
higher than that in Fig. 3 for Case I: Point source.

3. Surface source of influx
Fig. 7 shows the radial and angular calcium distribution in

neuron cell for Case III: Surface source at z=0. The
maximum calcium concentration in neuron is 3300.7 pM

978-1-4673-1719-1/12/$31.00©2013IEEE

from 0= 37/4 to 0= 5m/4. Ca®>" concentration decreases as we
move away from the source along radial and angular
direction and becomes almost constant at background
concentration.

sutface source, z=0

4000 e
3000 ..
2000, i

1000 e

Ca-concentration h

radiugs wm theta in radian

Fig. 7 Calcium distribution in neuron cell along radial and
angular direction for z=0 and Case III: Surface source of
influx

surface source, radius=5um

4000,

Ca-concentration M

axial direction theta in radian

(a)

surface source, =3um

Ca-concentration

axial direction pm 2 u] :

theta in radian

(b)

Fig. 8 Calcium distribution in a neuron cell along axial and
angular direction for r=5 and Case III: Surface source of
influx

The effect of surface source is seen in Fig. 9 from r=1 um to
r=4 pm and 6= n/4 to 6= 3n/2. The spread of effect of surface
source of influx on Ca’" distribution in fig 8 is more as
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compared to that in Figure 7 for line source and Figure 1 for
point source of influx

Fig. 8 (a) and (b) shows the axial and angular Ca*
distribution in neuron cell for Case III: surface source at r=5
um and r=3 um. The calcium concentration is maximum near
the surface source for z=0 and 6=m at r=5 & r=3 and it
decreases as we move away along axial and angular direction
and becomes almost constant at background concentration of
0.1 pM. The effect of surface source in Figure 10 (a) is seen
between 0=m/4 to 0=3w/2 and z= 0 to z=2 pum. We observe
that significant change in shape of variation of Ca*"
distribution in neuron cell due to surface source in
comparision to line source and point source of influx.

IV. CONCLUSION

The three dimensional model of Ca®" distribution in neuron
cell developed in this paper gives us better picture and makes
it possible to incorporate line and surface sources of influx
apart from point source. Form the results it can be concluded
that the geometry of influx has significant effect on shape of
calcium distribution in neuron cell. The three dimensional
coaxial circular sectoral elements used in the present finite
element model gives us reasonable approximation and
reduces the computational work significantly in comparision
to that when tetrahedral elements will be used to develop
such models. Such models can be developed further to study
the relationships among various parameters to get better
insights about the components, processes and parameters
involved in a neuron cell.
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Abstract--In the present study, theoretical approach used to
solve the problem of one dimensional non linear partial
differential equation for moisture content of soil. The
mathematical formulation leads to a non linear partial
differential equation and its solution have been obtained by
homotopy analysis method. The analytical results of the
equation have been obtained in term of negative exponential
terms, which represents the moisture content g(z 7)of soil for
any depth 7 7 0. The results reveal that this method is very
efficient and can be applied to other nonlinear problems. All
computations have been carried out using some Maple coding
and graphical presentation is given.

Index Terms-- Aqueous diffusivity, Homotopy analysis method,
Unsaturated porous media.

L. INTRODUCTION

Since last two decades, the following two major approaches
have been considered, (1) All perturbation techniques and (2)
Non perturbation techniques.  Firstly, all perturbation
techniques such as perturbation method [12], Matched
asymptotic expansions [29], and Pertubations method by J.
Murdock [22] is strongly dependent upon small or large
physical parameter. Secondly, non-perturbation techniques
such as, the Lyapunov artificial small parameter method [3],
o expansion method employed by A. V. Karmishin et al.[8],
and Adomains decomposition method [13], [14], [15] and so
on which are formally independent of small or large physical
parameters

Based on the homotopy method in topology, Liao proposed
such a new kind of analytic technique, known as homotopy
analysis method (HAM). The homotopy analysis method has
a great advantage that in general its validity it does not
depend upon on small or large parameters and it is easy to
adjust the convergence region and rate of approximation
series. Therefore, the homotopy analysis method handles
linear and nonlinear problems without any assumption and
restriction. We note here that homotopy perturbation method
[20], [21] is a particular case of the HAM [35]. Indeed S. J.
Liao [35], [38] makes a compelling case that the Adomain
decomposition method, The Lyapunov artificial small
parameter method and the ¢ -expansion method are nothing
but special cases of the HAM.

Using one interesting property of homotopy, we can
transform any non-linear problem into linear problems.
HAM has been applied to nonlinear fluid dynamics problems
[36], [37], [38]. The HAM contains the auxiliary

parameter /i , which provides over here a simple way to adjust

978-1-4673-1719-1/12/$31.00020131EEE

and control the convergence region of solution series for
large values of 7.

In recent years, this method has been successfully employed
to solve many types of linear and nonlinear differential
equations in various fields of engineering and science by
many authors [34], [25], [19]. Many researchers have been
successfully applying homotopy analysis method (HAM) to
various nonlinear problems in science and engineering, such
as, Tao L Song H [41] obtained analytical approximation of
the nonlinear waves in water of finite depth, AS Bataineh et
al. [5] has solved time-dependent Emden-Fowler type
equations, H. N Hassan and El-Tawil [17] have obtained
solution of the two points nonlinear boundary value
problems, O Abdulaziz et al.[29] has given a review on time-
fractional partial differential equation, H. Hossein Zadeh et
al. [16] has given solution of the integral and
integrodifferential equations, and A Sami Bataineh et al. [6]
had obtained the direct solution of singular higher-order
boundary value problems by the homotopy analysis method.
In an environment, most of the water in the ground comes
from precipitation that infiltrates downward from the land
surface. Groundwater is a key element in many geological
and hydro-chemical processes, enhanced oil recovery
processes, geotechnical factor conditioning soil and rock
behaviour and component of the ecological system which
sustains spring discharge, river base flow, lakes and wetlands.
The upper layer of the soil is the unsaturated zone, where
water is present in varying amounts that change over time,
but does not saturate the soil. Below this layer is the saturated
zone, where all of the pores, and spaces between soil particles
are contains water and empty void of air combination. The
top of the surface where groundwater occurs is called the
water table. In the fingurel, we can see how the ground
below the water table is saturated with water (the saturated
zone), which is the upper limit of completely water-saturated
soil. In this zone the water saturation varies between 0 and 1
the rest of the pore space normally being occupied by void
space. Water flow in this unsaturated zone is complicated by
the fact that the soil’s permeability to water depends on its
water saturation [33]. Aquifers are replenished by the seepage
of precipitation that falls on the land, but there are several
geologic, meteorologic and human factors that determine the
extent and rate to moisture content are filled in unsaturated
porous media. Soils have a different porosity and
permeability characteristic, which means that moisture, does
not spread around the same way in all soil.
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Fig 1: Representation of groundwater recharge phenomenon
The phenomenon of the one dimensional vertical
groundwater recharge by spreading is of great important for
hydrologist, agriculturists and people associated with water
resources sciences. This phenomenon has been discussed by
many researchers with different viewpoints. Swartzendruber
uses Philip’s [32] method to get graphical illustration of the
mathematical solution for horizontal water function. A. P.
Verma and Mishra [4] have obtained solution by similarity
transformation of a unidimensional vertical ground water
recharges through porous media. M. Mehta [27] has obtained
an approximate solution by the method of singular
perturbation technique. He considered the average diffusivity
coefficient of the entire range of moisture content and treated
as small constant. Hari Prasad et al. [18] had developed a
numerical model to simulate water flow through unsaturated
zones and study the effect of unsaturated soil parameters on
water movement during different processes such as gravity
drainage and infiltration. They have worked on a numerical
model to simulate moisture flow through unsaturated zones
using the finite element method. They examined the
sensitivities of different processes such as gravity drainage
and infiltration to the variations in the unsaturated soil
parameters. This model is also applied to predict moisture
contents during a field internal drainage analysis. De Vries
and Simmers [11] have discussed processes and challenges
principally on recharge of unconfined aquifers, usually the
most readily avaliable and affordable source of water in
partly arid regions. Faybishenko [10] has given review of the
theoretical concepts, has presented the results, and provided
perspectives on investigations of flow and transport in
unsaturated heterogeneous soils and fracture rock, using the
methods of nonlinear dynamics and deterministic chos. T.
Patel and M. Mehta [40] studied the ground water recharge
by spreading in vertical downward direction. They constitute
governing differential equation in form of Burgers equation,
with permeability as non linear function of moisture content.
M. Mehta and S. Yadav [26] considered an aqueous
conductivity directly proportional to the depth, moisture
content and inversely proportional to time. They obtained an
approximate solution for the problem of vertical groundwater
in slightly saturated porous media by using small parameter
method. R. Maher and M. Mehta [31] find out solution of one
dimensional moisture content problem in porous media by
Adomain decomposition method. K. Patel and M. Mehta [24]

have given a series solution of the groundwater problem in
heterogeneous porous media.

In this paper homotopy analysis method is applied to solve
non-linear partial differential equation for the phenomena of
the one dimensional unsteady and unsaturated fluid flow
through homogeneous porous media. Its solution gives
moisture content of the soil at any depth Z for given time
T >0. The graph of moisture content versus time T are given
at depth Z, which shows at any depth Z moisture content
increase as time T increases.

II. STATEMENT OF THE PROBLEM

In the investigated problem, it is considered that groundwater
recharge takes place over the large basin of such geological
large basin that the sides are limited by rigid boundaries and
the bottom by a thick layer of water table. In this case the
flow takes place vertically downwards direction up to depth
L, (i.e. L= length of large basin), neglecting distribution in
other directions (i.e. small amount of water may distribute in
other directions but it is very small compared to large size
basin) through slightly saturated porous media. Under these
circumstances, water from the spreading grounds will flow
vertically downward through the unsaturated porous media. It

is assumed that the diffusivity coefficient Do) s equivalent
to its average value over the whole range of moisture content.
We assumed that the permeability of the media varies as
square of the moisture content i.e. k « §°[28].

pores filled with
air and water

unsaturated zone =~}
/water table? :

pores filled
with water

Fig 2: Representation groundwater phenomenon by spreading moisture
content in pore space of the soil.

The assumptions have been considered for the present
analysis such as the medium is homogeneous and there is no
air resistance to the flow (i.e. the porous medium contains
only the flowing liquid water and empty voids of air). The air
in the void space is approximately at atmospheric pressure
i.e. air is stationary. The flowing liquid (water) is considered
continuous at a microscopic level, incompressible and
isothermal, where the moisture content at the soil surface is
considered as time depended function. The saturation of soil
or rainfall or irrigation rate is constant and last assumption is
Darcy’s law and its limitation are also applicable [18].

III. MATHEMATICAL FORMULATION

When any fluid flow vertically downword direction through
macroscopically homogenous porous media for small
Reynold number the volume of flow of water described by
Darcy’s law as [23],
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V =—kVH (1)
Where V =The volume flux of moisture

k =The coefficient of aqueous conductivity,
VH =The gradient of the whole moisture potential
Such flow (water) satisfies the equation of continuity as

follows,

%( p,9S)=-VM 2)

Where p_is the bulk density of the medium on dry weight

basis, M is the mass of flux of the water at any time 1 >0.
Considering that water is incompressible and a7 =pp and

also considering the fact that the water content of soil is
given by standard relation with saturation of soil S as 9= ¢S

[9].

Where ¢ porosity and S is saturation of the soil.

Equation (2) reduces to,
0 7 3
E(pﬂ)z—V(pV) 3)
Where pis the flux density.
Using equation (1) in (3), we get
2 (p6)=-V(p(~4v11) @
It is also considered here as that the flow takes place only in
vertical downward direction [7], equation (4) reduced to,

20 o(,0H

97 O L (%)
& ot paz( oz j
Further considering the relation between peziometric head H
and z, H =y — gz [9], where g is gravitational constant, z is

vertical direction of flow and y is the capillary pressure
potential. Hence equation (5) will be,

a_ﬂzﬁi(ka_v’)_ﬁga_k 6)

ot p,0z\ 09z ) p, " oz

The equation (6) can be written as,

aﬁzi[D(g)a_@j_p_ga_k (7)

ot oz oz ) p, oz

Where, D(6)= PkIy | which is called the aqueous
p, 06

diffusivity coefficient. For the sake of simplicity, we assumed
that the diffusity coefficient D(G) is equivalent to the

average value over the whole range of the moisture content of
soil as parameter £ i.e. D(6)=¢ and the permeability of soil

depends on moisture content of soil # and it may also vary

with time and depth. The coefficient of aqueous conductivity

was taken as k = 6° __PE& [27]. T. Patel and M. Mehta
Ty

[39] considered the permeability directly proportional to

square of moisture content 4.

129 9 (6)06 ®

got 0z \L)oz

Now for dimensionless form of equation (8), we choose

dimensionless variable,

978-1-4673-1719-1/12/$31.00020131EEE
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L

?t
The equation (9) will be reduce to,
20 _ (aze aej
7| L2 g™
oT 9z> oz
The equation (9) is non-linear second order partial differential
equation which governs moisture content of soil for the one-
dimensional unsteady flow in slightly saturated porous
medium in downward direction, over a large basin of length
L by geological confirmation and its all sides are limited by
rigid boundaries while bottom is confined by a thick larger of
water table, where &is parameter between zero and one.
Mehta [40], Yadav [26] and Meher [31] has obtained solution
of the moisture content of soil in terms of negative
exponential. Hence for the sake of application of homotopy
analysis method, we choose appropriate guess value of
solution (11) and boundary condition (12) with respect to this
phenomenon as,

0(z.T:e=0)=(1-¢7)T (11
6(0,T)=0q(T), T>0,and x#0 (12)

Since condition (11) is sufficient to solve problem by
homotopy analysis method. Hence we discard the following
condition (12) and guess value of solution (11) gives
moisture content of soil at top of large basin.

(10)

IV. THE SOLUTION WITH HAM

For one dimensional vertical groundwater recharge problem,
we have assumed that the moisture content of soil at top of

large basin is expressed as
#(Z.T,¢) :(l_e’Z)T_Fgm , Where ¢=oat top of soil.

(13)

we have applied the homotopy analysis method to the
discussed problem. Let us consider the equation (10) as
nonlinear partial differential equation

N[¢(z.T:e)]=0 (14)
Where N is a nonlinear operator, ¢( Z,T;g) is considered as
unknown function which represent moisture content @at any

depth Z for given time 7>0for 0<e<1. we use auxiliary
linear operator 3=9/9T and initial approximation of

moisture content of soil is 6,(2.T)= (1_ e*Z)T to construct the

corresponding zeroth-order deformation equation. As the
auxiliary linear operator which satisfies S[Cl] =0, where C,

is arbitrary constant. We construct a homotopy as [35],
H[@(Z.T:q):6,(Z.T),H(Z.T).h.]
=(1-e){3[9(2.T:6)-6,(2.T) |-enH (Z.T) N[ §( Z.T:€) |
Enforcing the homotpy (15) to be zero [34],
H[¢(Z.T;€):6,(2,T),H(2,T).h,e|=0

Establish the zero-order deformation equation of moisture
content as [35],

(1-£)3[¢(2.T;6)-6,(2.T)|=ehH (Z,T)N[ ¢(Z.T;¢)

(15)

(16)
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Where 0,(Z,T) denote an initial guess of the exact
solution@(Z,T)which we want to find, 7#=0an auxiliary
parameter, H(Z,T)=0an auxiliary function, ee[O,l] an

embedding parameter and 3 an auxiliary linear operator with
the property

S[¢(2.T;€)]=0 when 6(Z,T;¢)=0

When £=0, the zero-order deformation equation (16)
becomes

S[¢(2.1:0)-6,(Z.T)]=0 17)
Which gives,

¢(Z,T;0)=6,(Z,T) (18)
When £=1, since h#0, H(Z,T)z0 the zero-order

deformation equation (16) is equivalent to

N[¢(z.T:1)]=0 (19)
Which is exactly the same as the original equation (14),
provided

#(Z,T;1)=6(Z,T) (20)
According to (18) and (20) as the embedding parameter &
increases from 0 to 1, solution #(Z.Tse) varies continuously

from the initial guess 6, ( Z,T) of the moisture content of soil

to the solution 9( Z,T), and its solution is assumed as,

¢(Z,T;£):¢(Z,T;O)+i6’m(Z,T)e’” @n
Where g (7 7y= L 2"¢(Z.1:€) (22)
me m! oe” -

i.e. the moisture content of soil is function of Z, T for any
parametric value ¢ is expressed as, the motiure content of
soil at top of large basin #(Z,T;0) and sum of moisture

contents of soil at different depth layer for different value of
parameter ¢ . If the auxiliary linear operator, the initial guess,
the auxiliary parameter %, and the auxiliary function
H(Z,T) are so properly chosen, the series (21) converges at
e=1.

Hence the moisture content of soil can be expressed as,

0(2,7)=0,(2.T)+3.6,(Z.T) (23)

and g (z,T)can be calculate by equation (28).

This must be one of solution of original non-linear partial
differential equation (10) of the motiure content of soil.
According to the definition (22), the governing equation can
be deduced from the zero-order deformation equation (15).
Define the vector

6,=16,(2.7).6/(2.7)...6,(Z.T)}
Differentiating equation (16) m times with respect to the
embedding parameter £ and then setting £=0and finally
dividing them bym!, we have the so-called m™ order

deformation equation of the moisture content @ will be as,
3[e 2.1) (24)

m

(2.7)- 2,6, (Z.T)|=enH(Z,T)R, (6

m—1°

Where
i} 1 0"'N[g(Z.T:e)] 25
Rm(em—ISZsT):(m_l)' agm—l ( )
£=0
0, m<1
i | 26)

1, m>1
It should be emphasized that 0, ( Z,T) for m>1 is governed

by the linear equation (25) with the linear boundary condition
that come from original problem, which can solved by
symbolic computation software Maple as bellow. The
auxiliary function H(Z,T)=1 [35].

According to (20) and taking inverse of equation (24) the
equation (24) become,

6,(2.1)= 2,6, (2.7)+13"|R,(6,.,2.T)] 27)

m—1

1 0"'N| ¢(Z.,T;¢)
Z’T):;! [88”"1 }

In this way, we get g (Z,T) for m=1,2,3...successively by

R,(6 (28)

m=1°

using Maple software as,

6,(2,1)= éTh(ZTzez — 27" +3Te” +6¢* —6¢* )™ 29)

32hT* —8hT*e*” —24hT* —25hT "
6,(Z,T)= &hT +70hT e” +100hT e*” —120hTe** —120he™” |77
+120he’ +40Te* —40T e +60te™” —120e™
(30)

Using initial guess value of moisture content from equation
(11) and successive moisture content form (27) and (22) etc.
and using in equation (23) , we get

(e7) T—é hT(27°¢" —2T° +3Te” +6¢* —6¢” )&
32hT*¢" —8hT'¢"” —24hT* —25hT"¢*
L, p| ¥70KT"¢’ +100AT"¢" ~120hT"¢"
240 | +120hTe* +120he™ +120e*
H0T e —40T¢ +60Te*” ~120¢™

6Z.T)=1-

—37Z
e

(31)
where 6 (Z,T),QZ (Z,T),... are given by equation (29) and (30)

respectively represents moisture content of soil at any time T
for vertical direction depth Z for 7>0. The solution is an
infinite series solution, which represents approximate value
of moisture content for time 7 >0. Which is convergent at
e =1 for auxillary parameter /4 =0.2 [35].

Thus the moisture content is expressed in terms of
exponentials of function of Z and time T >0, which
depends on first guess value of solution (11) only.

V. NUMERICAL AND GRAPHICAL SOLUTION

Numerical and graphical presentations of equation (31) have
been obtained by using Maple coding. Fig 3 represents the
graphs of moisture contentg(z, 7y vs. depth Z, for 7= 0.1, 0.2,

0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9,1.0 is fixed, and Table I

indicates the numerical values.
TABLE I
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MOSISTURE CONTENT @(Z,T) FOR DIFFERENT DEPTH Z FOR
FIXED TIMET =0.1,0.2,0.3,0.4,0.5, 0.6, 0.7, 0.8, 0.9, 1.0.

e |P(ZT) |8(Z.T) | 8(Z.T)| 8(Z.T)|8(Z.T) |9(Z.T) | 8(Z.T)| 8(Z.T)| 8(Z.T) |8(Z.T)
T zo01 | %02 | z03 | o4 | mos | 206 | zo7 | zox | moo | za0

o1 00152 | 00259 00376 | 00472 | 00559 | 00638 | 00709 | 00774 | 00833 | O0ESS

02 00344 | 00576 00786 | 00975 | 01147 | 01302 | 01443 | 01569 | 01684 | OATEE

03 00576 | 00919 | 01229 | ©0as11| 01765 | 01994 | 02201 | 02389 | 02558 | 02711

oA 00F49 | 01303 ( 01713 | 02082 | 02416 | 02717 | 02988 | 03234 | 03456 | 03656

os 01167 | 01729 02235 | 02691 | 03101 | 03472 | 03806 | 04108 | 04329 | oas25

o5 01531 | 02199 02799 | 03339 | 03825 | 04263 | 04557 | 05012 | 05332 | oOsS621

o7 0.1942 02715 03408 04029 04589 05091 05543 05949 06315 05644
ox 02404 | 03281 | 04065 | 04767 | 05396 | 05959 | 06467 | 06922 | 07331 | 0769
o5 02919 | 03899 | 04773 | 05553 | 06249 | 0673 | 07431 | 07932 | OE3E1 | OE7ES
10 03492 04574 05535 0.639 07152 07832 0.8439 O-R9R3 0.9459 09905
0o ]
0.8 - -
. —
i - -
0.7 -t e
- -

< .- —

= i .. —

5 05 - -

£ e

= 0.5 o LT - -

= B o — - 7

= - -

= 0.4 - IR -

= ] e

7 T T T T 1
o 0.z 0.4 o5 o= 1
Dgpth &

Fig 3: Represents moisture content @(Z,T") vs. depth Z for auxiliary
parameter 4 = (.2 and auxiliary function H(Z,T)=1[35]when T=0.1,
0.2,0.3,0.4,0.5,0.6, 0.7, 0.8, 0.9 and 1.0 is fixed.

Table II represents the numerical data. Fig 4 represents the
graphs of moisture content §(Z,T) vs. time T, Z=0.1, 0.2,

0.3,0.4,0.5,0.6,0.7, 0.8, 0.9, 1.0 is fixed.

TABLE I
MOSITURE CONTENT @(Z,T) FOR DIFFERENT TIME T FOR
DEPTH 7Z=0.1,0.2,0.3,0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0

mux |S(Z.T) |8(Z.T) | 8(Z.7)| 8(Z.7) |8(Z.7) |8(Z.T) | 8(Z.T)| 8(Z.T)| 8(Z.T) |6(Z.7)
T z01 | 20> | mo3 | 204 | mos | mos | mo7 | mos | moo | zao

o1 00152 [ 00250 | 00376 | 00472 | 00559 | 00638 | 00709 | 00774 | 00E33 | Oo0EES

oz 00344 [ 00576 | 0078s | 00975 | o0.a147 | 01302 | 01443 [ o1sse | 01584 | oavEE

o3 00576 [ 00919 | 01229 | 01511 | 01765 | 0.1994 | 02201 02389 | 02558 | o271

(X} 00849 [ 01303 | 01713 | 02082 | 02416 | 02717 | 02088 [ 03234 | 03456 | 03656

os 01167 [ 01720 | 02235 | 02691 | 03101 | 03472 | 03806 | 04108 | 04320 | oas2S

os 01531 [ 02199 | 02799 | 03339 | 03825 | 04263 | 04657 [ oso12 | 0533z | osSE2

o7 01942 [ 02715 | 03408 | 04029 | 04589 | 05091 | 05543 [ 05949 | 06315 | 05644

os 02404 [ 03281 | 04055 | 04757 | 05395 | 05959 | 06457 | 05922 | 07331 | 07599

oo 02019 [ 03899 | 04773 | 05553 | 05249 | 0sE73 | 07431 07932 | o0=m381| o=VES

10 03492 [ 04574 | 05535 0639 | 07152 | 07832 | 0E439 | 08983 | 09469 | 09906

Moishare content §
\

T u 1
a oz o4 0.6 08 1
Fime T

Fig 4: Represents moisture content §(Z,T’) vs. time T for auxiliary
parameter /1 = (0.2 and auxiliary function H(Z,T)=1 [35] when Z=0.1,
0.2,0.3,0.4,0.5,0.6,0.7,0.8, 0.9 and 1.0 is fixed

VL CONCLUSION AND DISCUSSION
The equation (31) represents moisture content of soil FOR
any depth Z for any time7 > 0. It is converges for embedded

978-1-4673-1719-1/12/$31.00020131EEE

parameter ¢ =1and for auxiliary parameter s =0.2 which is
expressed in term of negative exponential terms of Z and time

T >0 The moisture content & will be zero from guess value
of the exact solution for z=0, T=0.1, 0.2, 0.3, 0.4, 0.5, 0.6,
0.7, 0.8, 0.9, 1.0. The figure number 3 of solution for
moisture content @ vs. depth Z shows that moisture content
of soil is increasing as depth Z increasing for 7 >0 From
graph it can conclude that for T=0.1 moisture content of soil
is linearly increasing as depth Z increasing but when time is
increasing and due to different deformation added @, the
moisture content of soil is successively increasing
parabolically. Since the equation (11) is parabolic diffusion
equation. Hence solution is graphically as well as physically
consistent with phenomenon. But the graph of moisture
content of soil @ vs. T for given Z=0.1, 0.2, 0.3, 0.4, 0.5, 0.6,
0.7, 0.8, 0.9, 1.0. The moisture content is also increasing for
different time T for given fix value of Z. The moisture
content at Z=0.1 is parabolically increasing for different time
T but after depth Z is increasing the moisture content of soil
is almost linearly increasing with respect to different time T
which is shows in graph no 4. From both graph and analytical
result (31), we concluded that the moisture content of soil is
increasing whne depth as well as time increases. Which is
physically fact with phenomenon of ground water recharge in
homogenous soil’s given in problem.
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Two Dimensional Coaxial Circular Elements
in Finite Element Method to Study
Calcium Diffusion in Cardiac Myocytes
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Abstract: The calcium signaling plays an important role in expansion and contraction of Myocytes. This calcium signaling
is achieved by diffusion of calcium and buffering mechanisms in cardiac myocytes. In this paper an attempt has been made to
develop model calcium signaling in myocytes incorporating diffusion of calcium and excess buffers. The model has been
developed for a two dimensional steady state case. Appropriate boundary conditions have been framed. The finite element
method has been employed to obtain the solution. The numerical results have been used to study the effect of buffers on

calcium distribution in Myocytes.

Index terms: cardiac myocytes, reaction diffusion equation, excess buffer, finite element method

I INTRODUCTION

The functioning of heart is achieved through
expansion and contraction of cardiac myocytes. This
expansion and contraction of myocytes is responsible
for pumping of blood from heart to arteries. In order to
understand the function of heart it is of crucial interest
to understand the processes involved in cardiac
myocytes. The specific calcium signaling is required
to achieve the above function of cardiac myocytes. But
this calcium signaling in cardiac myocytes is still not
well understood.

Chemical reaction and diffusion are central to
quantitative computational biology. As Ca’" ions
diffuse away from the mouth of voltage gated plasma
membrane through Ca*" channels into the Cytosolic
domain of elevated intracellular Ca*" jon activate
proteins associated with neurotransmitter release [1]
.These Ca’" domain are formed on the presence of
ubiquitous Ca®" binding proteins (Troponin-C) of the
pre-synaptic terminal. By binding and releasing free
Ca®’, endogenous Ca’" binding proteins and other
"Ca?" buffers" determine the range of action of Ca®"
ions influence the time course of their effect and
facilitate clearance of Ca*" [1]. Concentration
coupling, Ca”" sparks activated by Ca’" in flux through
sarcoleminal Ca®" channels is the "building blocks" of
global Ca®" responses that cause contraction. In the
present study a mathematical model, for two
dimensional steady state calcium diffusion in cardiac
myocytes is developed wunder excess buffer
approximation to understand the calcium diffusion in
cardiac myocytes. The important parameters like
buffers, diffusion coefficients and influx etc has been
incorporated in the model.
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II MATHEMATICAL FORMULATION
By assuming a bimolecular association reaction
between Ca®* and buffer, we have

k+
Ca™ +B < CaB ()
=

In equation (1), B represents free buffer, CaB
represents Ca?*t bound buffer. k*and k= are
association and  dissociation rate  constants,
respectively. If it is further assumed that the reaction
of Ca?* with buffer follows mass action kinetics, it
can be written the following system of ODEs for the
change in concentration of each species is given by [1,
2,3].

—d[ia LR+J )

t

d[B] _

“ar " ®

M—_R (4)
dt

where the common reaction term R, is given by

R=—k"[Ca’ |[B]+k [CaB] (5)

and J represents Ca?* influx. Both R and J have units
of concentration per unit time. Equations (2) to (5)
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are extended to include multiple buffers and the
diffusive movement of free Ca?*, Ca?* bound buffer
and Ca?* free buffer. Assuming, Fick’s diffusion in a

homogeneous, isotropic medium, the system of
reaction diffusion equations is written as [1],
0 [Ca o ]
_ 2 2+

T_D@V [ Ca ]+ZR,.+J (6)
d| B,

[all]:DB,.Vz [Bi]+Ri (7)
d|CaB,
NGB _p,,, v [cas]r ®)

where the reaction terms, R; is given by

R =-k'|Ca’ |[B]+k; [CaB|] 9)

where, i is an index over Ca®* buffers. D¢q , D, ,
D¢qp,; are diffusion coefficients of free C a?* , bound
calcium and free buffer respectively.

Since Ca?*has a molecular weight that is small in
comparison to most Ca?t binding species, the
diffusion constant of each mobile buffer is not affected
by the binding of Ca®* that is Dy, =Deqp, =D; .[11,
12] Substituting this in equation (7) & (8) and on
summation it gives

28], _alcas] a[5]

ot ot ot
=DV*[CaB,|+DV?*[B/]
=DV*[B], (10)
And

R =k [ca |81k (B],-[8])  ap

where

[Bi]T :[CaBi]+[Bi] (12)
Thus, [B;]y, profiles are initially uniform and there

are no source or sinks for Ca®* buffer, [B;]; remains

uniform for all times.[11, 12] Thus, the following

equations are written for the diffusion of Ca?*,

978-1-4673-1719-1/12/$31.00©2013IEEE

o| Ca**
[at ]:Dcavz[ca2+]+ziRi+J (13)
a[B,.]:DIVZ[Bi]jLRi (14)
dt
where
ko=t [ca (B )k (), -[8]) 5)

Here both R; & J have units of concentration per unit
time. Considering simplification of equations (6) to (8)
that come about when buffer parameters are in select
regimes: the so called “excess buffer” approximation.
In the excess buffer approximation (EBA), equations
(6) to (8) are simplified by assuming that the
concentration of free Ca?*buffer [B;], is high enough
such that its loss is negligible. The EBA gets its name
because this assumption of the unsaturability of
Ca?* buffer is likely to be valid when Ca?* buffer is in
excess. [11, 12]

The association and dissociation rate constants for
the bimolecular association reaction between Ca?*t
and buffer can be combined to obtain a dissociation
constant, K.

(16)

K, =k Ik

This dissociation constant of the buffer has units of
u M and is the concentration of Ca®* is necessary to
cause 50% of the buffer to be in Ca?* bound form. To
show this consider the steady state of equations (6) to
(8) in the absence of influx (J=0). Setting the left hand
sides of equation (7) and (8) to zero gives,[11, 12]

__KiBl
[B].= K+[C | (17)
and
[CaBl.] _M (18)

=K +[Ca2+ L

where [Ca?*], is the “background” or ambient free
Ca** concentration. And [B;],, and [CaB;]., are the
equilibrium concentrations of free and bound buffer
with respect to index i. In these expression K; is the
dissociation rate constant of buffer i. Note that higher
values for K; imply that the buffer has a lower affinity
for Ca®* and is less easily saturated. In this case, the
equation for the diffusion of Ca?* becomes,
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8[Ca2+]

> =DV’ [Ca2+]—

Zk; [Bl.]m ([Ca“] —[Ca”lc) (19)

To complete a reaction — diffusion formulation for
the buffered diffusion of Ca?*,a particular geometry
of simulation must be specified and equation (19)
must supplement with boundary conditions. If Ca?* is
released from intracellular Ca?*stores deep within a
large cell (so that the plasma membrane is far away
and doesn’t influence the time course of the event),
and the intracellular milieu is homogenous and
isotropic, then it has cylindrical symmetry [6]. In this
case the evolving profiles of Ca?* and buffer will be a
function of r and 6 only. For a two dimensional steady
state case the equation (19) in polar in absence of
influx (J = 0) is given by

19 ra[Ca2+] +i82[Ca2+]_
r or or r 067

ﬂ([Caz*]—[Ca“ L): 0 (20)

Ca

The reasonable boundary condition for this
simulation is uniform background Ca?* profile of
[Ca?*], = 0.1 uM. 1t is required that buffer far from
the source to remain in equilibrium with Ca?* at all
times. Thus the boundary condition on the boundary
away from the source is given by [11, 12]

lim [Ca™ |=[Ca™ | (21)

r—=e,0—0

At the source, it is assumed that influx takes place
and therefore the boundary condition is expressed as
[11,12]

2+
lim | 27D, r M

r—eo,0 1 a}"

We define an influx of free Ca®* at the rate O, by

1
araday’s law, O, = , . ence, the
Faraday’s | - ;jllle h
V4

problem reduces to find the solution of equation (20)
with respect to the boundary conditions (21) and (22).

Here, [Caer] is the background calcium

concentration, [B L is the total buffer concentration,
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=0¢, (22)

O, represents the flux. [Ca 2+:| tends to the

background concentration 0.1 ¢ M as r tends to oo and
6 tends to m. But the domain taken here is not infinite
but finite one. Here, the distance is taken required for

[Ca2+] to attain background concentration 7.8 x m

for the Cardiac Myocytes (i.e. radius of the Cardiac
Myocytes) [5]. Now the finite element method is
employed to solve Equation (20) with boundary
conditions (21) and (22). [6, 7, 8]
Assuming that the cardiac myocytes of circular shape
and it is divided into coaxial circular elements [11,
12], given in figure 1.

Figure 1: Finite element Discretization of circular cell

Here the square represents the number of elements and

without square represents the nodal points where the

nodal point 15 represents point source of calcium. The

following table represents the element information.
Table 1: Element information

e i j k |1
1 112 ]14]|5
21213516
3141578
4 |56 819
51718 |10]11
6 | 819 |11]12
7 1101113 ]| 14
8 |11 |12 | 14|15
9 |13 ]14 |16 17
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The discretize variational form of Equation (20) is
given by

mw [BL . o 2K°[B]

DC DCa
9;

_J‘ Oc, u@deo
A 27[DCu

Here, ‘u’ is used in lieu of [Ca2+:| for our

convenience, e =1, 2,...16.

The following bilinear shape function for the
calcium concentration within in each element has been
taken as [4, 11, 12].

W9 =CO+Cr+CO0+C, 0 (24)

The thickness of each element is very small,
(e)

Wu(e)rz}drdﬁ

(23)

therefore u is assigned bilinear variation with
respect to position as given by Equation (24).
In matrix form the equation (24) can be written as

u® =Prc (25)
where
_Cl(e) -
C(e)
=[1 » 6 r6] and C* = ;
e
ce
Also i i
u® =G +C ' +C6,+C,r6, (26)
ul? =C'+C,r +C90,+Cr6, (27)
u® =C+C I +C0,+C 6, (28)
u® =C+C, 9 +C,96,+C,r6, (29)
Using Equations (26)-(29) we get
79 = pce (30)

where
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S
L7 6 16, U
1r 6 r6, u'®

(e) _ 77N and u(e)_ /()

e
lrn 6 16, u,
L7 6 16 L0

From Equation (25) and (30) we get
4© = pTROF©
where R = P!

Now the integral given in Equation (23) can also be

written as,
T 6

€1y

1(6) .[J‘|:(’,.P R(‘-’)_(")) (PHTR(e)LT(e))Z i|d7'd0
1 r/ Hk k+ B
+[[|—==r(P"ROT) \drd6
2 r 0
ri @, +
1 J Yk k [B
1 PT ROT ) drd O
S
. j[ I, mw}m (32)
5 27D¢,
Now [ is minimized with respect to u'
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This leads to following system of linear algebraic
equations

[K] (33)

(24><24)[ ](24><1) = [F](24><1)
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— T .
Here,u=[u1 u, o e e u24], K is

characteristic matrix and F is characteristic vector.
Gaussian Elimination method is employed to solve the
system (33).

III RESULTS AND DISCUSSION
A computer program in MATLAB 7.10.0.499 is

R Radius of the cell 7.8 Lm
I Amplitude of elemental Ca™ IpA
Ca | release
F Faraday’s constant 96500
C/mol
zZ Valence of Ca”' ion 2
De¢, Diffusion coefficient of free 250
Ca®" in cytosol um’ /s
[ B.] Total concentration for each 70 uM
Hr 1 Ca* buffer (Troponin C)
k* Association rate constant for 39
! Ca®" binding (Troponin C) uM™'s™
k- Dissociation rate constant for 2057
! Ca®" binding (Troponin C)
Ki Dissociation constant 0.51 uM
(Troponin C) = k_l+ ,
2+
[Ca] Intracellul'c.lr free Ca 01 M M
* | concentration at rest

developed to find numerical solution to the entire
problem. The time taken for simulation is nearly 8.81
seconds on Core (TM) i 5-520M 330 @ 2.40 GHz
processing speed and 4 GB memory. [6, 7, 8] To find
the solution of equation (3.2.10) the biophysical
parameters are taken from the literature as given in
Table 2,

Table 2: Numerical values of biophysical parameters

(3]

Calcium diffusion in 2-D under excess buffer appraximation

calcium concentration in micro moles

B

o 2
angle in radians radius in ricro meter

978-1-4673-1719-1/12/$31.00©2013IEEE

Figure 2: Two dimensional calcium diffusion under
excess buffer approximation

Figure 2 represents the variation in Ca’* concentration
along angular and radial direction. We observe that
maximum calcium concentration is 0.24 uM at a node
(r=7.8, 6= m) i.e. source and it decreases along the
angle as we move away from the source and it
achieves its background concentration 0.1 uM at the
other end i.e. at 6 = 0. Initially from 6 = 7t to 6 = 37/2
and 0 =7 to 6 = /2 the concentration falls rapidly due
to buffering and slowly then after converges to its
background concentration 0.1 p M as 6 approaches to
0 and 2= along the radial direction.

Calium ca-centation a zny n3 i
3 T

Rizits nm e e

Figure 3: Calcium concentration along initial line

Figure 3 represents the variation in Ca’* concentration
along radial direction for initial line. We observe that
maximum calcium concentration is 0.24 pM at r = -7.8
pum i.e. source and it decreases along the radius as we
move away from the source and it achieves its
background concentration 0.1 uM at the other end i.e.
atr= 7.8 um. Initially from r =-7.8 ym to r = -2.6 pm
the concentration falls rapidly due to buffering and
slowly then after converges to its background
concentration 0.1 p M as r approaches to -2.6 um to
2.6 um. Then it achieves its background concentration
0.1 uM and remains 0.1 p M from r= 2.6 um to 7.8
pm.

Conclusion: It is observe that due to excess buffer, the
buffering activity has significant effect in calcium
diffusion in cardiac myocytes give us better central
regions little away from the source. The coaxial
elements used here give us better approximations. The
finite element method is quite flexible and powerful in
dealing such problems and gives useful results in two
dimensions.
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Abstract-- This paper tries to suggest certain ways in
which the two traditionally segregated fields--literary
studies and communication skills--can somewhat be
integrated. The text with which the paper deals is
Robert Browning’s “My Last Duchess,” a poem that
lends itself to both literary studies and the study of
communication skills. The object of the article is to
bridge the gap between the two distinct fields of study
by highlighting some aspects of the two fields which
are socially relevant.

Index Terms--Communication, communication
skills, literary studies, literature.

I
The phrase ‘literary studies’ refers to the study of
literary texts which is systematic and specialised.
Principles of hermeneutics--the origins of literary
studies--are predicated upon the interpretation of
biblical texts. The Reformation that took place in
the Renaissance England was instrumental in the
propagation of the idea that one had a personal
relation with God, and that the relation can be
comprehended without the help of any mediator.
By the same token, people began to produce
treatises on the interpretation of scriptures.
Simultaneously, there emerged a growing
collective concern for law and governance which
enabled hermeneutics to enter the domain of
jurisprudence. As Mario Klarer writes, the
“approaches and methodologies associated with
both (the exegesis of the Bible and the
interpretation of legal texts) have always indirectly
influenced literary studies” (76). With the
development of the cult of ‘Genius,’ the quality of
having spiritual insight or extraordinary mental
acuity, in the Romantic period, hermeneutics
entered the field of literature. That was the age
when literary figures, especially poets, considered
themselves as “unacknowledged legislators of the
world;” hence the importance of the interpretation
of literature in that period. From that time to the
present, literary studies have undergone several

changes. The famous categorisation of literary
criticism done by M.H. Abrams in The Mirror and
the Lamp (1953) (facilitates our understanding of
the evolution of literary studies vis-a-vis English
literature as well as literatures in English. Each of
the four coordinates of English literary practice--
author, reader, text and universe--have gained
prominence one after another in accordance with
the development of literary studies. In the twentieth
century literary studies underwent radical changes
with the advent of literary theory, a systematic
speculative undertaking often resembling
philosophy which concerns itself with the methods
used in literary criticism and asks some
fundamental questions like what is the cause of a
particular literary production. It functions “as the
theoretical and philosophical consciousness of
textual studies, constantly reflecting on its own
development and methodology” (Klarer 77). It is
undeniable that with the rise of the pan-European
literary theories such as Marxism, feminism, and
new historicism English literary studies gained a
‘socio-materialist’ dimension. With its merging
with culture studies and incorporation of
postcolonialism, literary studies have become
eclectic and diversified. Close reading championed
by New Critics and deconstructionists is not the
only objective of literary studies. Today, the entire
field of study lays tremendous stress on the
interaction between the literary text and history; it
considers literary production as a socio-cultural
signifying practice.

As David H. Fowler and Lois Josephs
Fowler contend, the purpose of education in
Europe and America, until the nineteenth century,
was “primarily moral and cultural rather than
utilitarian” (43). The rise of literary studies was
predicated on the assumption that “learning was for
the favored few, drawn from the gentry and the
aspiring middle classes, rather than the many”
(44). With the tremendous development of science
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and technology, rapid industrialisation,
proliferation of political democracy and expansion
of the middle class, there came the need for
utilitarian education, that is to say, an education
which would enable engineers and technicians to
gain certain skills of communication required for
their profession. English learning gradually had
two ends: one was the pursuit of the Arnoldian
‘high culture,’ a specialised field of study, namely
literary studies; the other was based on rather
utilitarian principles catering to the needs of the
people of science and technology, and hence dealt
with the art of communication in engineering
colleges and other technical institutes.

‘Communication skills’ denotes the socio-
cultural/behavioural expertise which can be learned
systematically. The field of study conceptualises
certain social behaviour as skilled performances.
However, “it was not until 1960 that the notion of
communication as a form of skilled activity was
first suggested” (Hargie 4). This consideration has
gained prominence in the field of scientific and
technological education. In other words, scientists
and engineers have to master certain
communication skills in order to disseminate their
knowledge. They need to understand the value of
communication skills and hence have to learn them
systematically. It is to be noted that in India
communication skills in English have been
incorporated in the syllabi of students of scientific
and technological institutes.

In India, it is undeniable that the
dominance of English studies is a result of a
protracted colonial history. The introduction and
perpetuation of English language and literature
studies was a part of the strategy of dominance of
the British rulers in India. It was a discursive
(cultural) practice which aptly bolstered the
material (socio-politico-economic) dominance of
the colonial rulers over the natives; thereby
establishing, what Antonio Gramsci calls,
‘hegemony’ (Vishwanathan). It is to be noted that
Indian writers and academicians have been trying
to resolve the conflict between ‘abrogation’ and
‘appropriation,” between the rejection of English as
the language and literature of the coloniser, and the
appropriation of English for postcolonial ends.
Today, English language and literature have
become a part and parcel of the cultural
consciousness and material existence of many

Indian people. As Raja Rao argues, we must
approach English not as a language which is alien
to us; as most of the postcolonial theorists, writers
and critics maintain, we must not abrogate English
but appropriate it for our own ends (Gandhi 151).
There is no need to mimic the people of England
and try speaking like them; we must advocate
‘hybridity’ and ‘syncretism’ while using the
language. The present scenario in India is
suggestive of the importance of English in both
literary studies and communication skills.

The aim of this paper is to suggest a few
ways in which literary studies and the study of
communication skills can intersect each other. The
text that this paper deals with is Robert Browning’s
“My Last Duchess.” The dramatic monologue has
been a subject of several scholarly discussions.
Here, I would try to discuss it in terms familiar to
both the students of literature and communication
skills.

II

In the dramatic monologue “My Last Duchess,” we
only listen to the megalomaniac Duke of Ferrara.
The poem begins in media res: the duke is showing
an emissary the picture of the last duchess, her
deceased wife. She is no more than a painting now,
a work of art. According to the duke, the duchess
had a heart “too soon made glad/Too easily
impressed; she liked whate’er/She looked on, and
her looks went everywhere./... ‘twas all one!”
(Browning 1842). In terms of communication
skills, we may argue that the duke’s version
indicates that there was an intrapersonal barrier in
communication between him and the duchess. The
duke is somewhat blinded by what is known as
‘blocked categories’ or prejudices: he misperceived
the smile, a non-verbal, kinesic communicative
action. He gave commands and “all smiles stopped
together. There she stands /As if alive” (1842).
These pithy statements betray the megalomania of
the duke. As Joshua Adler contends,

“The works of art to which he draws his hearer’s
attention in the aesthetic frame are pointed out not
so much for their intrinsic beauty as for the fact
that they are evidence of their owner’s fine
connoisseurship and ability to commission the most
skillful artists. This is complemented by the
demonstration of his insistence that his authority
shall not be trifled with: only he may draw aside
the curtain covering his wife’s portrait. And while
he feels he has an uncanny gift for reading his
companions’ thoughts, they dare never, he thinks,
ask the question whose answer might satisfy the
curiosity aroused by depth and passion of the
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sitter’s glance. Similarly, the “rarity” at the end of
the poem, the possession of which is an instance of
his prowess as an art collector is obviously an
emblem of his own condition--Neptune taming a
sea-horse, a creature symbolic of vitality and
freedom” (220).

It seems, the duke wanted to assume total
control over the duchess. Smile is usually
considered to be a spontaneous reaction. However,
the duke wanted the duchess to smile in such a way
that would always underscore his authority and
power over her. The duke complains that with her
smile his last wife could not differentiate between
the presence and favour of the duke and those of
any other person: “Oh sir, she smiled, no doubt,
/Whene’er I passed her; but who passed without
/Much the same smile?” (1842). The duke’s fragile
male ego prevents any effective communication to
take place between him and the duchess, and the
consequences are terrible. He never tries to think
from the perspective of the duchess. Instead, he
expects from her only what he deems suitable for
an ideal duchess; that is to say, the duke perceived
his last wife in accordance with his notion of
wifehood. Since the duchess did not conform to the
standards of wifehood set by the duke, she had to
die. Now having her transfixed as a portrait, the
duke can enjoy total control over her. At the same
time the duke perhaps likes to have the
authoritative position where the duchess is only
accessible to the envoy--the interlocutor of the
dramatic monologue--as well as to the reader
through the image that the duke deems suitable:
“since none puts by/ The curtain I have drawn for
you, but I’ (1842). We can never get the version of
the duchess, what she thought about the duke;
instead we have to rely on the duke completely.

It might be argued that by narrating the
story of ‘disobedience’ and ‘fall’ of the last
duchess, the duke is trying to warn the envoy--who
has probably come for a prospective marriage of
the duke--about the behaviour of the future
duchess: the future duchess might face the same
consequence if she does not conform to the ideals
of duchy set by the duke. Therefore, there is
anticipation in our minds that the same
intrapersonal barrier will occur in future as well.
Analysing the source of this intrapersonal barrier
from feminist perspective, one can contend that the
duke’s megalomania is symptomatic of the
patriarchal ideological construct prevalent in the
Victorian age. As Lineszy-Overton argues, “The
Duchess’s smile was a symbol of her connection
with the outside of her marriage. The Duchess was
able to communicate and bond with others through
her smile. Likewise, Victorian women will be able
to communicate and bound [bond] with others
through education. One of the reasons Victorian
men oppose educating women is that education

frees women from being dominated by men. When
it comes to the improvement of women’s lives,
Victorian men are interested only in what will
benefit men. Consequently it is easier to control an
uneducated wife, than one that is intellectually
equal to her husband” (4). Here Lineszy-Overton
draws upon Mary Wollstonecraft’s A Vindication
of the Rights of Woman: with Strictures on
Political and Moral Subjects (1792). The treatise of
Wollstonecraft is regarded as a strong protest
against the contemporary discursive formations
which objectified women. Being an advocate of the
Enlightenment principles which championed the
idea that education is instrumental in human
emancipation from the dogmatic and authoritative
Wollstonecraft--a prominent figure of first wave
feminism--believed that women have right to
education and must be a ‘companion’ to their
husbands rather than mere ‘wives.’ It is to be noted
that this claim of Wollstonecraft does not seem to
emphasise the liberal feminist idea of equal social
rights of men and women; but she was surely
against the sheer objectification of women by
patriarchy.

As Keval Kumar argues in Mass
Communication in India (1994), right to
communicate is one of the fundamental rights of
the individual(6). By her smile the last duchess was
exercising nothing but her fundamental right to
communicate. On the other hand, the duke’s
“defensiveness--" a psychological barrier to
communication germinating from “man’s most
compelling needs,” that is, “to justify himself--" is
evident in his words. For instance, noticeable is the
way in which he feels the urge to explain and
justify his “commands” that stopped “all smiles:”
“How such a glance came there; so, not the first/
Are you to turn and ask thus. Sir, ’twas not/ Her
husband’s presence only, called that spot/ Of joy
into the Duchess’ cheek” (1842). After this, the
duke enumerates instances of her disobedience in
order to justify his ruthlessness and megalomania.
His egotism was disturbed by the duchess’ smile
probably because it was an assertion of her
subjecthood, an exercise of her fundamental right,
that is, right to communicate.

11
In conclusion, it might be said that neither
communication nor literature is asocial.
Communication is not a synthetic process in which
isolated individuals exchange discreet information
(Kumar 8). It is rather a “social and cultural
‘togetherness’” (1). By the same token, one must
assert that literature is not an isolated pursuit of
aesthetic pleasure only. Rather, it is a historically
conditioned signifying practice. Instead of
segregating them we must integrate them in order
to realise their social relevance. The paper studies a
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literary text and tries to bridge the gap between the
study of communication skills and literary studies

by showing some areas in the text that lends itself

to the two fields of study.
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Abstract--

The genesis of inclusive growth as an alternate development
strategy can be traced in the order of Washington Consensus,
Pro Poor Growth Strategy) and UNDP sponsored MDGs
There is no universal definition of inclusive growth.
However the scanning of existing literature reveal that there
are relatively few but well founded studies, reports and
publications on inclusive growth which are the knowledge
products of World Bank, IMF, International Policy Centre
for Inclusive Growth — IPCG, an initiative by UNDP, Asian
Development Bank (ADB) etc. Inclusive growth emphasizes
ensuring that the economic growth generates not only new
opportunities but also give equal access to these

opportunities to all particularly to the poor the maximum
possible extent.  This paper explores alternate economic
growth models through a theoretical approach and then

attempt to fit the inclusive growth model for Indian
Economy
Key Words: Inclusive Growth, Alternate Growth Models,

Pro Poor Growth.

Key Words: Inclusive Growth, Alternate Growth Models,
Pro Poor Growth.

I - Introduction

Economic growth means an increase in real per capita
income. If the economic growth causes inequitable
distribution of opportunities (higher Gini coefficient) then it
results in imbalanced development. Economic  growth
cannot be sensibly treated as an end in itself. Development
has to be more concerned with enhancing the lives we lead
and the freedoms we enjoy [4].  Economic growth alone
does not guarantee the human development. Traditionally
development means the capacity of a national economy
whose initial economic condition is more or less static for a
long time to generate and sustain an annual increase in its
gross national income at a rate of 4% to 7% or more. A
common alternative economic index of development has
been the use of the rates of growth of income per capita to
take into account the ability of a national to expand its
output at a rate faster than the growth rate of its population,
Levels and rates of growth of real per capita GNI (monetary
growth of GNI per capita minus the rate of inflation) are
normally used to measure the overall economic well being of a
population — how much of real goods and services are

available to the average citizen for consumption and
investment [23]. Development has occurred when there has
been improvement in basic needs, when economic progress
has contributed to a greater sense of self esteem for the
country and individuals within it and when material
advancement expanded people’s entitlements, capabilities
and freedoms [2].

II. Research Objectives

The research objectives of this paper are as follows.
1. To develop an analytical framework for the
proposed research which will enable the
state/country to assess the inclusive growth on
any given period of time.
To explore alternate economic models and fit
the best model which can capture the inclusive
growth dynamics
To study whether there exist any correlation
between pro poor growth and inclusive growth
To recommend an appropriate policy mix for
achieving the goal of inclusive economic
growth

III. Research Questions

This paper would like to answer the following research
questions.

Research Question #1:
equitable i.e. inclusive?

Is our pattern of growth fair and

Research Question #2:Can we change our underlying
theories and models in use and begin to explore alternate
growth models

Research Question #3:How to measure the inclusive growth
in an economy? I.e. How to capture the entire relevant socio-
economic and human development variable to diagnose the
inclusive economic growths achieved by an economy?

Research Question #4: How to differentiate the pro-poor
growth from inclusive growth? i.e. why the poor are unable
to exploit growth promoting opportunities for investment in
human capital?

Research Question #5: Is there a correlation between
regional disparities and inclusive growth? l.e. whether the



high level initial inequality impacts the inclusive growth? growth impact the inclusive growth objective?
Does the geographical and sect oral pattern of economic
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Research Question #6: What is the appropriate policy-mix
for achieving inclusive in transition economies like India?
l.e. how to quantify the trade-offs between alternative
policies for promoting inclusive growth embracing both
redistributive  social policies and alternative  growth
strategies?

Research Question #7: How to strengthen local, community
based collaborative governance?

Research Question #8: How to achieve sustainable growth
given environmental constraints?

IV. Scanning of Existing Literature

Most of the studies on inclusive growth point to the
economic dimension — the sustainable and equitable growth -
key to achieve inclusive growth. They also pointed out that
the growth should not only be equitable but also should be
broad based across the sectors and regions. An enabling
factor which drives inclusive growth and poverty reduction is
the quality of infrastructure, particularlythe rural
infrastructure since large part of the poor people live in rural
areas which are deprived of the spillover effect of huge
public investment which are taking place in the urban areas
[15].  Quality infrastructure provides the conducive business
environment and investment climate for domestic and
foreign direct investment.  Therefore focus should be given
on rural electrification, transport, communications and water
supply.  Inclusive Growth should focus on the importance of
sustainable agricultural growth.[30]. Rural infrastructure
contributes in providing access to markets and basic public
utility services which ultimately impact the rural economic
growth and employment opportunities and income
generation [28]. It is abundantly clear that for the
realization of laudable goal of inclusive growth in the
country the problem of poverty needs to be proficiently
tackled.

ADB’s Poverty Reduction Strategy focused on the three
pillars — pro-poor sustainable economic growth, social
development and good governance and all these are in line
with the MDGs. Several studies of Ali [18], Ali and Son [17],
Ali and Zhuang [16] confirm the important role of
promoting sustainable environmental growth to inclusive
growth. .Lin [23] argued that continuous flow of technology
and industrial innovation are key to sustained growth of
any country. ADB studies [18] also calls for ensuring a
level playing field to ensure equal opportunities to all
particularly to poor the maximum possible extent. Ali and
Zhuang [16] recommended that governments address
institutional weaknesses and maintain the rule of law and
needs to invest heavily in physical infrastructure and
human capital. Ali and Son [17] noted that strengthening
capabilities in the form of human capital supports inclusive
growth.

They call for providing social safety nets. Fernando [28]
recognized that community based organizations, civil society
organizations and non government organizations (NGOs)
significantly contributes to promote equity and
inclusiveness through participation in the allocation of
resources for rural development, vigilance in the misuse
of funds to prevent corruption and promote accountability
and transparency and provisions of access to public services

Robust growth has reduced the number of people in
developing regions living on less than 1.25 USD a day from
1.8b in 1990 to 1.4b in 2005 and poverty rate dropped from
46% to 27% [35]. The MDG targets should be achieved to
fulfill the promise of Millennium Declaration for better
world [9].[33],[34]

The Report of Tendulkar Committee is a significant step
forward in the literature and policy debate on poverty in
India [37] . The 1979 poverty line has endured not only on
account of persistence of few statisticians but because
government resist attempt at creating new rights and
activists will not accept anything less. Therefore the last
accepted truce continues. At a more practical level the
N.C.Saxena Committee [27] set up for identifying
beneficiaries through the latest BPL Census has presented a
multi dimensional and many splendorous menu [37] The
Tendulkar Committee [13] has moved over from a calorie
determined poverty line to a food expenditure determined
poverty line. The Report [13] has a concept of inclusive
growth wherein the state does not take on itself such pro
poor responsibilities but provides for a concept of income
supplements for private expenditures for them.

Tang [33] identified the following challenges to inclusive
growth: poverty threshold needs updating, targeting failures,
insufficient  financing, independent financial sector,
inadequate attention to capacity development, gaps in urban
poverty programs.

V. An Inclusive Growth Analytical Framework

The world bank (2009) research recommends an
analytical framework for further exploring the theoretical
base of inclusive growth model.Accordingly the economic
growth should cause productive employment which
should be capable of reducing income poverty. The World
Bank study [11] designed the following framework in
which the economic growth is considered as an engine of
inclusive growth. However the Economic Growth should
produce Productive Employment which can generate income
capable of poverty reduction.
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(Elena and Susana, 2009)

Figure - 1

India is not unique. High and rising spatial disparities are a
feature of many developing countries. In Peru, for example,
the incidence of income poverty in districts at sea level is
three quarters of that in mountain districts. In China rural
per capita income in Shanghai province is more than five
times that in Guizhou province.[33]. Moreover, Chinese
regional inequality increased throughout the 1990s and early
2000s, reaching an all time historical high. ~However many
of them formed inappropriate strategy and impeded these
opportunities to realize this growth potential [23] He has
made a valiant effort in differentiating the CAD
(Comparative Advantage Defying) strategy with CAF
(Comparative Advantage Following) strategy and concluded
that the government should encourage the firms to enter the
industries for which the country has comparative advantages
and to adopt production technologies that will make these
firms viable. Economies under CAF will import what are
not their comparative advantages and export what are their
comparative advantages. Thus economies under CAF will
accumulate more capital, faster upgrading of endowment
structure, better income distribution, dynamic growth, better
job opportunities to the poor and growth with equity [23].

The Washington Consensus

The WC emerged in the early 1980s as a dramatic right-
wing reaction against the perceived weaknesses of the pre-
WC developmental consensus. Rhetorically, the WC
involved a heavy attachment to a universality neo-liberal
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ideology, with absolute commitment to the free market and
the presumption of the state as a source of both inefficiency
and corruption, not least through rent-seeking (for a clear
statement, see Krueger, 1974). At the level of scholarship,
the WC suppressed the old development economics as a
separate and respected field and instead imposed rigid
adherence to the deductive and formal methods of
neoclassical economics that were thought to be equally and
directly applicable for analysis of the problems of poor
countries [22]

Elements of Washington Consensus:

The WC comprised four elements. First is the hegemony of
modern neoclassical theory within development economics.
In general, the neoclassical theory assumes that the market is
efficient and the state is inefficient. It naturally follows from
this assumption that the market rather than the state should
address such economic problems of development as
industrial growth, international competitiveness and employ-
ment creation. Unquestioned belief in the neoclassical theory
also leads to the assumption that capital mobility and the
relentless advance of “globalization” is good for the world
economy and all individual economies. Although these
policies offer the possibility of rapid growth by attracting
foreign capital, this can be achieved only if domestic policies
conform to the interests of the (financial) markets—
otherwise capital will be driven elsewhere. Finally, given the
priority attached to monetary policies over fiscal policies,
interest rates became the most important economic policy
tool. It was believed that “correct” interest rates could deliver
balance of payments equilibrium, low inflation, sustainable
levels of consumption and investment, improved allocation
of resources and, therefore, high long-run growth rates.

Second, for the pre-WC, the main reason why poor
countries remain poor is their lack of capital (machines,
infrastructure and money), and development is a process of
systemic transformation through modernization and
industrialization, driven by domestic consumption and
domestically-financed capital accumulation. In contrast, in
view of the WC, countries are poor because of misconceived
state intervention, corruption, inefficiency and misguided
economic incentives. According to WC, development is the
inevitable outcome of a set of “appropriate” incentives and
neoclassical economic policies, including fiscal restraint,
privatization, the abolition of government intervention in
prices, labor market “flexibility”’, and trade, financial, and
capital account liberalization. There is little specification of
what the end-state would look like but, presumably, all
countries would eventually approach an idealized version of
the United States.

Third, the WC emphasis on the virtues of the
market was supported by the neo-Austrians associated with
Friedrich von Hayek and the general equilibrium theory of
mainstream economics [8]. . Despite the libertarian streak
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associated with these theories, even the most ardent
supporter of freedom of the individual in general, and
through the market in particular, agrees that these freedoms
can be guaranteed only through state provision of, and
coercion for, a core set of functions and institutions. These
range from fiscal and monetary policies to law and order and
property rights, and includes military intervention to secure
the “market economy” when this becomes necessary. Not
surprisingly, then, WC policies are often associated with
authoritarianism, while the WC declarations of support for
political democracy are hedged and conditional in practice
While the WC claimed to be leaving as much as possible to
the market, in practice it encouraged state intervention on a
discretionary basis, and directed to systematic promotion of a
globalize and heavily- financial capitalism.

Fourth, under the WC the World Bank set the agenda for the
study of development, with the Bank and the IMF imposing
the standards of orthodoxy within development economics,
and enforcing the relevant policies through conditionality
imposed on poor countries facing balance of payments, fiscal or
financial crises.

The Pro Poor Policy Debate:

In the late 1990s the mainstream was compelled to admit

that poverty reduction and redistribution were not
spontaneous by-products of growth, the correction of
macroeconomic imbalances, or improvements in mac-

roeconomic policies and governance. Instead, poverty has to be
addressed directly through a dedicated set of economic and
social policy tools.

Growth process is called distribution neutral if the growth
incidence curve is perfectly flat in such a way that all
percentiles grow at the same rate, leaving inequality
unchanged. The distributional change is pro poor if the
redistribution reduces poverty sharply. Therefore the rate of
pro poor growth is equal to the distributional correction
multiplied by ordinary growth rate [26]

For Kakwani, pro-poor growth (PPG) is defined by the
increase in the income share of the poor (alternatively, in
PPG, the incomes of the poor grow faster than those of the
non-poor, in which case poverty falls faster than it would if
all incomes had grown at the same rat[29].. In contrast,
Ravallion focused on the absolute improvement of the living
standards of the poor, regardless of changes in inequality.
Typically, Ravallion stressed the pro-poor implications of
growth in China because it reduced absolute poverty,
regardless of worsening inequality in the country[32].. While
Kakwani rejected Ravallion’s definition of PPG because it is
too elastic and can potentially include most growth processes in
history, Ravallion criticized Kakwani for the alleged
inconsistency of his definition of PPG

“growth-enhancing policies and institutions tend to
benefit the poor—and everyone else in society—equi-
proportionately’ [25]

In other words, while the impact of targeted
interventions is both uncertain and weak, growth can
certainly improve the welfare of the poor. Consequently,
attempts to shift the income distribution are largely a
diversion, and conventional policies [1]

The search for a general relationship between
growth and equity has highlighted the implications of the
two competing definitions of PPG commonly found in the
literature. If PPG is defined as growth that promotes equity,
equity becomes the key principle for the selection of
economic policies, and only those policies which directly
promote equity are “pro-poor”. Conversely, if PPG is defined
as growth that improves the absolute condition of the poor,
PPG includes all non-perverse types of growth, and any
poverty-alleviating policy is “pro-poor”. In this case, equity
has only instrumental value: it is a tool which may be
deployed if it increases the poverty-alleviating impact of a
given set of economic policies [32]

The logical consequence of shifting the terms of the debate
away from the principle of equity and towards the goal of
poverty reduction is the resolution of the PPG debate in
terms that are unfavorable for promotion of equity.[7]. If
everyone agrees that elimination of poverty is the ultimate
goal, and admits that growth helps to achieve it, they can
disagree only about the combination of policies which
maximizes the poverty-reducing impact of growth (and
which may or may not include certain modalities of equity)
[12].

VI. Exploring Alternate Models of Growth

This paper now turns to the alternate models of growth
which are confronted by the policy makers today to make the
India growth story inclusive. = The three distinct growth
models have been identified by Planning Commission,
Government Of India[14]. They are as follows.

1. The Flotilla Muddling Along Model

2. The Flotilla Falling Apart Model

3. The Flotilla Advance Model
Inclusive Growth Model)

(Strong

1.The Flotilla Muddling Along Model:

Under this model some reforms are undertaken and some
critical reforms are left out.  Since government did not
address core governance issues the reforms are not effective.
This model shows a centralized government with inefficient
allocation of resources which ultimately impedes the
outcome of various centralized programmers.  The policy
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conflicts between inclusive economic growth and populist
measures in the name of pro-poor growth like
MNREGA(2005), farm-waiver scheme(2009), Education for
All (2010), Food Security Bill (2013) and Land Acquisition
Bill (2013) etc. remain unresolved. The much needed
second generation economic reforms are stalled and many
infrastructure projects are stalled. There exist judicial
outreach due to political leadership deficit and governance
deficit. The recent coal gate issue, mine issue and telecom
issue pose greater danger to the democratically rooted
country like India where Parliament is supreme, not
judiciary.

2. Flotilla Falling Apart Model:

The law making bodies like Parliament is not functioning
and therefore many reforms are stalled. =~ Myopic political
vision coupled with political interregnum brings governance to
the brink of disaster. Different key policy taking
Ministries/Departments are pulling on different directions.
Civil Society protest movement like the Anti Corruption
movement by Anna Hazare make us wonder whether laws
can be made in the street. All these result in political logjam in
which government can hardly function. = Governance
ceased to exist. As investment shrinks, the celebrated
India’s growth story is fast disappearing and the old Hindu
Growth Rate (around 3.5% GDP) is looming over the policy
makers as unemployment spreads and India fail to encash
the demographic dividends as there exist no productive
employment which result in income poverty. To add fuel to
the fire, the tight monetary policy by the Central Bank to
arrest the inflation backfired and there is no coordination
between the monetary and fiscal policies which complicated
the problems and widened the current account deficit.
Populist measures in the name of pro poor growth have
widened the fiscal deficit and government fails to adhere to
the basics of FRBM Act. The depreciating Indian Rupee
worsened the economy and brought us back to those
memories of 1991 situations. The only thing that
differentiate 1991 and 2013 is that today we have sound
foreign exchange reserves which can meet the import bill
obligations of around six to eight months unlike in 1991
when it was hardly enough to meet the import bill
obligations of 14 days.

3.Flotilla Falling Apart Model (Strong Inclusive Growth
Model)

In this model the government swung into actions on war foot
and immediately resolves the issue of depreciating Indian
Rupee against USD, decimating the current account deficit

(CAD), restricting the fiscal deficit within the orbit of FRBM
Act and with a functioning Parliament many pending and
key reforms should go through the legislation process. Once
economy is back to normal then the policy maker can focus
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on designing the model to achieve inclusive growth. The
inclusive growth model will accommodate the three pillars —
inclusion, governance and sustainability.  Therefore the
inclusive growth is not only pro poor growth but also make
human development which ensures participation of the poor
in the growth process. This is the best model which can be
fitted into the system of Indian economy with the interest of
millions who were alienated from the growth story and their
issues will be properly addressed and social safety measures
will be taken so that people can be guarded from any internal
or external shocks. Decentralized governance and solutions
along with a focus on opportunity based inclusion produces
more sustainable strength — socially and economically [14].

Identifying the Variables — Building Blocks for Inclusive
Growth Analytic Framework. The following variables are
identified which capture the inclusive growth framework for
can diagnose of economic progress of a nation.

. Inclusive Economic Growth: Endogenous Variable

. Economic Growth: Exogenous Variable

. Productive Employment: Exogenous Variable

. Income Poverty: Exogenous Variable

. Income Inequality: Exogenous Variable

. Human Development Variables: Exogenous Variables
Health and Literacy

7. Economic Infrastructure Access to Safe Drinking

Water, Electricity, Toilet food, puce houses, all

weather good roads

AN AW

Inclusive Growth Model: The following model has been
developed by incorporating the above variables.

INCLUSIVE GROWTH MODEL

PRODUCTIVE EMPLOYMENT
|:> POVERTY HEALTH, LITERACY
RepuCTioN | ==

¢

INCLUSIVE GROWTH

ECONOMIC GROWTH |:> MODEL <= HUMAN
DEVELOPMENT
INCOME EQUALITY INEQUALITY => ECONOMIC
| | => | REDUCATION | INFRASTRUCTURG]
Figure — 2

The above model can well fit into the current Indian
economic system the following policy recommendations can
well be considered while converting the above model into
policy implementation.

VII. Policy Recommendations

1. The government should incorporate a n appropriate policy
mix that include promoting efficient and sustainable
economic growth, ensuring a level political playing field and
strengthening capacities for prudent social safety nets
[16,17,28]
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2. Strengthen institutional reforms like improving law and
order, providing financial inclusion and delivering basic
utility services like drinking water, sanitation, education and
health [28]

3. Developing countries should adopt Comparative Advantages
Following (CAF) strategy and concluded that the
government should encourage the firms to enter the
industries for which the country has comparative advantages
and to adopt production technologies that will make these
firms viable.[23]

4.Governments should strengthen capacities in formulating
and implementing appropriate macro economic and social
protection policies, accountability in fiscal administration,
efficient delivery of public services and improved and quality
governance [6],[7].

5. Government should provide an enabling environment for
business by eliminating marketing distortions and
institutional weaknesses [17].

6. Carefully designed redistributive strategy should also be
part of an inclusive growth strategy [17]

7. An ago-ecological food system is a socially inclusive
pathway to food security and has proved to be productive,
resource-conserving and highly sustainable. Therefore
agricultural policies should be directed to local level which
can increase food security in a sustainable manner [19,20].

8. Efforts to promote equality and social inclusion can
deliver beyond the micro scale and through technology
transfer can create exponential effects both within and
between countries. Social technology’s capacity to value and
create social capital also allows for practical and tangible
ways for social policy, social well being and good social
practice to be effectively leveraged reducing impacts both on
and from the environment [19,20]

9. Within the delivery mechanism to address a particular
MDG the UID database can be used to stratify information
that is appropriate for each target group and it is only then
that the power of identity can be combined with the power of
technology to generate the power of information to be
channeled into better service delivery, broader inclusion and
greater accountability.[5].

10.Rangarajan [10] suggested the following policy-mix for
achieving financial inclusion

effecting improvement within the existing formal credit
delivery mechanism

evolving new models for effective outreach

- leveraging on technology based solution

setting up of National Rural Financial Inclusion Plan

- use of financial literacy and credit counseling
- use of intermediaries as agents in Micro Finance

11.The Tendulkar Committee Report [13]) has moved over
from a calorie determined line to a food expenditure
determined poverty which has a concept of inclusive growth
wherein the state does not take on itself  pro poor
responsibilities but provides for a concept of income
supplements for private expenditures for them [37]

12Given the two-way causality and the nature of the trade-
off in terms of time between economic and human
development, the central institutions like Planning
Commission and Finance Commission should only be guided
by national priorities between economic growth and human
development and the regional disparities are best left to the
regions, otherwise inefficiencies may crop up and the
national priorities may get sacrificed [31]
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Abstract--In  this paper, we present a successive
approximation scheme to solve finite-time optimal control
problem for hyperbolic partial differential equations (PDEs)
with additive, multiplicative and boundary controls. We propose
an iterative scheme for control design. Finite difference scheme
is applied to solve the hyperbolic equation. Control problem is
solved using conjugate gradient method. A numerical simulation
study shows the effectiveness of this approach.

Index Terms--Bilinear systems, Hyperbolic PDEs, Conjugate
gradient method, Optimal control.

L. INTRODUCTION

NGINEERING analysis requires prediction of outputs

governed by partial differential equations. In many real-
life applications of optimal control problems with constraints
in the form of partial differential equations (PDEs),
hyperbolic equations are involved which typically describe
transport processes. Because of their nature being able to
transport discontinuities of initial or boundary conditions into
the domain on which the solution lives or even to develop
discontinuities in the presence of smooth data, these problems
constitute a severe challenge for both theory and numerics of
PDE constrained optimization.

Dynamic stability due to parametric resonance is an
important factor in structural dynamics. For example, it is
believed that instability caused by parametric resonance is the
reason for the famous Tacoma bridge collapse in 1940 [1].
Protection against this phenomenon can be achieved by a
suitable control of the coefficients. Control in coefficients is
an effective method in structures governed by elliptic
problems [1]. However, the effect produced by bilinear
control for hyperbolic problems is not studied regoursly [2]-
[3]. Optimal control of systems governed by hyperbolic
equations is of special importance for the active control of
structural systems for which the equations of motion are
generally expressed by hyperbolic differential equations. The
field of structural control has been an active research area for
a number of years. However, most of the studies in this area
considered specific structures such as wings [4], beams [5]
and plates [6]. Even though these studies provide solutions
for many particular cases, the theoretical foundations of the
subject aimed specifically at problems arising in structural
mechanics have not received much attention. Theoretical
studies such as the ones in [7], [8] considered the optimal
control problems in abstract settings leaving a gap between
the theory and applications. In particular, optimal control
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studies relating the theory directly to the solution method
have been scarce. However, one such application is given in
[9] for a structural vibration problem governed by a single
hyperbolic equation. Another application is given herein for a
vibration problem governed by a system of hyperbolic
equations. The developed maximum principle [10] was used
to construct explicit solutions for an optimal control problem
involving a distributed parameter structure governed by a
system of hyperbolic differential equations. In this paper, we
study the numerical optimal control problem for a dynamic
system governed by a hyperbolic equation with three types of
controls together viz., bilinear controls, distributive controls
and boundary controls.

The bilinear system is a kind of system where due to
multiplicative controls system becomes nonlinear and it
becomes more difficult to solve problems such as optimal
control problems for these systems than those for linear
systems. In literature, many researchers [11]-[20] have tried
various methods to overcome the difficulties of solving
control problems for bilinear parabolic systems. Theoretical
studies such as the ones in [21]-[24] considered the optimal
control problems in abstract settings for hyperbolic systems.
In particular, optimal control studies relating the theory
directly to the solution method have been scarce. However,
such applications for time optimal control problem are given
in [25], [26] for structural dynamic systems governed by a
hyperbolic equation.

In this work an effort has been made to design an iterative
control methodologies using conjugate gradient method. The
paper is organized as follows: In Section II, we state the
bilinear optimal control problem for hyperbolic PDEs. In
section III, we convert the continuous optimal control
problem into discrete control problem using finite difference
approximation scheme. In Section IV, gradient based
algorithm is developed for computing control functions. The
simulation studies are presented in Section V. Section VI
closes the paper by stating the conclusions.

II. PROBLEM STATEMENT
Let Q =[0,L], Q,=[0,7] and O=Q, xQ,. Consider
the wave equation:

u, =u, +alx,u+b(x,t), (x,t)e O, (N
u,(0,0) = g(1), u (L,t) = h(?), t€ €Q,, ()
u(x,0) =uy(x), u,(x,0)=u;(x), xe Q,, 3)
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where ue H(l)(Qx) is the disturbance of position X at time

L, uy, u € 1? (Q,)and a, b, g, h are control functions.
Let admissible control sets are

A ={a(x.0):0<a(x e L (Q:R)}, 4)
B, ={b(x,n:0<b(x, e £(O;R)}, (5)
G ={2(0):0<g(t)e C'(Q R, (6)
H,y ={h(n):0< h(t)e C'(Q,:R)]. (7

We now state an optimal control problem for the
hyperbolic system (1)-(3) with the following cost functional

L RS B N 2
J(a,b,g,h) = 2jQ(u 27 dQ+ % J-Qra dt N
B 2 14 2 P 2
=\ bidt++ dt+=\| h°dt
+2.[9, +2.[Q,g +2.[Q, ’

where o, f, yand p are positive weighing constants.

ze I}(Q) is a given target function. The cost functional
combines the cost of control and the measure of closedness to

the desired profile z. The optimal control problem is stated
as follows: determine the optimal control functions a*e 4,

b*e B, ,, g*€ G, , h*e H _; such that
J(a*,b*, g%, h*) =

min J(a,b,g,h), (9)
ac A, beB,;,g€G,; he H

subject to (1)-(3).

III. DISCRETE CONTROL PROBLEM

The control problem is discretized using finite difference
approximation scheme. For the simplicity, we use a uniform
grid and denote
x; =iAx, t; = jAt, i=0,1,....k, j=0,1,...m,

Ax=Lg =T/ ul =u(i, jAr), u), =u, (b, jAr),
al = a(iAx, jAL), b] = b(iAx, jAL), uy, = uy(iAX), u,; =u, (iAx),

g/ =g(jAr), h/ =h(jAt), i=0,1,...k, j=0,1,...m.

We discretized the hyperbolic equation (1)-(3) with explicit
forward Euler scheme in time, a centered scheme in space
and use the simplest discretization in the vicinity of
boundaries. We get the following discrete version of the
continuous problem (1)-(3) with discrete version of cost
functional (9) as follows:

AN S ) )

7
2 3
LSS ol pi ] (10
i=0 j=0

ST + po? )]

j=0

201wl —ul? +w(ul +ufl) 1<i<k-,

+HA a/ ul + (AP b)T, 2<j<m,

, J _ Axo/ - ;
ul = “1' Axg ,' i=0,1<j<m, (11)
uj_ +Axh’, i=k, 1<j<m,

Ug;s Jj=0,0<i<k,

u’ + Aty j=L1<i<k-1,
where 7=(A0?/(Av)?, and u, &, &/, A7, o/

quadrature coefficients.

are

We introduce the adjoint variable v/ and define the
auxiliary function

k m
E=J+ 22[2(1 " (w7
i=l j=2
HA0 /™ ul ™+ (a0 b ™ v

LI o o (12)
+Z[(ulj —Axg” )Wy + (uj_, + Axh’ )v,{}

J=1

k k-1
+Z [uol-vl-o ] + Z[ul0 + Atuy; ]vil.
i=0 i=1

Using formula (11) from [27], we obtain the adjoint variables
defined as follows:

Jj+l Jjt+2 Jj+l Jj+l
2(1-7v ™ —v; +”(Vi71 Vi )

2<i<k-2,

1

HA af T Ardepr] (u] - ), 1< j<m=2,
2(1—7[)1){+1 - v{+2 +7Zv{+1 +v({ i=1,
HAO af T At (w1 - ), 1< j<m-2,

JH 2 o,
20-myw5 =iy + v, vy,

i=k-1,
HA af o + A (uf*) -2, 1< j<m -2,
vl denp! (uf ' =20M), =0, 1< j<m=2,

wvlt+denpl | (ult =20) i=k 1< j<m=2,

Vi T AvAtud (uf -z )+ 20— 2<i<k-2,
+ (Vi Vi), j=m-—1,
AxAt! (u! —z)H)+2(0-m)v"  i=1,

+mvy +v{, j=m-—1,
AxAt! (u! —z))+ 21—z i=k-1,
+rv v, Jj=m-1,
AxAtu! (! —z))+mv, =0, j=m—1,

AxAtu! (! -z +mvl, i=k, j=m—1,
AxAtp] (] -z)),
AxAtp] ] =z])+vy,

i=0,j=m,

i=1,j=m,
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AxAtp! ! —z7), 2<i<k-2,j=m,
AxAtp! ! =)+, i=k-1,j=m,
Vij = AxAt/l,f(u;/—zf), i=k,j=m,
v =2, j=0,1<i<k-1,
0, i=0,i=k, j=0.

Using formula (12) from [27], we get gradient coefficients

dE _|Atpo’h! +Axp], 1< j<m, (13)
dn’ 0, j=0,
dE _|AtyA g/ —Axp{, 1< j<m, (14)
dg’ 0, j=0.
AxAtod af + (M) ufvi™ 1<i<k -1,
dE _ 1< j<m-1, (15)
da/ 0, i=0,i=k, 1<j<m—1,
0, j=0,j=m, 0<i<k,
AXABiIb) + (A v 1<i<k -1,
9E _ 1<jsm=1 (4
db! |0, i=0,i=k, 1<j<m-1,
0, j=0,j=m, 0<i<k,

IV. GRADIENT BASED ALGORITHM
The gradient type algorithm is developed to obtain optimal
control functions a*, b*, g*, and 4" based on the conjugate

gradient method [28] with obtained gradient coefficients. The
algorithm to solve optimal control problem is outlined as

follows:

0

Select arbitrary a(o), b(o), g( ), and 29 and compute u(o),

VO Compute

d_E (0) d_E (0) d_E (0) d_E (0)
da| " |db| “|dg| ' ldh]

0 0
so - [dE]" o _ [aE]"
‘ da] ° " db |’

(0) 0
S(°>=_d_E S(O)=_d_E().
g dg | > " dh

and

Step1: Letn=0.

Step 2: Select ¢\, ¢\, gé”), and ¢/ >0 such the
(@™ + IS p0 4 DG ) 4 L0500 )y ) oy

< J(a(n) ’b(") ’g(") , h("))
Step 3: Let
gt = 4 +g§”)Sf1”), pth — p(m) +§;£")S;§n),

g = g 4 gl ) — () 4 ) ()

Step 4: Compute u"™, v"*V and

978-1-4673-1719-1/12/$31.00020131EEE

d_E (n+1) d_E (n+1) d_E (n+1) d_E (n+1)
da | db " | dg | dh ’

Step 5: Compute the conjugate coefficient by

BN ENE

(n)y _ 2 _9
‘ 1Y b 1Y
J H} ] o [[db} ] @
0 0
2
IUdET“)J & j{[ﬂ(”*”f s
dg dh
) _ 2 ) _ 2
g > Ah

K

Step 6: Calculate the direction of descent:

(n+1) (n+1)
n dE n n n dE n n
s H 4 DS, 50 [ﬂ LA,

n+l n
goed _ _| dE " 4 mgm g __| dE . 4+ g
g - dg Zg g > %h - dh Xn Pn -

Step 7: If "V, b gD and "D are optimal
controls, then stop the process. Otherwise, take n =n+1 and
go to step 2.

V. NUMERICAL SIMULATIONS
The gradient type algorithm is developed to obtain optimal
control functions a*, b*, g*, and 4" based on the conjugate
gradient method [28] with obtained gradient coefficients. Let
Q =[0,1], , =[0,1] and Q=Q xQ,. Consider the wave
equation:
u, =u, +alx,u+b(x,t), (x,t)e O,
u (0,0 =g, u,(1,0) = h(1), te Q,,
u(x,0) =uy(x), u,(x,0) =u;(x), xe Q,,

a7

where u e Hé (Q2,) is the disturbance of position X at time

t, uy, u € I? (2,) and a, b, g, h are control functions
satisfying (2)-(5).
Let

T
a?® (x,t)=e", p® (x,t) =cos [TXJ o , g(o) =t, KO =34 ,

g (x) = cos?(7x), u;(x) =1 and desired profile z isa
solution of the following wave equation:

Uy =y, (X,0)€Q,

u, (0,0)=0, u, (Lt)=0, te Q,,

u(x,0) =uy(x), u,(x,0)=u;(x), xe Q,,

(18)
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VI. CONCLUSIONS

In this paper, we studied a finite time optimal control

problem involving hyperbolic system. Three types of controls
were involved: multiplicative control a, interior control b,
and boundary controls g, /. In the case of desired solution

we have all control function at zero level. After using our
algorithm, we have obtained approximate controls all of
which are approaching zero level and approximate controlled
solution is approaching the desired profile. This illustrates the
effectiveness of our algorithm.
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Politics of Proxemics and Haptics in Work
Space:
Handshakes and Power-play

Richa Mishra
Institute of Technology, Nirma University

Abstract - Non -verbal communication has proved itself
more powerful and credible than verbal
communication. The behavior of non-verbal
communication like Proxemics and Haptics were
always studied in isolation. The paper is an attempt to
study the interplay of these two tools in creating,
maintaining and manipulating relationships, power
index and dominance in work spaces.

Index Words- Non-verbal, Proxemics, Haptics,
Handshake

When we ‘celebrate’ ourselves, as Walt Whitnman,
had said As human beings, the first thing we
celebrate is about the fact that we can think, we can
ideate and we can communicate and thus can bond.

The importance of language is always emphasized
upon. Diction, expressions, vocabulary, sentence
syntax but still if we go through all the characteristic
of Language, we will find that the Language has
restriction. These restrictions limit the free flow of
conversation words though powerful, precise and to
the point are not enough. We need something more
than that to express ourselves. We need a
communication tool to reinforce the verbal tools,
hence the importance and role of non-verbal
Communication. it is this communication that goes
beyond the words and creates a new world for the
sender and the receiver both.

The “non-verbal communication involves those
nonverbal stimuli, in a communication setting that
are generated by both the source [speaker] and his or
her use of the environment and that have potential
message value for the source or receiver [listener]

(1]

Mehrabian[2], however, proposes that about 93% of
the information source may be generated from the
non-verbal factors. And it is also true that we trust
non-verbal communication more than verbal

Communications. The cues given non-verbally are
unconscious, involuntarily and thus more honest
than the verbal communication which sometimes is
voluntarily, conscious and thus manipulated.

Propagator of non-verbal communication Edward
T. Hall opined “ Have learned to depend more on
what people do than what they say in response to a
direct question, to pay close attention to that which
cannot be consciously manipulated, and to look for
patterns rather than content. ” [3]

Non-verbal communication performs six primary
universal function viz,: Repeating, Complementing,
Substituting, Reinforcing, Contradicting and
Regulating. The different types of non-verbal
communication tools includes: Kinesics, Haptics,
Proxemics, Chronemics, Oculesics,Para-linguistic
and artifacts .

This paper will dwell between the relationship
between the Proxemics and Haptics and
manipulation through the usage of the same

Proxemics is study of spaces. Spaces as non-verbal
tool signify power, status, money, relationships.
Under proxemics, areas or zones that human uses to
protect themselves from intrusion and encroachment
of outsiders were identified as :

Intimate Zone (0-18 feet) belongs to self, except
close and loved ones , it is open to others when they
are close and have warm relationship, who rush /



enter into the zones are actually intrusive whereas
Personal Zone is reserved for the close friends and
not intimate but other family members .Social Zone
is meant for social interaction like that of
acquaintance and other colleagues.
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Fig.1: Diagram of Edward T. Hall's personal
reaction bubbles (1966), showing radius in feet

These zones are the major key points in human
behavior though they get changed according to the
culture and relationship between the players. Hall
noted, too, that different cultures do have their own
rues of these zones.

In a work place where employee is spending almost
8-10 hours per day working- having tussles and
conflicts .frequent ego rides and disruptive
interpersonal relations keeping and still developing
affinity and rapport becomes a challenge .

The term Haptics refers to --the sense of touch
which come from the Greek [Imtem which means "I
fasten onto, I touch". It is a form of nonverbal
communication. Humans love touches, touch
signifies plethora of meaning, it is healing in nature
and sometimes comforting. It can inflict trauma also
and it can manipulate (negotiate) people and
relationship.

By the clever use of proxemics and haptics
sometimes unconsciously and sometimes
consciously we assert dominance and negotiate
effectively.

Most common form of haptics in an organization is
Handshake. The simple act of holding another's
hand with a grip is a conveys range of feeling
starting from expressing congratulations, contractual
agreement, farewell, greeting, dominance and power

play.

Practical origin of the handshake comes from
medieval Europe, where kings and knights would
extend their hands to each other, and [grasp the]
others hand as a demonstration that each did not
possess concealed weapons and intended no harm to
the other [1]. But now the more evolved from of
handshake has changed this nonverbal tool as an
essential and play-by-rule tool. It can make or break
the deal, negotiation, impression and relations. It is a
tool that is used to create the first impression and
thus start an interaction. It is a welcoming sign of
friendliness, hospitality, and trust [4].

There are different types of handshake, but this
paper will only deliberate about the three types of
two-hand handshakes that is

e Handshake touching wrist
e Handshake and Elbow grasp
e Handshake Shoulder holding

The Two-Handed Handshake was popularized by ,
John F. Kennedy, who discovered the two-handed
handshake appears to be the warmest and build
rapport easily.

Handshake touching wrist: Now let’s assume a
scenario where two co workers A and B are
working ad they don’t have very close relationship.
A wants B to do some favour for him. To impart the
feeling of closeness, proxemics and haptics is used
very discreetly. When A person is shaking hand , to
give little close feeling, he will touch the wrist of the
B simultaneously.
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Fig.2:http://www.indiabix.com/body-
language/palm-gestures/

This action produces false sense of closeness as he
is on the boundary of intimate zone of the other
persona and the other hand is just inside the zone

Handshake and Elbow Grasp : The elbow grasp,
is actually more manipulative and aggressive type of
handshake. It transmits more feelings than the wrist
hold.

The penetration of initiator’s left hand encroaches
not only the receiver’s intimate zone but

psychologically also convey to him that person is
actually closed and hence friendly, intimate, and
trustworthy .

Fig.3: US President Obama's with his predecessor,
George W. Bush

The shoulder hold and the upper arm grip : This
kind of handshake totally changes the equation
between the “mere” acquaintance to good even great
friends . a false impression created by snaking into
and encroaching into receiver’s close intimate zone .

The handshake also changes into the submissive one
and the overlapping of intimate spaces completes
the act of manipulation.

G VARELATZ0 MNUTES|

Fig.4 [Chancellor Angela Merkel of Germany and
President Nicolas Sarkozy of France ~—HOLDING,
FOR NOW Their alliance is trying to stabilize
Europe but may become less essential in the near
future

Source:NY times &
http://bornatthecrestoftheempire.blogspot.in/2008/1
1/picture-of-day-2 11.html]

As said by Wallace Stegner , “ It is touch that is the
deadliest enemy of chastity, loyalty, monogamy,
gentility with its codes and conventions and
restraints. By touch we are betrayed and betray
others ... an accidental brushing of shoulders or



touching of hands ... hands laid on shoulders in a
gesture of comfort that lies like a thief...”[5]

Thus touching also communicates control, power
and status. People portrays high status with liberal
and aggressive touching and invasion of intimate
space in work place changes the relationships
between the co- workers.

It is true that handshake give us the clue of person’s
motives, behavior, personality and impression, but it
is also true that by cleverly manipulating this tool
one can project false image and deviously
manipulate the relationship in and across an
organization.
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Forestry Biomass Conservation with Synthetic
Industry: A Mathematical Model

Manisha Chaudhary, Joydip Dhar

Abstract-- In this paper, a mathematical model is proposed and
analyzed considering four compartment as pre-mature trees,
nature trees, wood based industries and alternative synthetic
industries. It is assumed that the pre-mature trees grow
logistically, and it requires a fixed amount of time for maturity,
finally the mature trees are used by the wood based industries.
Further assumed that the synthetic industries grow at a constant
rate and there is a competition between these two types of
industries. The behaviour of the system near all feasible
equilibrium are studied and it is observed that the maturation
delay of trees plays an important role and the system exhibits a
Hopf-bifurcation about the non-trivial equilibrium with respect
to the delay parameter. Numerical justification of the analytical
results is also shown in the last section.

Index Terms-- Forest biomass, Wood based industries,
Synthetic industries, Stability, Oscillating behaviour.

I. INTRODUCTION

FORESTS plays an important role in every individuals life
since origin, human population has depended upon forest

for its various needs, be it food, fodder, fibre, fertilizers,
medicine, construction material etc. This well known fact that
the forest remainder left in forests after trees are rapidly cut
down and bucked, such as branches, treetops, and thinned
wood, are attracting attention as unused resources (approx.
3.7 million tons generated annually) for carbon neutral
efforts. The usage of forest remainder biomass resources will
greatly contribute to greenhouse gas mitigation and energy
saving in the manufacturing industry, as well as to the
maintenance of forests (i.e., new plantation of trees), leads to
job creation and the vitalization of local economies, etc.
Forest maintain the environment including atmospheric
stability and in supplying the essential requirements of people
all around the world. The main goal of forestry is to create
and implement systems that allow forests to continue a
sustainable provision of environmental supplies and services.
The challenge of forestry is to create systems that are socially
accepted while sustaining the resource and any other
resources that might be affected. Also forests are well-known
for the wealth of services they provide: supplying timber and
non-timber forest products, mitigating climate change,
preserving biological diversity, maintaining indigenous
livelihoods, and providing for recreational and spiritual
purposes. It is a well accepted fact that forestry resource
plays a vital role in the development of any countries present
and future. But it is being depleted by increased
industrialization, over growth of population and associated

978-1-4673-1719-1/12/$31.00020131EEE

pollution [1], [4]-[6], [9], [10], [16]. A typical example is the
Doon Valley in the northern part of India where the forestry
resources are being depleted by limestone quarries, wood and
paper based industries, growth of human and livestock
populations, expansion of forest land for agriculture and
settlement, etc., threatening the ecological stability of the
entire region [8], [4]. It has been noted that the forest bio-
diversity loss and changes in climate are closely linked with
deforestation [3], [17]-[19], [24]. When a resource-biomass is
exposed to toxicant, the toxicant interferes with resource
metabolism. Due to this, the intrinsic growth of the biomass
may be adversely affected [21]-[23]. Deforestation and forest
degradation, whether due to human activities or natural
causes, result in carbon stock reductions and greenhouse gas
emissions, as well as loss or impairment of other forest goods
and services, threatening livelihoods, environmental
functions and other socio-economic values. Forest
conservation endeavours to rectify such deleterious impacts
that cause forest degradation, and ultimately deforestation.
Forest threats include fires, pests and diseases, poor
management and harvesting, overexploitation, grazing and
other disturbances [25]. There has been great interest during
the last few decades in dynamical characteristics of
population model and among these models, forest biomass
system play an important role in population dynamics [15],
[71, [8], [9], [10]. Many authors proposed various model
considering populations that compete for common resources.
[11]-[13]. Dhar et al. proposed various models to study the
effect of industrialization on growth and existence of a
biological species that depends partially or wholly on forestry
resource in two homogeneous adjoining patches with or
without migrations, act as a predator on the resource [7]- [9].
It has been noted here that to save forest based resources it is
very important to search alternatives of the same. Keeping the
aforementioned facts in mind, we propose and analyze a
mathematical model based on forestry resource conservation
with growth of synthetic industry. We consider an ecosystem
where the wood based resource is being continuously
depleted due to the industrialization.

To overcome from the world wide problem of
deforestation, conservation of forestry resources, using
synthetic is good alternative of wood based product as it is
cheap, needs not much maintenance and the one most
important thing that it looks fresher than a wood based
product. Many researchers and experimentalists have
concentrated on the stability of the forest biomass systems
and more specifically they have investigated on the stability
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of such systems with time delays incorporated into the
models [2], [20], [17]. Such delayed system has received
great attention since time delay may have complicated impact
on the dynamical behaviour of the system.

II. MATHEMATICAL FORMULATION
A four compartment mathematical model has been proposed
to study the effect of maturation delay on forestry biomass,
where f is maturation rate of premature trees P(t), density of
premature trees converts into mature trees B(t). The state
variables W (t), S(t) are densities of wood based industries
and synthetic industries respectively. r is intrinsic growth
rate
of premature trees, k is the carrying capacity of forest
biomass, ¢;, ¢, are competition effect of W (t) and S(t),  is
depletion coefficient of forest biomass, @, is growth rate of
wood based industries, Q is the constant rate of raw material
supplied to synthetic industries, h; and h, are natural
washout rate of wood based and synthetic industries
respectively. Parameter descriptions are summarized in table
1 and the schematic flow diagram is shown in fig.1.

f(P)=rP(1-P/k)

Fig.1: Schematic diagram

The model assumes that the synthetic industries are good
alternative for the forest biomass. The model is being
formulated with the help of following system of non-linear
ordinary differential equations:

dpP P

C=rp(1-7)=pPEt—1), (1)
dB

2 = pP(t—1) - aBW — VB, @)
= @, BW — ;WS — W, 3)
2= Q- c,WS—hyS. (4)

with non-negative initial conditions P(0) > 0,B(0) >
0,W(0) > 0,5(0) > 0. Here we will study two cases with
and without maturation delay, ie., 7= 0 and 7# 0
respectively.
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In next sections, we will discuss possible steady state of the
system, when t = 0.

TABLE I
PARAMETER AND VARIABLE DESCRIPTION

Parameter Description

a depletion rate of forest biomass due
to the wood based industries

(i ) growth rate of wood based industries

B maturation rate

¢q and ¢ depletion rates of W(t) and S(t) due
10 competition

hy natural washout rale of wood based
industries

hs natural washout rate of synthetic
based industrics

U natural depletion rate of mature trees

k carrying capacity of forest biomass

Qg constant rate  of raw material
available for synthctic industrics

T intrinsic afforestation rate

T maturation delay

III. POSSIBLE STEADY STATE OF THE SYSTEM
When t =0, proposed system (1) to (4) has following
biological feasible equilibria; namely,

() Axial equilibrium:  E; = (0,0,0,2); (i) Positive
2
g GKep) 0,
r ) ) ) )

™V hy
(iii) Positive interior equilibrium: E * o= (P*,B*,W*,8*);
i = 1,2, where

Boundary equilibrium: E2 = (k

r-i(1-)
._ Bk (< B
B* = aw*—v (1 r)'
ST = . W? - and W™ is the roots of the quadratic equation:
2 —n2
rac,hyW*? + (Bakc, + rac,Q + ahyrh, — vrhyc, —
ralkcZWx+(FalkhZ2—ralkh2—vrilh2)=0. 5)

Equation (5) has unique (or two) positive root(s) if the
coefficient of Wv is negative and constant coefficient is

negative (or positive). Finally, existence of E*! ensured from

w* > {a hz} >
max - T B.

IV. BOUNDEDNESS AND DYNAMIC BEHAVIOUR WITHOUT
DELAY
Now we will study the existence of the system and the
boundedness of the solution. There are three biologically
feasible equilibria for the system (1) to (4). Further we
consider the function
w(@) =P)+B@)+W()+S() (6)

and substituting the values from (1) to (4), we obtain
‘;—‘:=rP(1—§)—aBW—vB — W+ Q+a,BW —
WS —c,WS — h,S.

If we choose a positive real number 1 = min(v,y, hy, hy),

then
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dw P —
@ s Q+rP(1—E+}/P) = f(P).

Moreover, f(P) has maximum at P =k (%) and f(P) <

+ 1 .
Q+k (%) (E + zn_r) = M (say), hence w(t) + nw(r) < M.
Now using comparision theorem and 7 — oo, we obtain

sup w(t) = % Therefore, the system is uniformly bounded in
the region:
M
B = {(P,B,W,S) ERF: 0<P(D) +B(D) + W) < ?}.

Variational matrix for the proposed model (1)-(4)
corresponding to the equilibrium E; is given by

0 0 0 0
_|p —Wa—-v -Ba 0
J=lo  wa, 0 —eW
0 0 —C,S —h, —c,W

And eigen-values for the equilibrium point E;:

M =r—=B,1=—v21;=0,1, = —h,,
Eigen-values corresponding to the equilibrium point E2 the
general variational matrix for the proposed model (1)-(4)
corresponding to the equilibrium point E* is

]E*i
[ 2rP
r— T - ,8 0 0 0
= B —Wa —v —Ba 0
0 Wa, —hy — 1S+ Bay oW
0 0 —Czs —hz - CzW

The characteristic equation corresponding to the Jacobean

J g+ will be of the form:

2.4 + aIAS + azlz + a32. + Ay = 0, (7)

aq =h1+h2—%+CIS+C2W+WCZ—,86(1+,3,

2h,Pr 2hyPr
K Tk

where

a, = hlhz - h17' - hzr +

zc'lk—PTS'i'Czhlw_Cz‘rW'i'@'i'(hl"'hz_r+CIS+

LWatc2W2a+r - h2 -
C2WI1Ba 142 BPralk+2PrWak+ (1 + /A2 + clS +

+c1h,S +crS +

2hycqPTS
— hyhyr - ¢ hyrS + le

- c;hyrW +

+ (hlhz - hlr - hzr)Wa + (h'l + hz) @ +

2c1PrSWa
1T + (hy - 7)c2W?a +
2BhyPra;

2coh PTW
K
(h, =1r)c;SWa +

2cPrW2aa
= + thral -

BeyrWay - 2254 4 ph,B + ¢ hySB + e, W +
hIW‘B + thﬁa + CISW,B(X +C2W2ﬁa_ Bh2 -
Be,Wayp,

a4 = 22T 4 by h,Wha + cihy SWha +
G W2Ba — hyhyrWa + 2282PE o porSWa +
2c1h PrSWa

p — ¢,y rWla.
Using Routh-Hurwitz criteria, the conditions a; > 0,a, >

0,a; > 0,a, > 0,a;a, —az; > 0 and a;aa; —a3—
a?a, — a?a, > 0 and for the interior equilibrium point E*!is
locally asymptotically stable. To avoid complexity of
analytical calculations, we perform it numerically using
following set of parameters:r = 1.5, k = 90, B = 0.7,
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¢, = 04,c, = 032,h; = 0.24,h, = 0.2,¢;, = 09,Q =
40, = 0.6,v = 0.15. It is noticed that the interior
equilibrium  E, (48,5.8679,9.29342,12.6028)exists and
stable (see fig.2). As we decrease the growth rate parameter
of wood industries i.e. a; =0.41,r = 1.5k = 90, =
0.7,¢; = 04,c, = 0.32,h; = 0.24,h, = 0.2,Q = 40,
a = 0.6, v = 0.15 and the positive equilibrium point
E, = (48,223.999,0,200) (see fig.3).

Populations distribution without delay system is stable
ED T T T T

ar

=
=]
T

— Premature Trees
— Mature Trees

— Wood hdustries
— Synthetic Ihdustries

Population Densities
)
=]

[
=]
T

i | I | | I
i 10 0 0 10 0 &0

Tirme

Fig. 2: Population model without delay system is stable.
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=
2

m
=
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Time:

Fig. 3: Population distributions without delay and extinction
of wood industries

V. DYNAMIC BEHAVIOUR WITH DELAY

In this section, we will linearize our proposed system (1)-(4)
around the positive (interior) equilibrium and investigate the
stability of the equilibrium point. Due to biological interest of
the system, we only consider the positive equilibrium. To
study the local stability of the positive equilibrium E, =
(P;,B;,W5,83) = (P*,B*,W*,5"), we first use the linear
transformation ~ P(t) = P* + p(t), B(t) = B*+ b(t),
W) =w*+w(), S@)=S8"+s(t)where p «K1,b<K
1,w < 1land s « 1, for which the system turns out to be

L =rp)(1-2) - ppt - ), ®)
D _ (e — ) — aBw(e) - vb (o), ©)
aw

= aB*w(t) + e, W*b(t) — c,W”s(t) — hyw(t), (10)
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% = —,W*s(t)—c,S*w(t) — hys(t).

)

Variation matrix corresponding to the system of equations
(8)-(11) is given as

2rP
[r - fe** 0 0 0 ]
J= fe* ~Wa—-v -Ba 0
0 W(Xl 0 —L‘lW
-Q
0 0 —Cc, S  —

whose characteristic equation is given by
M+ a2+ a2? + azd + ay + e (b3 A% + byA% + A +
b,) =0, (12)
where a; = —r +
_2rP'Q _ Qr
k s*
+B*'W'aa, — rv +

2rp*
k

CCSW* — rWra +

2P*rv Qv

. s

2c1c2Pkrs w* - Qras*w* +

— S W*2a — B*raa, W* + w

kSs*
* * * * ZP* * *
B*QW*aa,;S* — QrvS* + kf*rv — 1S*Wy, a4 =

ko, okypr*2
ZaeP IS W e ;S woe B*QW*raa,S* +
* ok k2
a + CchT‘S*W*ZV _ 2c1CP°rS™W v'
kS k
by=f b= (2+v+aW), b
c1c28xWx + aal B+W++ QvSx,

by = B(—cic;rS*W*2a + B*QW*raa,S*

— 1T S*WY).
Using Routh-Hurwitz criteria, conditions for the stationary
point to be locally asymptotically stable are a; > 0,a, >
0,a; > 0,a, > 0,and a;, > 0,a,a, a; — a2 — a?a, >
0 holds true.
Next we suppose that for T = 7, the transcendental equation
(12) has one purely imaginary root, A = iw with w real and
without loss of generality w > 0, then we have
iw* + a;(iw)? + ay(iw)? + az(iw) + as+e =4 (b, (iw)* +
b,(iw)? + b;(iw) + by, = 0
ie.
w? —iag;w? — a,w? + aziw + a4 + by cos wT +
ib;w cos wt — byw? cos wt — ib; w3 cos wt +ib, sin wT —
D3awsinwr—ib2w2sinwr+H1w3sinwr=0,
Separating real and imaginary parts, we have
w? — a,w? + a, + by cos wT — b,w? cos wT — byw sin wt +
b,w3sinwt =0,
—a,w3 + azw + byw cos wt — b; w3 cos wt —b, sin wT +
b,w?sinwt =0,
(w* — ayw? + a,) — (byw? — b,) cos wt — (byw3 —
bsw) sin wt = 0,
(azw — a;w3) — (byw? — byw) cos wt + (byw? —
by)sinwt =0,
taking,
E = (0* — a,0® + a,),
F = (b,w® — by),
G = (byw® — byw),
H = (az0 — a,0?).

+ 52 +Wa+v,
2P*'W'ra

, =
QW*a
S*
a3 = c;c,rSTWr —
2P*Qrw*a

CiCrS W2y —
2B*P*'raa,W*

_ (oW
= (%

(13)

(14)
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We can write the above two equations (13) and (14) as
E — Fcoswt — Gsinwt =0,

H —Gcoswt + Fsinwt = 0.

On squaring and adding equations (15) and (16) we have
E? + H? — F?(cos?wt + sin?wt) — G*(cos?wt + sin®wt)
=0

E?+H?-F?>-G*=0.

Doing some mathematical manipulation in equations (15) and

(16) and on adding we get,
(EF+HG)
COS WT = .
F2+Gz . . ..
From above equation we can easily find the critical value of
T= T,

(15)
(16)

(EF+HG)
Fovs (7
We compute the value of 7 critical numerically using
following set of parameters r = 1.5k = 90, f =
0.7,¢, = 04,c, = 0.32,h; = 0.24,h, = 0.2, o, =
09,0 = 40, @« = 0.6, v= 0.15 by means of MATLAB
software. Using (15) and (16) we compute w = w, = 0.692
and on substituting the value of w, in (17) we obtained the
threshold value 7 = 7y = 2.9. The results are shown with
different values of 7, = 1.8,2.8,3.75.3.8 in fig. 4.
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of 7=1.8, 2.8, 3.75, 3.8.
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VI. CONCLUSION

In this paper, we investigated a mathematical model of
forestry biomass with a maturation delay and two types of
industrializations. Dynamical behaviour of the system (1) -
(4) with or without delay is obtained. By choosing the
coefficient 7 as a critical parameter and analyzing the
associating characteristic equation. It is found that the critical
parameter, maturation delay 7 has a threshold value 7, for
existence of the interior steady state. A numerical simulation
is carried out for a particular set of parametric values. In fig.
2, we observed that the interior equilibrium point is stable
when there is no delay. After introducing delay in the system,
we get the threshold value 7, = 3.77 and simulation is done
for different values of T = 1.8, 2.8, 3.75, 3.8, which is shown
in fig.4, it is observed that after crossing the threshold
value ty = 3.77, system become unstable. Further
comparing fig.2 and fig.4, we can easily visualized that in
presence of maturation delay system requires more time to
settle down to its equilibrium level and in presence of delay
after a critical value of 7 the interior equilibrium does not
exist. We have also shown that as we decrease the growth
rate parameter of wood based industries, the wood industries
goes on extinction which is only possible by human
awareness and try to search some wood alternatives.
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Modeling and Prediction of Computer and
Video Game Playing Age Structured Population
in USA

T K Sriram and Joydip Dhar

Abstract—Stage structured based population models have
found many applications in the recent years. In this paper an age
structured population model is developed and implemented to
study the trends in the computer and video game playing
population of US. The entire game paying population is divided
into three compartments on the basis of the age group to which
they belong. After simulating the mathematical model, a forecast
of the number of game players in each stage as well as an
approximation of the average age of game players in future has
been made.

Keywords—Age structure, Forecasting, Mathematical modeling,
Stage structure

I. INTRODUCTION

During a lifetime, an individual passes through a variety of
stages. As he moves from one stage to another his
choices and thoughts may keep on varying. Stage structure
models are based on the assumption that individuals in a
particular stage have similar characteristics. Depending on the
factors such as age, size and awareness, many models based
on stage structure have been proposed. S.Liu and L.Chen [1]
argued that although stage structure models have received a lot
of attention but models such as non autonomous stage
structured models and those based on impulsive differential
equations have not been extensively studied.

Models based on stage-structure can help in understanding
and simulating natural processes. Rogers [2] argued that
adoption of an innovation is a multi-step process and consists
of five stages namely; awareness, interest, evaluation, trial and
adoption. These five stages help a non-adopter in deciding
whether to adopt an innovation or not, are facilitated through a
number of communication channels. Researchers have
proposed many stage structure models having immature and
mature stages of particular population [3- 7]. In particular, W.
G. Aiello et al. [5] has proposed another stage-structured
model of population growth in which the time to maturity of
the population was state dependent.

Age structured models may be used to understand and
analyze the trends in a particular segment of population
segregated on the basis of their ages. Norhayati and G.C.
Wake [6] developed a non linear model by taking the effect of
population density on age distribution of the population into
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consideration. Abia et al. [7] discussed some numerical
approaches to solve problems on age-structured models.
Motivated from few interesting compartmental models of
population dynamics and epidemiology [8-10], in this paper,
an age-structured compartmental model is developed by
dividing the video and computer game players into three
stages to analyze the trends in the three stages. Data required
for estimating the parameters was collected from reports of
Entertainment Software Association and United States Census
Bureau [11, 12].

1I. MATHEMATICAL MODEL

The entire video and computer game playing population of
US was split up into three stages based on their age group. The
first stage (N1) consisted of gamers between (2-17) years of
age. The second stage (N2) consisted of gamers between (18-
49) years of age and the third stage (N3) had gamers who are
more than 49 years of age. We assume the existence of a
frustration group which comprises of ex-gamers who may
have got bored with the existing games and stopped playing.
The rate at which gamers join this group from the three stages
is taken as the frustration rate and the rate at which people in
the frustration group rejoin the game playing population is
taken as the rejoining rate. In this model, both the frustration
and rejoining rates were considered to be fixed and
independent of population size. We defined the rate of shifting
of population from one stage to another as the movement
shifting rate. Figl shows the schematic representation of the
model.

New Game New Game

Players Players
New
recruitment Lt Movement
nate A shiftng rate A shifting rate ” Deathrate
o AgCEIoup ,| e group o B group 5
under 18 years (18- 49) years (49+) years

Rejoining rate

Rejoining

nate Rejoining rate

DeathRate

Frustration
rate

Frustration rate

Trustrationate

Frustration Group

Fig. 1 Schematic model-Age-structured Game Playing Population
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Based on the above conditions, the following mathematical
model is proposed:

=g -aN1l—dl —f1+71, (1)
dnz
S =b+aN1-pN2- d2-f2+72, ()
dng
?:c-l-_ﬂﬁrz— d3—f3 +r3, (3)
= fltf2+fi-rl-r2—73, @)

where, N4 is population density of frustrated group, a, b and c
are new recruitment rates in stage I, II, III respectively, again
dl, d2 and d3 are death rates of gamers in Stage I, II, III
respectively. Let as assume that o and f are shifting rates of

gamers from Stage I to Stage Il and Stage II to Stage III
respectively. Finally, assume that f1, f2, f3 are frustration rates
of gamers from Stage I, II, III and r1, 12, r3 are rejoining rate
of non-gamers from frustration group into Stage I, II, III
respectively.

Data regarding the video and computer game players was
compiled from the “Essential Facts about the Computer and
Video Game Industry” reports published by ESA during the
years 2006-2010 and using US Census Bureau population data
[11, 12]. Here, only the relevant data is presented.

Fig.2 shows the % of game playing population belonging to
a particular age group. It can be seen that gamers in N2 stage
form the largest group. Gamers in N1 and N3 stage contribute
almost equally on % basis. Fig3 shows the graphical
representation of the age-structured population densities in
each stage. TABLE I provides the game playing population
data for the years 2006-2010.

40

20 ._’______.__—l=l=l

% of Fop. in astage

30 P———

2006 007

s A ge group (2-17)years == Age group (18-49)years

008 2009 2000

Age group (49+iyears

Fig. 2 Stage-wise % Game Playing population

TABLE
Game Playing population

2006 2007 2008 2009 2010

Total Game Playing 6079316 202058529 197843649 208764454 206859510
Population

NI'G;Z‘;S @17 63860088 56980505 49460912 52191113 51714877
NZ'G§2i2§(18'49 90652899 96179860 96943388 102294582 101361160
N3'Gyae‘:resr)s(49+ 51507329 48898164 51439348 54278758 53783472
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I11. PARAMETER ESTIMATION OF THE MODEL

The movement shifting rate of gamers is assumed to be
equal to the reciprocal of the number of years spent in a
particular stage. Hence, o = 1/16 and = 1/32. Also, as the
frustration and rejoining rates were not separately available
for the three stages, same frustration and rejoining rates
(i.e., f=fl = 2= 13 and r = r1 = 12=r3) were assumed. The

model can now be represented as:
dvi w1

v B N )
dnz N1 N2
?—Elﬁ-g—;—d:’—fﬁ-?", (6)
e+ a3+, o)
ing

3 -3, ®

Three levels of frustration group were considered so as
to understand how changes in the frustration group may
affect the population in the three stages. Frustration group
was assumed to consist of a certain percentage (8.33%, 10%
and 15%) of the total game playing population. To obtain
the L.H.S. of the above system of equations, curve fitting
was done for a parabolic curve using the Least-Square
method.

The equations of the curves are:

N1= —1860653.8t% — 9837319.2¢ + 63869088 (9
N2 = —511496.7t% + 5103347.8 + 00652899  (10)
N3 = 1604749.9¢7 — 3728702.6¢ + 51507329 (11
N4(B.3%) = 246060.6t% — 704040.7¢ + 17162242 (12)

N4(10%) = 205301.1#% — 846267 .9t + 20602931 (13)

N4(15%) = 443086.4¢% — 1260401.1¢ + 3090439 (14)

The difference in the actual and predicted values for N1
is shown in Tablell. Since the % error values are within
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acceptable limits, the curve generated is appropriate.

TABLE II
ACTUAL AND PREDICTED STAGE I VALUES

Year  Time(t) Actual Predicted values Percentage

value y=ptA2+gt+r Error
2006 ] 63869088 63869088 0.00%
2007 1 56980505 558924246 181%
2008 2 49460912 516370728 -4.40%
2009 3 52191113 511030326 2 0B%
2010 4 51714877 54290304 -4 98%

The values of dN/dt can be obtained by differentiating
the above the equations with respect to t and putting t =0 -
4 for the years 2006 - 2010 respectively. Table III
represents the values for the three stages.

TABLE III
YEAR WISE RATE OF CHANGE VALUES (N1, N2,N3)
Year t dM1/dt dM2/dt dM3/dt
2006 0 -9837319.2 5103347 .8 -372B702.6
2007 1 -6116007.6 4080354 .4 -519202.8
2008 2 -2394696 3057361 2690297
2009 3 13266156 2034367 6 SB99796 8
2010 4 50479272 1011374.2 01092966

In order to simplify the model, we substitute a - d1 = K1,
b-d2=K2,¢c—-d3 =K3 and f - r = K4 in the model
equations (5-8). K1, K2 and K3 denote the year wise
intrinsic growth rates in stages N1, N2 and N3 respectively
and K4 is the intrinsic frustration rate. The model finally
reduces to:

dwi Ni —
T =K1-T K4 (15)
dnz N1 N2

—_ = K7 —_ =

de K'+15 32 K4 [15}
LB k3+ 2 K4 (17)
dt 2z

a8 3K 13
Pl (18)

Ki’s values obtained by solving the above system for
different frustration levels are provided in TABLE IV.
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TABLE IV
Year-wise K Values

Vear 2006 2007 2008 2009 2010

K4 -234980.22 709159 82 03100.58 257140.99 421181.39
Frusteation K3 -6796385.92 159576325 -246083.29 296023210 6362941.74
Group -8.3% K2 3709452.67 3453753.64 3088633546 222626971 1367912.03

Kl -6080451.42 -2625665.86 T89711.58 4845701.15 B701288.40

K4 282089 251619 111765.5 308692.9 5056203
Frustsation K3 6841605 -1609985.3 227418 1011784 E447380.65
Group -10% K2 1662344 141031156 3107300 22778216 1452350.94

Kl 6127591 -2639887.9 B08176.3 489723511 §785727.31

K4 423134 -127742.77 1676482 463039.1 758430.033
Frusteation K3 6984739 -3652566.2 171536 3166130.2 6700190.38
Group -15% K2 3521299 33969507 3163183 2432167.8 1705160.67

Kl 6268615 -2682468.8 B64250.2 50515993 DOARIAT.05

It is observed that larger the level of the frustration
group, higher is the intrinsic frustration rate (K4). On taking
a larger frustration group, higher intrinsic growth rate
values (K1, K2 and K3) are obtained. Initial negative values
of K4 indicate that during 2006-2007 more people were
rejoining the game playing population. However, from 2008
onwards, the number of people joining the frustration group
outnumbered the people rejoining the game playing
population. It is evident from TABLE IV that the intrinsic
growth rates in Stages 1 and 3 were continuously increasing
and changed from negative to positive over the years. Also,
the intrinsic growth in Stage 2 showed a downward trend
but remained positive.

Assuming the frustration group comprises of 8.33% of

the game playing population for a given year, the model
was simulated for the period (2006-2010) by substituting
the Ki values in the model equations. Since the simulated
trend lines as shown in Fig4 are very much similar to the
actual trend lines in Fig3, this model is able to represent the
trends in the game playing population correctly.

The model was further simulated till the year 2016 (Fig
5). The results show that there would be a growth in the
number of gamers in all the three stages with N3 stage
witnessing the most significant increment in game players.
Its population would become nearly equal to that of N2 by
2016.

= N1- Gamers(217 years)
“““““ N2- Gamers(19-49 years)
| == N3 Gamers(9+ years)

4
2006 2007 2008

Fig. 4 Model Simulation 2006-2010
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Fig. 5 Model Forecast 2006-2016

The forecasted population densities of the three stages
are shown in TABLE II1.

TABLE V
PREDICTION OF GAME PLAYING POPULATION
Year NI1(10%) NI(10%) N3(10%)
2011 0.3306 1.044% 0.6528
2012 0.3787 1.0559 0.7430
2013 0.6239 1.0687 0.8376
2014 0.6664 1.0839 0.9307
2013 0.7063 1.1040 1.0243
2016 0.7438 1.1240 1.1186

This model was then used to calculate the average age of
game players by 2016. Since, the population was assumed
to be evenly distributed across all ages within a particular
stage, the average of the game players can be calculated by
taking the weighted average of the median age of gamers in
the three stages. It was found that by 2016, the average of
gamers would be around 39.5 years.

IV.  CONCLUSIONS

As per the simulation results of the proposed
compartmental mathematical, we found that in the coming
years there will be a rise in the number of gamers attributed
mainly to the N2 and N3 stages. By 2016, gamers in N1
stage will form only around 25% of the total gamers and the
average age of gamers would become around 39.5 years.
Hence, we may see a more games being developed to attract
the upper age group stages. Also, efforts need to be put in
understand the reasons behind the increase in frustration
rate among the gamers to prevent the existing gamers from
moving into the frustration group.

In future, this model can be extended to analyze the
trends for a particular class of games. This model can be
simulated by considering the exact frustration and rejoining
rates for the three stages as well as with exact movement
shifting rates subject to availability of data. Also, here we

978-1-4673-1719-1/12/$31.00020131EEE

considered all the stages in isolation to each other and to the
external environment. The model can be extended by
incorporating the impact of external environment on a
particular stage, for instance, the financial condition of the
people in respective stages.
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