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Abstract 

Gravitational Waves (GW) predicted by Einstein in 1915 were detected by 

LIGO (Laser Interferometer Gravitational-Wave Observatory) on September 

14, 2015. This is the first direct detection of GW and the first observation of a 

binary black hole merger. The comparative low signal of the GW makes the 

observation very challenging; however, continuous improvement in detection 

equipment will open to observe more phenomenon of the universe.   

Liquid Nitrogen Cryopump is one of the key components of LIGO system to 

maintain the UHV and also the main source of noise due to bubbles. The 

bubble induced noise is one of the noises that could distort the signal. 

Cryogenic fluids are always in the boiling modes and inducing the bubble 

noise continuously. 

The present work is an attempt to theoretically investigate bubble induced 

vibration and noise with the help of bubble dynamics. The configuration of 

LN2 cryopump as circular concentric shell makes the investigation more 

challenging. The departure force on the liquid nitrogen bubble is of the order 

of 10-5 N, which provides the initial acceleration of ~2g. The bubble moves 

through the liquid nitrogen and impacts the surface, which produces the 

vibration and noise. The noise is analyzed in terms of force, acceleration, 

velocity and the displacement. The induced noises are in the range -16 dB to -

146 dB. This work will open the new window for the cryogenic fluid usability 

for the vibration free environment.  Hence it is a new emerging area of 

investigation. 

Keywords: Cryopump, Liquid nitrogen, Vibration, Bubble, Noise 
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Introduction 

1.1. Preliminary remarks 

The novel exploration by research scholars and their innovative attitude towards the 

development of science and technology has provided a substantive platform for the 

work of the science edification research community for the past 40 years. Scientific 

discoveries are being made every day that is changing the material world. Great 

Scientists such as Einstein, Newton, and others revealed the knowledge of nature in 

terms of physics creating new avenues for research.  

1.2. Gravitational Waves (GW) 

The gravitational waves are produced by the interaction between two or more 

compact massive objects (Fig. (1.1)); such interaction includes rotation, orbiting 

and spinning i.e. two neutron stars, two black holes, or a neutron star and a black 

hole etc. 

 

Figure 1.1 Sources of Gravitational Waves due rotation of two massive objects 

[Courtesy - LIGO, USA] 
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These waves produce ripples in space-time fabric (Fig. (1.2)) of the universe 

thereby changing its dimension as predicted by Einstein. 

   

Figure 1.2 Space-Time Fabric of gravity [Courtesy - LIGO, USA] 

 

Hence the space fabric first elongates in one direction (i.e. X-direction) and contracts in 

the direction perpendicular to it (i.e. Y-direction), then it becomes circular by contracting 

in X-direction and elongating in Y-direction as shown below (Fig. (1.3)). The continuous 

cycle of elongation and contraction produces gravitational wave signals in the fabric of 

space-time. 

 

   

Figure 1.3 Gravitational wave with amplitude h and (+) polarization, propagating perpendicular to 

the plane of the detector 

 

1.3. Laser Interferometer Gravitational-wave Observatory (LIGO) 

The comparative low signal of the gravitational wave makes the observation very 

challenging; however, continuous improvement in detection equipment has opened 

up the door to spot gravitational waves. Recently, on September 14, 2015 the two 

detectors of LIGO observed a transient GW signal [1] as shown in Fig (1.4).  
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Figure 1.4 Signal detected by LIGO detectors from two black hole merger [1] 

The signal sweeps upwards in frequency from 35 to 250 Hz with a peak GW strain 

of 1.0 × 10−21. It confirmed the two black hole merger in the space and confirmed 

the theory of Einstein predicted before 100 years. This is the first direct detection 

of GW and first observation of a binary black hole merger. Hence, it  is a 

breakthrough in the physics.    

In the initial phase, LIGO designed and developed the technologies to be utilized in 

achieving the target sensitivity curve having a minimum sensitivity of ∼ 1.0 × 10−19 

meters/√𝐻𝑧 at ~ 150 Hz  [2]. Advanced LIGO interferometers was targeted having 

strain sensitivities on the order of ~ 10−24 meters/√𝐻𝑧 between 10 Hz to 10 kHz [2]. 

The most sensitive strain measurement is provided by the LIGO and VIRGO 

observatories (Fig. (1.5)). 

 

Figure 1.5 Detector Sensitivity of iLIGo, eLIGO and aLIGO [Courtesy - LIGO, USA] 
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Low sensitivity measurement from the initial LIGO provides detection of few events i.e. ~ 

1-2 events per year. Therefore it is very difficult to extract these events. Hence LIGO is 

continuously improving towards the advanced LIGO called as Adv. LIGO or aLIGO. 

Increasing the sensitivity by 10 times increases the observable volume of space i.e. the 

galaxies by 1000 times (Fig. (1.6)). As a result, several events per year would be able to 

observe. 

 

 

Figure 1.6 Comparison of LIGO and a LIGO [Courtesy - LIGO, USA] 

 

The sensitivity of detectors is usually limited by various sources of noise i.e. Mirror/test 

mass related noise; Vibration Isolation noise; Michelson interferometer system related 

noise, Laser related noise etc. Sensing a real GW event requires an isolated region, free 

from vibrations and noises. 

The LIGO System needs to detect the strain sensitivity displacement in two directions as 

per the changes in the space-time fabric. Hence the system involves the use of various 

components in X and Y direction as shown in Fig. (1.7); 
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Figure 1.7 Schematic of LIGO and its Components (Courtesy: LIGO-USA) 

1.4. Motivation 

Recently, Physicists around the world have confirmed that they had detected unambiguous 

signals of gravitational waves emanating from the collision of two massive black holes 1.5 

billion light years away in deep space [1]. The observation of GW marks three milestones 

for physics: the direct detection of gravitational waves, the first observation of a binary 

black hole, and the most convincing evidence to-date that nature's black holes are the 

objects predicted by Einstein's theory. To increase the frequency of observation of 

different events, the sensitivity should be very high. Any stone towards more sensitive 

detectors should not left to be unturned.  

Liquid Nitrogen Cryopump is one of the key components of LIGO system to maintain the 

UHV and also the main source of noise due to bubbles. It has been observed at VIRGO 

that the noise around 50-150 Hz is enhanced by about 5 times by the action of LN2 

bubbles [3]. Sensitivity being the major issue, lot of research has been done to create a 

vibration free environment by eliminating even the minute noises that could distort the 

signal.  

The present work is an attempt to aim theoretically investigate and attenuate the risks 

linked with the LN2 bubble induced noise that could limit the measurement of the 

detection. There is no literature available on the bubble induced vibration in cryogenic 

fluids. Moreover conducting an experiment for LN2 bubble is very difficult and 

expensive. So an experiment can be performed as the future scope. In this case, the 

theoretical investigation becomes very-very important to find out the LN2 bubble induced 
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vibration. This work will open the new window for the cryogenic fluid usability towards 

vibration free environment.  Hence it is a new emerging area of investigation. 

1.5. Objectives of the present study 

The investigations have been carried out with considering following objectives.  

 To provide a generalized analytical formulation of bubble-induced vibration 

and noises (Force, Acceleration, Velocity, and Displacement). 

 To study the effect of bubble diameter and cylindrical shell thickness on the 

noise levels. 

 To formulate the bubble dynamics for the bubble motion during nucleate 

boiling phenomenon. 

 To decide the thickness of the cylindrical shells based on the mechanical  

strength.  

 To detect the natural frequencies related to the different mode shapes for the 

liquid nitrogen cryopump configuration. 

 To avoid the low-frequency modes and to match the mode shapes of the 

outer and inner shell for the low vibration of fluid.  

1.6. Aims and scope of the present study 

The purpose of the present study is to establish mathematical formulation for the 

low vibration and low noise liquid nitrogen cryopump. The low natural frequency 

mode shapes have to be avoided so that the low-frequency GW signals can be 

detected. The main aim to avoid the natural frequency of vibration below 100 Hz. 

The configuration is concentric cylindrical shells, which is totally different than 

any of the configuration studied so far.  The general methodology has been 

developed for the bubble motion, impact on the surface and inducing the noise in 

the cryopump. The present formulation is studied for the different methods to 

reduce the noise. 

The presented study is based on following assumptions. 
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 The bubble diameter is assumed constant during the motion within the fluid.  

 The shape of the bubble is taken as the spherical in size.  

 The material of the liquid nitrogen cryopump is taken as SS304L as per the 

cryogenics and vacuum consideration. 

 The fixed-fixed beam condition is considered for the cryopump due to 

having supports and end rings at the ends. 

1.7. Thesis outline 

The thesis consists of six Chapters.  

Chapter 1 provides the base for the problem as per application point of view. The 

introduction of the application, motivation, objectives, aims, and scope of the 

present study are also presented.  

Chapter 2 presents the literature review related to the study. On the basis of a 

literature survey, research gaps are identified. 

Chapter 3 deals with the detailed analytical formulation for the single bubble 

dynamics. Different forces responsible for the departure of the bubble are studied. 

Due to the bubble departure force, the bubble acceleration, velocity, and 

displacement characteristics are also presented.  

Chapter 4 provides the formulation of all the mathematical base to find out the 

bubble induced vibration and noise. The chapter also includes the design, analysis 

and natural frequency of the cryopump. 

Chapter 5 describes all the results in the numerical and graphical form for the 

cryopump. The parametric optimization of the different parameters for the low 

vibration and low noise cryopump is also presented.  

Chapter 6 summarizes the presented work. The limitations of the present study and 

future scope of the work are also addressed.  

The list of publications and cited references are enumerated at the last. 



 

 

                                                                 

Literature Review 

2.1. Introduction 

The cryogenic 80K pumps consist of exposed surfaces refrigerated to a cryogenic 

temperature upon which gasses are condensed. The proposed pumps use liquid nitrogen 

that boils at atmospheric pressure at a temperature of 80K. The boiling action of liquid 

nitrogen involves cavitation (i.e. vapour bubble formation and collapse) which produces 

broad spectrum pressure pulses that act on the vessel and liquid/air surfaces to produce 

noise and vibration. The bubbles generated from the boiling liquid in the reservoir are 

smaller and generate higher frequencies. These vibrations affect the interferometer data 

and analysis hence these vibrations have to be investigated.  

The present literature review details out the research carried out in the field of vibration 

produced by the Liquid Nitrogen bubble cavitation in Cryogenic 80K pumps, theories on 

bubble formation and its dynamics along with the vibration mitigation. 

  

2.2. Major objectives of previous studies 

A lot of research and experiments have been performed on the areas of vapour bubble such 

as bubble growth and its nucleation in superheated liquids, bubble formation mechanism, 

pool boiling heat transfer, two-phase flow boiling, flow boiling in micro-channels, bubble 

dynamics, observation and analysis of bubble detachment frequency, kinematic model of 

bubble motion forces acting on a growing bubble. This section outlines the following 

major goals of investigations done in these areas.  

 Bubble dynamics 
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o Bubble nucleation and growth  

 Inertial controlled growth and  

 Heat transfer controlled growth 

o Bubble departure diameter 

o Bubble release / departure frequency 

o Boiling phenomenon i.e. heat transfer characteristics  

 Pool boiling 

 Flow boiling 

o Forces acting on the departing bubble 

 Horizontal forces 

 Vertical forces 

 Bubble-Induced Vibration - Only a few basic studies have been carried 

out for investigating the induced vibration 

o Subcooled Boiling Induced Vibration (SBIV) 

o Flow Induced Vibration (FIV) 

Most of all these works are concerned regarding the behavior and actions of vapour 

bubble in different environmental and physical conditions.  The vibrations produced 

due to the striking of bubbles on the surface is a new challenging area of 

investigation. However, the present work is an attempt to investigate the vibration 

issues that are usually found due to bubble-structure interaction. This bubble 

structure interaction held in the reservoir part of the Cryopump used for achieving 

the vacuum. This work would extensively help out in eliminating the vibration 

concerns required for measuring the gravitational waves of low frequency.  

2.3. Bubble dynamics 

To investigate the bubble induced vibration, bubble dynamics (i.e. the bubble 

formation, growth, departure dia etc.) provides crucial parameters for analysis. 

2.3.1. Bubble nucleation and growth 

The vapour bubble formation process in a liquid is called bubble nucleation. The bubble 

nucleation takes place due to the dissolved gas in the liquid, pre-existing gas in the surface 

cracks or imperfect surface, phase transformation i.e. boiling etc. The nucleation can be 
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• Homogeneous  

• Heterogeneous 

 

Bubble nucleation process mainly depends on the magnitude of super-saturation state and 

the threshold value. The nucleation occurs when the super-saturation value in gas-

supersaturated liquids supersedes the threshold value [4]–[7]. In the case of homogeneous 

nucleation; the value of the threshold is governed by the interactions between the 

molecules of gas and liquid existing in the fluid medium while for heterogeneous 

nucleation, its value is additionally governed by the region between solid and liquid [8], 

[9]. Therefore, nucleation thresholds for homogeneous and heterogeneous conditions tend 

to vary significantly. Moreover, the magnitude of the threshold for homogeneous 

nucleation is quite less compared to homogeneous nucleation. The possible significance of 

these results have not been fully appreciated. Homogeneous nucleation is mostly 

considered in the theoretical analysis and is quite rarely found in engineering applications 

[10]. 

 

The distinction between Homogeneous and Heterogeneous nucleation has been described 

in Table (2.1). 

Table 2.1 Homogeneous and Heterogeneous nucleation 

Homogeneous nucleation Heterogeneous nucleation 

Prevails in the liquid in which there is no 

contact with any other foreign substance or 

surface. 

Prevails due to the presence of super 

saturated diffused gas on the surface grows 

spontaneously to form bubbles. 

Nucleation begins when a very small 

volume of liquid molecules (embryo) 

reaches a vapour state. 

Nucleation begins due to imperfectness of 

the surface and dissolved gas starts 

expansion 

Very large superheat is required for 

homogeneous nucleation. 

Low degree of superheat is needed for the 

nucleation. 

 

Oxtoby [11] studied the recent improvised form of experimental and theoretical progress 

in the area of homogeneous classical nucleation highlighting the phase transitions in single 

component liquid. Jones et al. [12] detailed out the subject of bubble nucleation in the area 
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of non-classical nucleation in a liquid supersaturated with gas and the nucleation that 

occurs at definite sites.  

 

Gerth and Hemmingsen [13] studied the threshold for bubble nucleation in biological 

significance such as human and animal tissues. Experiments were performed using the 

crystallized solids formed from aqueous solutions cooled at pressures up to 240atm. Both 

the bubble nucleation effect at the solid-liquid region involving Nitrogen, Argon and 

Methane and the influence of cavitation in supersaturated solutions can be estimated with 

and without the crystal-like precipitates. 

 

The fundamental mechanism of bubble nucleation in the chamber has merely been 

considered. However, this mechanism has been extensively used for improving the bubble 

chambers and carrying out the experiments in areas related to High Energy Physics. 

Tenner [14] presented a novel approach to generate a bubble in a superheated liquid with 

the help of high energy charged particles. The potential energy between molecules, i.e. 

surface energy requirements for the formation of the vapour bubble in gas-liquid phase is 

limited due to the solute-solvent interaction. Most of the models of bubble nucleation 

consider the effect of cavity formation under tension. However, Kwak et al. [15] derived a 

cluster model according to the scaling transformation valid for both gas and vapour bubble 

formation. While considering the phenomenon of boiling in a superheated liquid, the 

coupling of energy and momentum equation is highly essential.  Moreover, the coupling 

of equations is also a mandate in the case of gas bubble formation. The areas related to 

vapour bubble formation and their possible interactions during the boiling phase were not 

looked upon previously.   

 

As the technological advancement, the high-speed imaging cameras with powerful 

resolutions and high-end computer processors are in use to detail out the bubble growth 

and detachment process. S. Siedel et al. [16] experimentally concentrated on a single 

nucleation site for the various degree of superheats. The growth, detachment and 

interaction of bubbles has been recorded as shown in Fig. (2.1). 
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Figure 2.1 Experimental set up with recorded images of bubble growth from single nucleation site 

(375 frames per sec) [16] 

X. Fu et al. [17] visualized and quantitatively investigated the bubble growth, departure, 

and the following flow pattern evolution during flow boiling in the mini-tube. Fig. (2.2) 

shows the used test section and a series of visualization images in one typical bubble 

period, during which bubble growth time and waiting time are about 4 ms and 8 ms, 

respectively. 

 

Figure 2.2 The test section: (a) schematic of the test section arrangement and  (b) photography 

image (the specified nucleation site is close to T3)  (c) Typical bubble growth and waiting time 

from a single nucleation site at  G = 9.1 kg/m2 s, Pin = 103.1 kPa, Tin = 77.5 K, q = 5200 W/m2, Di 

= 1.33 mm [17] 

 

Bradley et al. [18] examined the significance of heat transfer rate on different metallic 

surfaces (30–365 nm RMS roughness) such as brass, stainless steel (electro-polished and 

unpolished) under heterogeneous nucleate boiling conditions. The experiment was 
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performed on a pool boiling chamber and the evolution of nucleation site density after 

incipience of the first bubble for the boiling of pentane was observed shown in Fig. (2.3). 

 

Figure 2.3 Experimental pool boiling facility and Evolution of nucleation site density after 

incipience of the first bubble for boiling of pentane on the brass surface (ΔTsat = 11.8°C, P = 

280 kPa) [18] 

It was observed that the rate of heat transfer from a polished stainless steel surface is 

relatively smaller than the brass surface. 

 

Also, the effect of bubble interaction from the adjacent nucleation sites was investigated in 

a boiling liquid. Han and Griffith [19] introduced the concept of a gas-filled cavity for the 

vapour bubble formation. A superheated interface layer of liquid was developed on the 

contact surface near the cavity, and it was found that surface characteristics, as well as 

surrounding liquid temperature significantly, affect the temperature needed for bubble 

formation. 

2.3.2. Bubble growth 

The bubble growth process begins after the nucleation stage and continues to grow further 

to the point of detachment from the heated surface. Various properties of the liquid like 

inertia, surface tension, molecular diffusion, and viscosity are crucial for determining the 

growth rate. The controlling properties during the early growth period of a bubble are still 

indistinguishable.  
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In a subcooled boiling process [20], an active nucleation site produces vapour bubbles 

which go through a typical periodic cycle of nucleation, growth, departure and collapse 

(condensation) followed by a waiting period (Fig. (2.4)). 

 

 

Figure 2.4 Schematic diagram of bubble growth and collapse process 

 

The volume of the bubble also changes accordingly as shown in Fig. (2.5), 

 

Figure 2.5 Typical bubble growth and collapse curve 

 

In the nucleate boiling process, Hsu et. al [21] examined the bubble growth cycle through 

various analytical methods and experiments. Then he concluded that this process takes 

place in four stages as shown in Fig. (2.6), 

1. Bubble growth as hemisphere either the nucleation site is of any shape  

2. Development of the microlayer nearby boundary of bubble growth  

3. Shaping of bubble due to the buoyancy and surface tension force  
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4. Detachment of the bubble after the net force opposite to solid surface  

 

Figure 2.6 Bubble growth and detachment stages 

After the growth period, bubble detaches from the heated surface by destroying the 

thermal boundary layer and allowing colder liquid from the bulk to cover up the space left 

by a departed bubble. A new cycle begins as the thermal layer starts to recover. The period 

for recovering the thermal layer is called as the waiting period. It was reported that the 

bubble waiting period is larger than the growth period and is dependent upon cavity size rc 

as well as the local thermal boundary layer thickness δ [22]. 

 

Analytical solutions for initial stages of bubble evolution, critical radius, and the 

governing criteria were not described explicitly. Lee and Merte [23] derived its detailed 

analytical solutions and conditions by considering a bubble of spherical shape with 

homogeneous superheated liquid. Due to unavailability of the suitable correlation 

involving the radius of vapour bubble, ‘R’ and growth time, ‘t’ (i.e. bubble growth rate), 

various theoretical and experimental studies were carried out. As a result, the relationship 

was estimated as R ~ ta [24], [25]. The value of the exponent ‘a’ varies from 0.3-0.75 due 

to the effect of various governing forces which includes viscous, inertial and differential 

pressure. Haustein et al. also confirmed the value of a as 0.33 for the condition of medium-

high superheat bubble growth [26]. 

2.3.2.1Inertial controlled bubble growth 

The phenomenon of inertia controlled bubble growth and collapse was first established by 

Rayleigh [27]. The equations of motion were derived by considering a bubble of spherical 

shape. In an inertia controlled Bubble growth process, a vapour bubble is assumed to be 
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spherical under the uniformly superheated liquid. The radius of the bubble is expanding 

from Ro (initial) to R in an infinite, incompressible, non-viscous liquid with constant 

excess pressure as shown in Fig. (2.7). 

 

Figure 2.7 Spherical vapour bubble present in the unbounded liquid 

The energy conservation with these assumptions yields the following equation [28], 

 
1

2
𝜌𝐿 ∫ 4𝜋𝑟2𝑟̇2𝑑𝑟 =

4𝜋

3
(𝑅3 − 𝑅𝑜

3)∆𝑝

∞

𝑅

  (2.1) 

where  Δp = pV - p∞. This equation combined with the continuity requirement (r/R)2 = 

(Ṙ/ṙ), results in the inertia controlled bubble growth equation known as the generalized 

Rayleigh’s equation: 

 𝑅
𝑑2𝑅

𝑑𝑡2
+

3

2
(

𝑑𝑅

𝑑𝑡
)

2

=
1

𝜌𝐿
(𝑝𝑉 − 𝑝∞ −

2𝜎

𝑅
)  (2.2) 

A solution to Eq. (2.2) is given by the following: 

 𝑅(𝑡) = {
2

3
 (𝑇∞ − 𝑇𝑠𝑎𝑡(𝑃∞) (

ℎ𝑙𝑣𝜌𝐺

𝜌𝐿
))}

1
2

𝑡  (2.3) 

This equation can be further reduced and can be approximated as [29]: 

 𝑅 ≅ (
2∆𝑝

3𝜌𝐿
)

1
2

𝑡 (2.4) 
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The vapour inside the bubble is presumed to be in a saturated state corresponding to the 

superheated liquid temperature. As long as this assumption holds, the vapour pressure of 

the bubble will exceed the surrounding bulk liquid pressure and cause the vapour bubble 

boundary to expand outward. 

2.3.2.2Heat transfer controlled bubble growth 

Plesset and Zwick [30] neglected the effect of liquid inertia and focused on the heat 

transfer controlled bubble growth. Also, a zero order asymptotic solution was formulated 

for spherical bubble radius. To verify these results, different analytical models and 

experiments were used by several researchers. Dergarabedian [31] also conducted 

experiments using water with different degrees of superheat for evaluating the bubble 

radius. The obtained results agreed well with the solutions up to 6°C of superheat. To 

analytically determine the vapour bubble growth, the acquired solutions for bubble radius 

can be coupled with equations given by Rayleigh [27]. Forster and Zuber [32] analyzed 

the heat diffusion controlled bubble growth for the bubble radius in two-time domains. 

The first domain (early stage) involves the effect hydrodynamic forces while in the second 

one (later stage), its effect is negligible. Finally, the complete solution was provided for 

the entire domain of bubble growth. Birkhoff et al. [33] examined the vapour bubble 

growth by considering the significance of the boundary layer with the asymptotic phase. 

The results were computed using a different substance such as Water, Hydrogen, Oxygen, 

and n-pentane. The studies carried out by Scriven [34] neglected the effect of boundary 

layer for moderate superheats to determine the solutions to the energy equations. Kosky 

[35] measured the evolution of a vapour bubble in a high superheated water up to 36°C in 

the pressure range of 0.5 to 1.2 atm. Florschuetz et al. [36] provided the experimental 

results at low superheat of 4.9°C by taking ethanol, isopropanol, and water under zero 

order gravity condition. All these studies verified and confirmed with the results given by 

Plesset and Zwick [30]. Mikic et al. [37] coupled the both phenomena (Heat transfer and 

Inertia) of bubble growth with the help of  Clausius-Clapeyron equation. Lien [38] 

confirmed that the bubble growth is governed both by liquid inertia and heat diffusion 

characteristics at different pressures ranges. 

 

The vapour bubble grows because of the vaporization of the liquid-vapour boundary as the 

results of heat supplied. This heat is transferred from the superheated surface across the 
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boundary layer due to conduction. In this case, the vapour temperature inside the bubble is 

considered to be at the saturated state corresponding to the ambient pressure. 

Using energy equation in a spherical coordinate system [27]: 

 
𝜕𝑇

𝜕𝑡
+

𝑢𝜕𝑇

𝜕𝑟
=

𝛼𝐿

𝑟2

𝜕

𝜕𝑟
(𝑟2

𝜕𝑇

𝜕𝑟
)  (2.5) 

where the thermal diffusivity of liquid, 𝛼𝐿  =
𝐾𝐿

𝜌𝐿𝐶𝑝𝑙
  and Bubble Interface Velocity, 𝑢 =

𝑑𝑅

𝑑𝑡
(

𝑅

𝑟
)

2

. 

Initial and final boundary conditions are: 

 T (r, u) =  𝑇∞;  𝑇(𝑅, 𝑡) = 𝑇𝑠𝑎𝑡(𝑝𝑉);  T (∞, t) =  𝑇∞ (2.6) 

From the energy conservation at the boundary: 

 𝐾𝐿

𝜕𝑇

𝜕𝑟
(𝑅, 𝑡) = 𝜌𝐺ℎ𝑙𝑣

𝑑𝑅

𝑑𝑡
  (2.7) 

Approximate solution for Large “Jakob No. (Ja)” 

 𝑅(𝑡) =  𝐽𝑎√
12𝛼𝐿𝑡

𝜋
 (2.8) 

where  

 𝐽𝑎 =
𝜌1𝐶𝑝𝑙(𝑇∞ − 𝑇𝑠𝑎𝑡)

𝜌𝐺ℎ𝑙𝑣
 (2.9) 

In nucleate pool boiling conditions, heat transfer enhancement issues are still ambiguous. 

Interaction of convective heat transfer corresponding to enhanced surfaces has been 

limited due to their complexity leading to false interpretations. Heat transfer coefficients 

have been determined using heat flux, saturation pressure, and surface roughness [39]. 

Zijl et al. [40] investigated the combined effect of inertia and heat transfer controlled 

growth on a spherical bubble in a superheated condition. General solutions have been 

derived for growth rate, implosion, and frequency of oscillating vapour bubble. 

Kim [41] reviewed and presented the latest experimental and analytical results heat 

transfer characteristics of a vapour bubble for determining the contribution of each 
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mechanism involving microlayer evaporation, enhanced convection, liquid-vapour 

interface heat transfer and transient conduction in overall heat transfer. 

Lord Rayleigh further improvised the model of Rayleigh-Plesset Equation to determine the 

size of a spherical vapour bubble. This model can be followed extensively for a vapour 

bubble in an unbounded medium of liquid. Bongu´e-Boma and Brocato [42] recently 

described this model through a continuum model along with the microstructure. Also, the 

size variation of bubbles caused by pressure fluctuations in the medium has been included. 

Lien [38] considered inertia controlled growth conditions by carrying out experiments 

with water up to the pressure of 0.01 atm. It was found that under low-pressure conditions, 

liquid inertia controlled growth dominates. As pressure increases, heat diffusion controlled 

growth dominates the inertial growth provided by the Rayleigh [27] solution. 

2.3.3. Bubble departure diameter 

A vapour bubble in contact with the heating surface experiences different forces. The 

inertia and surface tension force keep the bubble attached to a heated surface, whereas the 

buoyancy force tends to separate it from the wall in contact. As the bubble size increases, 

the detachment force dominates and leads to separation from the heated surface. 

Using a force balance approach on a vapour bubble, its departure size can be obtained 

accurately. The departure size of a vapour bubble with cavity radius, rc < 10μm is 

controlled using the equilibrium condition between the inertia and buoyant forces. The rate 

of growth of a vapour bubble reduces with increase in the cavity size, making the inertial 

force insignificant and unimportant. Fritz [43] proposed the relationship for determining 

the vapour bubble diameter by equating the surface tension and buoyancy force that is 

given by the following equation: 

 𝑑𝑜 = 0.208𝜃 [
𝜎

𝑔(𝜌𝐿 − 𝜌𝐺)
]

1
2
 (2.10) 

where θ is the measure of bubble contact angle.  

An enhanced model related to bubble departure diameter was developed by Colombo and 

Fairweather [44] during the condition of flow boiling. In this model, the equilibrium 

between the forces acting on a vapour bubble has been considered for a single nucleation 
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site. The solution to the equation governing the bubble growth was successfully confirmed 

by the experimental data. 

Helden et al. [45] investigated the importance of forces and gravity during the bubble 

detachment from the artificial nucleation sites on a vertical surface at surrounding pressure 

and 1g conditions.  

  

Figure 2.8 (a) Test loop with main components (b) Test section details [45] 

The experiment (Fig. (2.8)) revealed the variation in the lift direction between vapour and 

LN2 bubbles. The obtained results also showed that there is a decrease in detachment 

radius as the velocity of the bulk liquid increases. 

 

2.3.4. Bubble release / departure frequency 

 

The departure frequency, ‘f’ of the vapour bubble depends on the  

a) Growth time, ‘tg’ and  

b) Waiting time, ‘tw’  

Efforts to determine the frequency by predicting the growth and waiting period were 

seldom recognized due to following reasons  
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(a) This method didn't contemplate the evaporation occurring from the base as well as the 

bubble surface;  

(b) Effect of cavity size, liquid flow variability, and heat transfer on the growth and 

waiting period; and  

(c) Frequent changes in the size of the growing vapour bubble [46]. 

 

The departure frequency is influenced by the changes in the departure diameter and is 

dependent on the cavity size. However, the magnitude of frequency is constant for any 

single cavity under consideration. The correlation between the frequency and diameter, 

‘do’ at the departure point is given as 𝑓𝑑𝑜
𝑛 = 𝐶𝑜𝑛𝑠𝑡. The value of ‘n’ as recommended 

by Ivey [47] is ½ for the heat transfer and 2 for the inertia controlled growth. Malenkov 

[48] developed another relationship for the departure frequency which is given by: 

 

 
𝑓𝑑0 =

𝑉𝑏

𝜋 (1 −
1

1 + 𝑉𝑏𝜌𝐺ℎ𝑙𝑣/𝑞′′
)
 

(2.11) 

where Vb refers to the departure velocity that can be estimated from the below relation: 

 𝑉𝑏 = √
𝑑𝑜𝑔(𝜌𝐿 − 𝜌𝐺)

2(𝜌𝐿 + 𝜌𝐺)
+

2𝜎

𝑑0(𝜌𝐿 + 𝜌𝐺)
 (2.12) 

Quite a lot of works have been attempted for investigating the current relationships in 

conditions of forced convective subcooled boiling. Situ et al. [49] studied the departure 

frequency using experimental techniques in a vertical subcooled flow boiling process. As 

per the developed correlation, it was found that the existing results matched suitably with 

the data corresponding to low superheat conditions. 

In heat transfer modeling for high heat flux boiling, the departure frequency in case of 

coalesced bubble is also a significant factor under consideration. Though these results 

have been obtained for ethane, water, and methanol, but investigation of cryogenic liquids 

are comparatively rare. Jin et al. [50] quantified the departure frequency in LN2 over the 

plane surface for analyzing its influence on parameters such as heat flux, material, and 

diameter. McFadden and Grassmann [51] also studied the nucleate boiling of liquid 

nitrogen and presented a new correlation concerning the frequency and diameter from the 

dimensional analysis, viz. 𝑓𝑑0

1
3⁄ = 𝐶𝑜𝑛𝑠𝑡. 
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2.3.5. Boiling phenomenon 

Boiling is a very complex but very common natural phenomenon involving nucleation, 

growth and intricate dynamics of vapour bubbles. There are generally two types of boiling 

phenomenon occurring due to heat transfer 

a) Nucleate boiling or Pool boiling 

b) Flow boiling 

Nucleate boiling occurs when the heat transfer is taking place to the liquid in no flow 

condition. Sakashita and Kumada [52] considered the effect of superheat, nucleation site 

density, heat flux, and physical properties and proposed new correlation. The different 

boiling curves were also drawn at saturation boiling conditions. Theofanous et. al [53] 

conducted an experiment (Fig. (2.9)) to capture the phenomenon of pool boiling under 

high heat flux.  

  

Figure 2.9 Experimental set up for nucleate boiling study [53] 

The effect of nucleation site density (NSD), bubble formation, growth was examined. The 

NSD was different in the fresh heater element and the aged heater element. The NSD was 

increasing as per the aging of the heater element. The nucleate boiling phenomenon is not 

common in the industrial application hence a very less work was done. 
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Flow boiling occurs when the heat transfer is taking place with the forced convection flow 

which is truly complicated. It depends on numerous parameters i.e. thermo-physical 

properties of the liquid, channel geometry, interface characteristics, operating conditions, 

etc. [54]. Despite of its complexity flow boiling is being used in a large number of 

engineering applications (i.e. steam tube boilers, refrigeration industry, air separation and 

cryogenics industry, etc.) due to its ability to carry large amount of heat through a limited 

volume of liquid. Physical characteristics of the flow boiling strongly depend on the size 

of the channel and equations developed for the conventional channel becomes inapplicable 

for micro size channel [55]. The flow boiling can be in the sub-cooled flow. The bubble 

behaviour was observed from the partially developed flow to the fully developed flow by 

Prodanovic et. al [56]. The bubble in the horizontal surface slides in the flowing direction 

up to a distance of 1-2 diameters before collapsing.  

2.3.6. Forces on the departing bubble 

Various forces acts on the departing bubble vertically upward and the downward direction 

in the case of nucleate boiling. 

a) Buoyancy force(Upward) 

b) Shear lift force (Upward) 

c) Contact pressure force (Upward) 

d) Drag force (Downward)  

e) Surface tension force (Downward) 

All the responsible forces for the bubble detachment from the heating surface, are shown 

in Fig. (2.10). 
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Figure 2.10 Forces on a single spherical bubble 

The resultant force acting on a spherical bubble is a vector sum of the forces acting in 

vertically upward and downward direction. Therefore, the resultant vertical force acting on 

a single spherical bubble and can be written as: 

 ∑ 𝐹 = 𝐹𝑏↑ + 𝐹𝑠𝐿↑ + 𝐹𝑐𝑝↑ + 𝐹𝑑↓ + 𝐹𝑠𝑦↓ (2.13) 

 

↑ shows the upward direction of force while ↓ shows downward direction. 

This resultant force, ‘F’ is responsible for the upward momentum gained by the bubble at 

the time of departure. 

The buoyancy force, ‘Fb’ acting on a spherical vapour bubble [57] can be calculated using 

the Archimedes principle and can be estimated by:  

 

 𝐹𝑏 =
4

3
𝜋𝑅3(𝜌𝐿 − 𝜌𝐺)𝑔 (2.14) 

The equation for the shear lift force, ‘FsL’ on a vapour bubble [58] is given by: 

 𝐹𝑠𝐿 =
1

2
𝐶𝐿𝜌𝐿∆𝑈2𝜋𝑅2 (2.15) 

where ΔU refers to the velocity difference between the bubble center point and the liquid 

phase and CL refers to the shear lift coefficient which is given by: 
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 𝐶𝐿 = 3.877𝐺𝑠

1
2⁄

⌊𝑅𝑒
−𝑚

2⁄ + (0.344𝐺𝑠
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where 𝐺𝑠= |
𝑑𝑈

𝑑𝑦
|

𝑅

𝑈
 , 𝑅𝑒 =

𝜌𝐿.∆𝑈.𝑑𝑜 

𝜇𝐿
 , µL corresponds to the dynamic viscosity of the liquid. 

As the force acting on the bubble depends on the local flow structure and the bubble sizes, 

the bubbly flow state is quite complex. Therefore, a more detailed modelling is required to 

study the two-phase flows. Through experimental and theoretical studies on a single 

bubble, numerous correlations have been developed that describe the bubble forces. Lucas 

et al. [59] provided the sets of bubble forces in vertical pipe flow models for poly-disperse 

flows from the experimental database. It was found that the different models for the 

bubble forces considering Favre averaged turbulent dispersion force, deformation force, 

and Tomiyama lift, as well as wall force, provides the best agreement with the 

experimental data. 

 

Studies were conducted to analyze the lift behaviour between a solid particle and a single 

bubble. However, the behaviour of a solid particle is quite different from that of vapour 

bubble, the reason for this difference in lift generation mechanism was not explained. 

Kurose et al. [60] examined the fluid shear effects for a high particle Reynolds number 

during the lift of a spherical bubble using a 3-D numerical simulation. The study also 

intended to explain the variations in the mechanism of lift generation between a bubble 

and a solid particle. 

The contact pressure force, ‘Fcp’ accounts for the pressure acting on a solid surface rather 

than the bubble surface surrounded by the liquid. This force can be evaluated as [61]: 

 𝐹𝑐𝑝 =
𝜋𝑑𝑤

2

4

2𝜎

𝑅𝑟
 (2.17) 

where Rr is the curvature radius. For any vapour bubble, this curvature can be accounted 

by considering the point x = 0 on the contact surface. The value of the curvature radius 

[61] can be taken as 5 times the radius of the bubble, i.e. Rr ~ 5R.  

The drag force, ‘Fd’ can be defined as the resistance offered by the surrounding liquid in 

the opposite direction to the motion of the spherical vapour bubble. It can be approximated 

as [61]: 
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 𝐹𝑑 = −
1

2
𝐶𝐷𝜌𝐿∆𝑈2𝜋𝑅2 (2.18) 

where CD is the drag coefficient, which can be approximated as, 

 𝐶𝐷 =
24

𝑅𝑒
(1 +

3

8
𝑅𝑒) (2.19) 

The drag force is quite small in the theoretical modelling by assuming inviscid liquids 

[62]. Sugioka and Tsukada [63] numerically examined a spherical bubble near the wall 

surface using a 3-D DNS dependent Marker and Cell (MAC) technique for measuring the 

lift and drag forces. The results exhibited the rise in the drag force due to the presence of 

wall surface. Dijkhuizen et al. [64] also investigated the performance of a bubble 

expanding into pure still water using the DNS techniques. The drag coefficient for a 

bubble increases with the decrease in the distance between the wall surface and the vapour 

bubble. 

The surface tension force, ‘Fsy’ acts over the contact line of the triple interface. Surface 

tension force in the y-direction can be calculated as [61]: 

 𝐹𝑠𝑦 = −𝑑𝑤𝜎
𝜋

(𝛼 − 𝛽)
[𝑐𝑜𝑠 𝛽 − 𝑐𝑜𝑠 𝛼] (2.20) 

In this equation, α and β refers to the advancing and receding contact angles respectively, 

and dw refers to the bubble contact diameter. As suitable models for determining these 

parameters are comparatively less in the literature; therefore it casts major doubt on the 

accuracy of the present model [65]. Klausner et al. [61] recommended α = ᴨ/4 and β = ᴨ/5 

from their measurements in R113 for 0.09 mm dw. However, Yun et al. [66] considered a 

constant ratio of contact diameter to bubble diameter, dw = do/15. Sugrue [67] provided 

the measurements of contact angles mainly for water, i.e. 90.63° as the advancing angle 

and 8.03° as the receding contact angle. Moreover, a small contact diameter to bubble 

diameter ratio was reported to give reasonably good agreement with data [65]. 

G.H. Yeoh et al. [68] performed the experiment to formulate a model considering the 

appropriate force balances acting on a bubble under subcooled conditions. The set-up 

consisted of a vertical concentric annulus with an inner heating rod. Fig. (2.11) shows the 

schematic drawing of the test channel. 
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Figure 2.11 Schematic diagram of the test channel [68] 

On applying the experimental conditions, the magnitude of respective forces acting on a 

single bubble in x and y directions are Fsx ∼1.13×10−5 N; Fdux ∼9.39×10−6 N; FsL 

∼8.12×10−5 N; Fh ∼2.69×10−7 N; Fcp ∼1.64×10−7 N and those in the y-direction are: Fsy 

∼8.04×10−7 N; Fduy ∼1.66×10−6 N; Fqs ∼1.34×10−4 N; and Fb ∼3.51×10−7 N [18]. 

2.4. Bubble-induced vibration 

Bubble motion provides the basis to understand the induced vibration. During the boiling 

process, the random movements of liquid and generated vapour bubbles lead to instability 

in the system. When these generated vapour bubbles interact with the surface of the 

system, induced vibration phenomenon occurs. Induced Vibrations are undesirable in the 

systems as they influence system safety and control problems affecting the standard 

process and limiting the operational parameters.  

There are two major causes of mechanical vibrations: 

a) Subcooled Boiling-Induced Vibration (SBIV)  

b) Flow Induced Vibration (FIV).  
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Researchers have focussed mainly on the effects of FIV’s rather than the SBIV, which also 

contributes significantly to the vibration phenomena. 

2.4.1. Subcooled boiling induced vibration (SBIV) 

Experimental investigation on SBIV was carried out by the authors [69]–[72] considering 

different cylindrical configuration, such as mini tubes, cylinders, heating rods, etc. It was 

reported that both the evolution and implosion of a vapour bubble are very important in 

distinguishing the key characteristics of subcooled boiling system. Hence, the bubble 

formation and collapse can affect the excitation force resulting in induced vibration. 

Nematollahi et al. [71] also concluded that the SBIV vibrations were so strong that it can 

be measured when there was a flow induced vibrations also. The experimental results 

show that the rapid growth and collapse of the bubbles generates force and SBIV depend 

on these forces. Moreover, it was also observed that bubble growth and collapse depends 

on the sub-cooling temperatures [70]. At higher sub-cooling temperatures, the bubble 

growth and collapse takes place very rapidly near the heated surface due to less lifetime of 

the bubble that may result in the higher pressure pulses near the heating surfaces. The 

force acting at the nucleation site present on the heated wall during the evolution phase is 

given by [72]: 

 𝐹 = 𝑚̇𝑉̅ =
16𝜋2

3𝐴0 𝑅𝑇
(3𝑝0𝑅 + 4𝜎)𝑅3 (

𝑑𝑅

𝑑𝑡
)

2

 (2.21) 

where, 𝑝0 is the pressure outside the bubble, 𝐴0 corresponds to the cavity surface area 

hence cavity opening radius can be taken as initial bubble radius, 𝑅̅ is vapor gas constant, 

and T is its temperature.  

The average force acting on the heated surface is calculated by integrating Eq. (2.21),  

 

𝐹̅ =
16𝜋2

3𝐴0 𝑅̅𝑇
(

𝑑𝑅

𝑑𝑡
)

2

𝑎𝑣𝑒
[0.6𝑝0

(𝑅𝑚𝑎𝑥
5 − 𝑅0

5)

(𝑅𝑚𝑎𝑥 − 𝑅0)

+ 𝜎
(𝑅𝑚𝑎𝑥

4 − 𝑅0
4)

(𝑅𝑚𝑎𝑥 − 𝑅0)
] 

(2.22) 

where 𝑅𝑜 is the initial bubble radius and 𝑅𝑚𝑎𝑥 refers to the maximum bubble radius. 

The experimental setup is shown in Fig. (2.12) [72]. 
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Figure 2.12 Experimental setup to capture high-speed images of bubble [72] 

 

The average force exerted is in the order of 10-4 N for water at 1 bar pressure and 

temperature of 20°C with the surface tension of 0.074 N/m [69]. In this experiment, the 

relationship between calculated and actual force has not been attempted. 

 

Collier and Thome [28] have expressed the statement related on the SBIV in the literature 

where it is indicated that “At high loading heat fluxes, the onset of subcooled boiling is 

encountered at a high degree of sub-cooling, and the vapour bubbles may grow and 
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collapse.  However, these processes are sometimes accompanied by the noise and 

vibration of the heating surface”. 

In many cases, the sub-cooled liquid boiling is accompanied by the High-Frequency 

pressure Oscillations (HFO). The frequency of these oscillations is almost in the range of 

the acoustic frequency. Hence, due to the coincidence of HFO and acoustic frequencies, 

the thermoacoustic phenomenon occurs. Smirnov et al. [73] correlated the subcooled 

boiling with the thermoacoustic phenomenon for the liquid flowing in the tube.  The 

pressure oscillation amplitude can be found out as 

 𝑃(𝑥) =
𝜌𝐶̅𝑉𝑚𝑎𝑥 𝑤𝑍𝑝

𝐾𝑠
. 𝐹(𝐾𝑋, 𝐾𝐿 … ) (2.23) 

where 𝜌 = density of the fluid, 𝐶 ̅= pressure wave propagation velocity, 𝑉𝑚𝑎𝑥 = maximum 

vapor bubble volume, 𝑤= liquid flow rate, Z= number of vaporization centers, p=heated 

section perimeter, K=wave number, s=cross-sectional channel area, 

𝐹 (𝐾𝑋, 𝐾𝐿 … ) =combination of periodic functions. 

 

Thermoacoustic phenomena has also been visualized in the case of film boiling. As 

superfluid liquid helium (He II) is being extensively utilized in space cryogenic 

applications such as detector and magnetic cooling systems, the optimum cooling 

performance output is of prime importance. However, in cases of noisy film boiling, the 

cooling capability of He II depreciates due to the presence of mechanical and thermal 

disturbances [74]. To avoid the conditions of induced vibrations due to noisy film boiling, 

the bath temperature needs to be decreased. As a result, the hydrostatic pressure required 

for noisy film boiling also diminishes [75]. In addition, the coefficient of heat transfer 

obtained in the case of noisy film boiling becomes much less as compared to silent film 

boiling thereby decreasing the cooling performance significantly. Despite various studies 

conducted on the cooling effects of film boiling [76], [77] several aspects concerning heat 

flux, bath temperature etc. still needs to be reviewed in detail.        

 

Zhang et al. [74] evaluated the effect of heat flux, bath temperature and heater size for 

determining the mechanism associated with noisy film boiling. In addition, a thorough 

study was also carried out for computing the temperature and pressure fluctuations related 

to the mechanism. Planar heater was utilized for boiling the He II and pressure sensors 

were deployed to measure the pressure oscillations. It was observed that as the heating 
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duration of He II is increased beyond 1 second at a constant heat flux of 10 W/cm2, the 

saturation boiling changes to noisy film boiling. This stage is accompanied by the frequent 

formation of large vapor bubbles which subsequently collapses on the surface of heater 

leading to large mechanical vibrations and acoustic noise. Zhang et al. [74] provided the 

evidence that the bubbles expand and collapse repeatedly causing various temperature 

peaks which make the calibration superconductor temperature sensor quite challenging. 

 

Though the subcooled boiling flow is extensively utilized in systems such as nuclear 

reactors and steam generators, it is necessary to understand the SBIV. Eisinger et al. [78] 

formulated the criteria for development of acoustic vibration in steam generators as well as 

heat exchanger tube banks. Thus, thermos-acoustics has become one of the vital 

phenomena in the area of subcooled boiling and provides the benchmark for identifying 

the induced vibration. However, results concerning SBIV are still in abeyance that needs 

to be analyzed in detail in the near future. 

2.4.2. Flow-induced vibration (FIV) 

Robert Blevins in 1977 transcribed his first book on the area of Flow-Induced Vibration 

(FIV). This term became popular after it was used in the textbook title. The studies of 

Blevins centered on the eigen modes and excitation frequency associated with FIV for 

structural and hydrodynamic systems respectively [79]. The work done on FIV also 

provided the direction to look upon the issue related to vibration and noise problems.  FIV 

obstructs the smooth plant operation and in severe cases can lead to significant 

maintenance and costly losses in productivity. Different kind of vibration issues has been 

encountered in nuclear power stations that include reactor, associated piping, steam 

generators, heat exchangers and other such additional equipment involving secondary 

piping and in-core instrument tubes [80]. 

Study of FIV in heat exchangers have also become a major area of focus for several 

researchers. Heat exchangers are a simple engineering device with no moving 

components. Investigations have been carried out concerning various mechanisms 

(Surrounding excitation, resonance, Vortex Shedding, Turbulence buffeting, Fluid 

instability, Multi-phase buffeting, and Hydraulic transients) causing vibration and noise 

along with mechanical integrity in heat exchanger bundle tubes [81]. However, fluid 

instability is a very critical source of FIV in heat exchangers. To prevent tube failures in 
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heat exchangers, two phase FIV excitation forces must be examined in detail. Various 

researchers obtained the different sets of experimental results concerning two-phase flow 

vibration considering different flow patterns or regimes [82]–[88]. Nevertheless, various 

effects such as viscosity, density ratio, and surface tension have been neglected. Pettigrew 

and Knowles [89] conducted the experiment to evaluate the dampening effect in a heat 

exchanger pipe in two-phase flow condition with a void fraction of about 25%. It was 

noticed that the vibration effect on the unexpected turbulence in the two-phase mixture is 

highly dependent on the surface tension.  

In the case of two-phase flow, FIV mainly depends on the void fraction, flow rate, 

direction of flow and velocity [89]–[92]. The principal factor that affects the vibration 

phenomena is a void fraction. Experimental and analytical studies confirmed that any 

fluctuation in void fraction can lead to significant variation in the mode shapes and 

frequency. Based on the flow direction, FIV can be categorized as internal, external, cross 

and axial.  The parameters needed to evaluate the two-phase FIV are homogeneous void 

fraction (ε), pitch velocity (UP) and free stream velocity (U∞) and can be expressed as 

[82]:  

 𝛼 =
𝑄𝑎

𝑄𝑎 + 𝑄𝑤
; 𝑈∞ =

𝑄𝑎 + 𝑄𝑤

𝐴∞
; 𝑈𝑃 = 𝑈∞ (

𝑃

𝑃 − 𝐷
)  (2.24) 

where Qa is the volumetric flow rate of air and Qw is the volumetric flow rate of water, A∞ 

refers to the free flow area, P corresponds to the center distance between the tubes (pitch) 

and D is the tube diameter.  

 

Zhang et al. [93] confirmed that the variation in the void fraction plays a significant role in 

defining the vibration spectrum. The results revealed that the effect of void faction was 

dominant in the low-frequency range, i.e. 4 Hz to 11 Hz, with pitch velocity of 5 m/s and 

void fraction of 80%. To analyze the dynamic vibration characteristics due to force 

excitation in a rotated cylinder bundle of the two-phase flow, semi-analytical 

mathematical models were formulated [94]. It was found that the momentum flux 

fluctuations are linked to the drag forces in the flow regime between the cylinders.       

 

Zhang et al. [94] developed the semi-analytical models for correlating and recognizing the 

characteristics of excitation forces in response to the dynamic vibration characteristics in a 

rotated cylinder bundle of the two-phase flow. It was found that in the main flow region 
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in-between the two cylinders, the quasi-steady drag forces are linked with the momentum 

flux fluctuations. Miwa et al. [95] in his critical reviews on the FIV mentioned about the 

trends in the two-phase internal flows and found out that the momentum flux contribution 

was very significant in the low-frequency zone that is less than 50 Hz. Also, it has been 

reported that the natural frequency corresponding to the FIV experiment is required to be 

greater than 50 Hz to avoid the resonance. Liu [91] revealed with the increase in gas 

velocity from the bubbly to slug flow, the peak frequency of void fraction, momentum 

flux, and force fluctuations become maximum corresponding to the liquid velocity. The 

primary assumption considered for this study was based on the smooth flow of liquid-

vapor mixture inside the pipe. 

 

The excitation mechanism of two-phase flow induced vibration over a straight horizontal 

pipe has been investigated by Hara [90]. The experimental study disclosed a significant 

relation between the piping’s system fundamental natural frequency and dominant 

frequency of water slug arrival in the two-phase flow with ratios of ½, 1/1, and 3/2 where 

intense vibration occurs. The primary focus of the early research was to determine the 

force intensity and the associated frequency level in different two-phase flow systems. 

Takashi [96] analyzed the motion of one phase with respect to the other phases in a 

dispersed two-phase flow system by considering the drag, gravitational forces, the effect 

of pressure gradient due to shear stresses and using a similar hypothesis based on the 

Reynolds number and drag coefficient. Recently, C. Charreton et al. [97] experimented to 

find out the damping effects of the two-phase flow, which is very crucial parameter in the 

study of the FIV. The simple analytical mode was also derived to get information about 

the physical dissipative mechanism. It was concluded that two-phase flow damping can be 

treated as viscous damping and it depends on the void fraction. 

Min An et al. [98] investigated vibrations induced due to the flow boiling of internal 

vapor-liquid-solid phase through a graphite tube of the evaporator. It was concluded that 

addition of solid particle in the two-phase flow boiling process increases vibration greatly. 

The vibrations in the graphite tube can be decomposed into three frequency regimes based 

on the phenomenon. The frequency regime from 0-500 Hz, 500-3000 Hz, and 3000-9000 

Hz can be categorized as macro-scale, meso-scale and micro scale sub signal respectively. 

These three frequency regimes exist due to liquid flow, vapor bubble behavior and 

collisions among the solid particle and between solid particle and the tube wall.   
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Study of FIV in heat exchangers have also become a major area of focus for several 

researchers. Heat exchangers are a simple engineering device with no moving 

components. Investigations have been carried out concerning various mechanisms 

(Surrounding excitation, resonance, Vortex Shedding, Turbulence buffeting, Fluid 

instability, Multi-phase buffeting, and Hydraulic transients) causing vibration and noise 

along with mechanical integrity in heat exchanger bundle tubes [81]. However, fluid 

instability is a very critical source of FIV in heat exchangers. To prevent tube failures in 

heat exchangers, two phase FIV excitation forces must be examined in detail. Various 

researchers obtained the different sets of experimental results concerning two-phase flow 

vibration considering different flow patterns or regimes [82],[84],[93]. Nevertheless, 

various effects such as viscosity, density ratio, and surface tension have been neglected. 

Pettigrew and Knowles [89] conducted the experiment to evaluate the dampening effect in 

a heat exchanger pipe in two-phase flow condition with a void fraction of about 25%. It 

was noticed that the vibration effect on the unexpected turbulence in the two-phase 

mixture is highly dependent on the surface tension. 

Vortex Shedding is also a significant mechanism for FIV, which arises due to various 

forces that act on a tube (circular cylinders) during shell-side cross flows of heat 

exchangers [81]. These forces cause external pressure fluctuations or vibrations resulting 

in Vortex-induced vibration (VIV). The condition of Synchronization in VIV is reached 

when the body’s natural frequency is close to vortex formation frequency, and the 

response amplitude increases significantly with the phase transition in-cylinder motion and 

pressure fluctuation [99]. As the Reynolds number increases to a threshold value, there is a 

loss in flow stability. Eventually, the vortices coming off during wake involve the well-

known phenomenon of Von Karman vortex street [100]. The Strouhal number is mostly 

associated with reduced frequency of VIV. It varies in accordance with the value of the 

Reynolds number [101]. Lienhard [102] experimentally determined the relationship 

between the Strouhal and Reynolds number with an accuracy of  5 to 10% using isolated 

static cylinders as shown in Fig. (2.13). 
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Figure 2.13 Envelop of Strouhal-Reynolds number relationship for circular cylinders 

[102] 

Tube arrays may also be subjected to self-induced vibrations during cross flows leading to 

fluid elastic instabilities. To determine the critical flow velocity needed to actuate the fluid 

elastic instability, Robert [103], [104] formulated the criteria for the proposed mechanism. 

It was found that the instability can happen provided that: 

 
𝑈

𝑓𝑛𝐷
> 12 (2.25) 

where U is the flow velocity of the fluid, D is tube’s natural frequency and D is the outer 

diameter of the tube array. 

Moreover, the flow pattern can seriously affect the fluid elastic instability of the system. 

The use of turbulators can also cause instabilities if its axis becomes normal to the tube’s 

axis [105]. Therefore, it is very much necessary to have the information regarding fluid 

flows and its possible interaction with the structure/component.   

2.5. Summary 

Different works have been carried on the various aspects related to Boiling Heat transfer, 

Bubble growth and nucleation, Bubble motion and its dynamics involving departure 

diameter, frequency, and acting forces.  
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Fully quantitative predictive models are still under development since they require 

information about heat transfer mechanisms derived from theoretical models and from 

detailed experiments on bubble dynamics.  

 

The bubble shape or bubble departure diameter has been considered for describing the 

dynamic process of bubble growth. The distinct feature of bubble dynamics is that contact 

angle deviates from the static value due to the rapidity of the growth.  

 

Investigation of forces on bubbles growing under subcooled flow boiling provides a basis 

for developing models to predict forces under pseudo-static conditions and these forces 

can be suitably modified for more complex analyses of bubble growth and departure. The 

force on the bubbles is totally different from the forces due to bubbles but as per literature 

review, the forces due to bubbles will be in the order of 10-5 to 10-7 N. 

2.6. Gaps identified from literature survey 

No experiment or theoretical investigation has been performed on the vibration and noise 

due to bubbles of the air-water mixture or liquid nitrogen. Hence no data or literature is 

available on the bubble induced vibration to design the cryopump for the gravitational 

wave astronomy. Hence this is a new most important area of investigation for the 

astronomy point of view. 

Bubble motion parameters are not formulated which provides the base for the bubble 

induced vibrations in the nucleate / pool boiling. 

Theoretical investigation for the bubble induced vibrations and its different modes are 

also not available. Hence it is very challenging to find out through different generated 

codes, for liquid nitrogen fluid. 

 

There are no such available works done in this regard, only the case study of the LIGO 

report has been described.  

2.7. Closing remarks  

The detailed literature review on bubble dynamics, induced vibration due to sub-

cooled and flow has been discussed in this Chapter. Out of the literature survey, 
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research gaps have been identified. 

Therefore, an attempt is made to obtain the generalized formulation for the bubble 

induced vibration and noise in case of nucleate or pool boiling. The bubble 

dynamics and bubble motion parameters are also to be developed.  

  

 

 

 

 

 



 

 

                                                                      

Bubble Dynamics 

 

The dynamics part is intended to supplement the extensive literature on bubble 

migrations and its effects. The bubble departure diameter is one of the important 

parameter, which plays a key role in the bubble dynamics. The bubble dynamics 

shows the various forces acting on the bubble during the bubble departure. The net 

vertical force will tend to lift the bubble from the heated surface. After departing 

from the surface the bubble moves in the liquid medium. During the movement, 

only certain forces will dominate the motion of the bubble. These forces will decide 

the displacement, velocity and the acceleration of the bubble considering the bubble 

as sphere. For a sphereiod bubble, the ratio of displaced liquid mass is twice the 

entrained mass. Therefore, the initial bubble acceleration (independent of size) will 

be 2g. The bubble is striking on the surface with certain velocity and acceleration. 

This will exert an impact force on the surface. This impact force is formulated in 

terms of semi-sinusoidal function and maximum force is evaluated. 

3.1. Bubble departure models  

The bubble nucleation takes place in any liquid from the nucleation sites present on the 

surface due to heat transfer. After the nucleation stage, the bubble growth process begins 

and continues to grow further to the point of detachment from the heated surface. Various 

properties of the liquid like inertia, surface tension, molecular diffusion, and viscosity are 

crucial for determining the growth rate. The diameter attained by bubble at the time of 

detachment from surface is called as bubble departure diameter. 
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Bubble diameter (𝑑𝑏) has been investigated over the last few decades. Experimental 

relationships have mostly been developed from empirical data as a function of the non-

dimensional numbers, bubble contact angle, or other thermo-hydraulic parameters. 

Moreover, systematic models have been formulated from the force balance equation that 

prescribes the bubble’s departure from the heated surface. The various models are 

applicable to the water and liquid nitrogen fluid as given. 

3.1.1. W. Fritz model 

 

In 1935, Fritz [43] predicted the bubble departure diameter (𝑑𝑏) by equating the buoyancy 

and adhesive force. 

𝑑𝑏 = 0.208𝜃 [
𝜎

𝑔(𝜌𝐿 − 𝜌𝐺)
]

1
2
 (3.1) 

where θ is the contact angle, ρL and ρG are the density of liquid and gas phase of 

the fluid respectively, σ is the surface tension of the liquid.  

This model is one of the most reliable models for the prediction of bubble departure 

diameter for the boiling of pure liquids and also liquid mixtures. This model is 

independent from the heat transfer and considers only the liquid properties.  

3.1.2. N. Zuber model 

Zuber [106] derived a correlation of the bubble departure diameter by assuming that 

bubble growth occurs in a superheated and thin thermal layer near the surface. 

𝑑𝑏 = [
6𝜎

𝑔(𝜌𝐿 − 𝜌𝐺)

𝑘∆𝑇

𝑞
]

1/3

 (3.2) 

where 𝑘 is the thermal conductivity of liquid, 𝑞 is the heat flux supplied to the 

liquid for the nucleate boiling, ∆𝑇 is the difference between the wall temperature 

and the saturation temperature of the liquid i.e. Tw − Tsat.  

3.1.3. Cole and Shulman model 

Cole and Shulman [107] reported that the bubble departure diameter is proportional to the 

inverse of the absolute pressure. One year later, Cole [108] summarized the existing 
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studies on the bubble departure diameter and departure frequency and proposed a 

correlation.  

𝑑𝑏 = 0.04𝐽𝑎√
2𝜎

𝑔(𝜌𝐿 − 𝜌𝐺)
 (3.3) 

𝐽𝑎 =
𝜌𝐿𝐶𝑝𝑙𝑇𝑠𝑎𝑡

𝜌𝐺ℎ𝑙𝑣
 

(3.4) 

where 𝐽𝑎 is the non dimensional Jakob number, 𝐶𝑝𝑙 𝑎𝑛𝑑 ℎ𝑙𝑣 are the specific heat and 

the latent heat of liquid respectively.   

In 1969, Cole and Rohsenow [109] proposed much better correlations for the bubble 

diameter at departure: 

𝑑𝑏 = 1.5 × 10−4√
2𝜎

𝑔(𝜌𝐿 − 𝜌𝐺)
(𝐽𝑎)

5
4 (3.5) 

Cole and Rohsenow also proposed the relation for the liquid nitrogen fluid  

𝑑𝑏 = 1.31√
𝜎

𝑔(𝜌𝐿 − 𝜌𝐺)
 (3.6) 

The relation is just like as given by the Fritz. It does not involve any heat criteria. 

3.1.4. Ruckenstein model 

Ruckenstein [110] modified Fritz model by involving the heat flux through the surface 

temperature. The surface temperature is a part of the Jakob number. 

𝑑𝑏 = [
3𝜋2𝜌𝐿

2𝛼𝐿
2𝑔0.5(𝜌𝐿 − 𝜌𝐺)0.5

𝜎1.5
] 𝐽𝑎

4
3√

2𝜎

𝑔(𝜌𝐿 − 𝜌𝐺)
 (3.7) 

where 𝛼𝐿 is the thermal diffisivity of the liquid.   

3.1.5. Van Stralen and Zijl model 

Van Stralen and Zijl [111] proposed an empirical model for nucleate boiling by 

considering bubble growth mechanisms. This model includes the Jakob number and 

thermal diffusivity of the solution. 
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𝑑𝑏 = 2.63 [
𝐽𝑎2𝛼𝐿

2

𝑔
]

1
3

[1 + (
2𝜋

3𝐽𝑎
)

1
2

]

1
4

 (3.8) 

3.1.6. Stephan Wenzel model 

According to Stephan Wenzel [112] has modified the Fritz model by involving three 

dimensionless numbers (Jakob, Prandtl, and Archimedes). 

𝑑𝑏 = 0.25 [1 + (
𝐽𝑎

𝑃𝑟
)

2 100000

𝐴𝑟
]

0.5

√
2𝜎

𝑔(𝜌𝐿 − 𝜌𝐺)
 (3.9) 

𝐴𝑟 =
𝑔𝜌𝐿∆𝜌

𝜇𝐿
2 (

𝜎

𝑔∆𝜌
)

3
2
 

(3.10) 

𝑃𝑟 =
𝜇𝐶𝑝𝑙

𝑘
 

(3.11) 

where 𝐴𝑟 is the Archimedes, 𝑃𝑟 is the Prandtl number, ∆𝜌 is the difference between 

the densities difference between liquid and gas, 𝜇𝐿 is the dynamic viscosity of the 

liquid. 

3.1.7. Jeongbae Kim and Moo Hwan Kim model 

Kim et al. [113] obtained the relation of bubble departure diameter of bubbles 

during nucleate pool boiling under a range of conditions, including constant heat 

flux and temperature pool conditions, subcooled, saturated and superheated 

thermodynamic conditions, and atmospheric and sub-atmospheric pressure 

conditions. The relation was proposed using the relationship between the Jakob and 

Bond Number 

𝐵𝑜1/2 = 0.1649𝐽𝑎0.7 (3.12) 

where 𝐵𝑜 is the non dimensional Bond number and can be expressed as  

𝐵𝑜 =
𝑔(𝜌𝐿 − 𝜌𝐺)(𝑑𝑏)2

𝜎
 (3.13) 
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The equation for the bubble departure diameter can be calculated as  

d𝑏 =
0.1649𝐽𝑎0.7

√(𝜌𝐿 − 𝜌𝐺)
𝜎

 
(3.14) 

3.1.8. Han Choon Lee et al. model 

Han Choon Lee et al. [114] estimated the bubble diameter by relating it to pressure 

difference condition using static equilibrium and expressed the diameter as: 

d𝑏 = 8437.5
𝛼𝐿

2𝜌𝐿

𝜎
𝐽𝑎2 (3.15) 

After comparing the various models of bubble departure diameter, it can be concluded that 

the best suitable model is given by W. Fritz. This model gives the best result for the pure 

liquid. Though Stephan Wenzal improved the Fritz’s model by involving the 

dimensionless factors, this model is best suited for the liquid mixtures. Moreover, other 

models mostly consider the heat transfer phenomenon in the bubble growth.  

For liquid nitrogen, Jeongbae Kim and Moo Hwan Kim [113] provided the 

correlation for determining the bubble departure diameter, and it was proposed by 

the following equation; 

d𝑏 =
0.1649𝐽𝑎0.7

√(𝜌𝐿 − 𝜌𝐺)
𝜎

 
(3.16) 

where 

𝐽𝑎 =
𝜌1𝐶𝑝𝑙(𝑇w − 𝑇𝑠𝑎𝑡)

𝜌𝑣ℎ𝑙𝑣
 (3.17) 

The departure model given by Jeongbae Kim and Moo Hwan Kim is related with the 

liquid nitrogen fluid. Hence, it provides more accurate bubble departure diameter for the 

Liquid Nitrogen bubble. The bubble dynamics for liquid nitrogen is based on the bubble 

diameter obtained from the Jeongbae equation.  
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3.2. Forces acting on a detaching vapour bubble 

The bubble growth takes place if the temperature of the liquid-vapour interface is more 

than the saturation temperature corresponding to the interfacial liquid pressure. The rate of 

bubble growth depends on the superheat and on the liquid temperature distribution at the 

nucleation site. The degree of superheat is the difference between the wall temperature and 

liquid saturation temperature. The internal vapour bubble pressure is governed by the 

interfacial liquid superheat, which causes to move the bulk liquid away from the vicinity 

of the heated surface. This internal vapour pressure is balanced by the different forces e.g. 

liquid inertia, liquid viscosity, buoyancy and surface tensions [115] etc. These forces can 

be combined using the vector addition as per the magnitude and directions. The net 

resultant force is responsible for the detachment and motion of the bubble from the heated 

surface.  

The various forces acting during the bubble detachment condition are as follows: 

 

(1) Surface tension force (Fst) 

(2) Shear lift force (FsL) 

(3) Buoyancy force (Fb) 

(4) Hydrodynamic force (Fh) 

(5) Quasi-steady drag force (Fqs) 

(6) Contact pressure force (Fcp) 

(7) Unsteady drag force (Fdu) 

Various forces acting during bubble detachment are shown in Fig. (3.1), in the 

directions parallel and normal to a horizontal heating surface.  
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Figure 3.1 Forces on the vapor bubble during detachment from heating surface 

3.2.1. Surface tension force (Fs) 

This force generally occurs at the liquid-solid-vapour interline at a certain advancing (α) 

and receding (β) contact angle. During the bubble growth process, the bubble is not 

perfectly sphered, hence the contact angles differs on the advancing and receding side. 

Due to the difference in the contact angles, there is a net surface tension force component 

in x and y directions. 

In order to determine Fsx (x-component of surface tension force) and Fsy (y-component of 

surface tension force), the effect of contact angles should be taken into consideration in the 

plane parallel and normal to the heating surface as shown in Fig. (3.1). The relation 

between the two contact angles can be generalized with the help of a third order 

polynomial. This general contact angle [71] is assumed as γ 

𝛾(∅) = 𝛽 + (𝛼 − 𝛽) [3 (
∅

𝜋
)

2

− 2 (
∅

𝜋
)

3

] ,       0 ≤ ∅ ≤ 𝜋 (3.18) 

𝛾′(∅) =
6(𝛼 − 𝛽)

𝜋
[(

∅

𝜋
) − (

∅

𝜋
)

2

]       
(3.19) 

where ϕ is the polar angle around the bubble in the x-z plane. It satisfies γ(0) = β and γ(π) 

= α and the symmetry conditions γ’(0) = γ’(π) = 0. This is a good representation when the 

difference in α and β is not large. 
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Eq. (3.18) can be approximated as  

 𝛾(∅) ≈ 𝛽 + (𝛼 − 𝛽)
∅

𝜋
 (3.20) 

The surface tension forces at x- and y- directions were given by Klausner et al. [61] as 

𝐹𝑠𝑥 = − ∫ 𝑑𝑤𝜎 cos 𝛾 cos ∅𝑑∅

𝜋

0

       (3.21) 

𝐹𝑠𝑦 = − ∫ 𝑑𝑤𝜎 sin 𝛾𝑑∅

𝜋

0

 

      (3.22) 

where dw and σ are the bubble contact diameter on the heater surface and surface tension 

respectively. 

Fsx and Fsy equations are further simplified to 

𝐹𝑠𝑥 = −𝑑𝑤. 𝜎.
𝜋(𝛼 − 𝛽)

𝜋2−(𝛼 − 𝛽)2
[𝑠𝑖𝑛 𝛼 + 𝑠𝑖𝑛 𝛽]       (3.23) 

𝐹𝑠𝑦 = −𝑑𝑤. 𝜎.
𝜋

(𝛼 − 𝛽)
[𝑐𝑜𝑠 𝛽 − 𝑐𝑜𝑠 𝛼]       (3.24) 

The magnitude of the surface tension force can be calculated by using Eq. (3.23) and Eq. 

(3.24) in x and y directions. These forces will act in the negative x and negative y 

directions. 

 

Figure 3.2 Vapour bubble representation showing departure ‘d’ and contact diameter ‘dw’ 
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Fig. (3.2) shows the wetted diameter dw and bubble diameter d. 

3.2.2. Shear lift force (FsL) 

Saffman [116] derived the shear lift force on a solid sphere at low Reynolds number. 

Auton [117] derived an expression for the shear lift force on a sphere in an inviscid shear 

flow. Mei and Klausner [118] modified Saffman’s model to suit for a bubble and 

interpolated with Auton’s equations to derive an expression for shear lift force over wide 

range of Reynolds number as 

 𝐹𝑠𝐿 =
1

2
𝐶𝐿𝜌𝐿𝑈2𝜋𝑟2 (3.25) 

where r is the bubble radius, U is the uniform flow velocity, CL is the shear lift coefficient 

given by: 

𝐶𝐿 = 3.877𝐺𝑠

1
2⁄

× ⌊𝑅𝑒
−𝑚

2⁄ + (0.344𝐺𝑠

1
2⁄

)
𝑚

⌋

1
𝑚⁄

, 𝑚 = 4       (3.26) 

𝐺𝑠= |
𝑑𝑈

𝑑𝑦
|

𝑟

𝑈
 

      (3.27) 

where Gs is the shear rate constant. 

Here, Reynolds number, Re, is defined as 𝑅𝑒 =
𝜌𝐿.𝑈.𝑑𝑜 

𝜇𝐿
, where do and 𝜇𝐿 are the hydraulic 

equivalent diameter and the dynamic viscosity of liquid, respectively. 

 

For low heat flux and low-velocity flow, Cho et. al [58] developed a new relation for shear 

lift coefficient (CL) as: 

 𝐶𝐿 =
1

2
[
(1 +

16
𝑅𝑒)

(1 +
29
𝑅𝑒)

] (3.28) 

The value of CL varies with the change in Reynolds number. Tomiyama [119] reported 

that the value of shear lift coefficient becomes 0.3 and constant with the increase in the 

value of Reynolds number.  

Tomiyama et al. [120] provided an estimate of shear lift coefficient using a curve of CL vs. 

bubble departure diameter.  
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Figure 3.3 Lift coefficient according to the bubble size 

It has been reported that the lift coefficient has a constant value of 0.28 with bubble 

diameters up to 5.8 mm and becomes negative with further increase in the diameter value 

as shown in Fig. (3.3). 

Cho et. al [58] modified the relation as  

 𝐹𝑠𝐿 =
1

2
𝐶𝐿𝜌𝐿∆𝑈2𝜋𝑟2 (3.29) 

where ΔU is the relative velocity between the liquid phase and bubble center of 

mass as shown in Fig. (3.4).  

 

Figure 3.4 Relative velocity between bulk fluid velocity and bubble velocity 

 ΔU can be mathematically written as: 
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 ∆𝑈 = √𝑉𝑏
2 + 𝑈2 (3.30) 

where Vb is the bubble departure velocity. In case of nucleate pool boiling (U≈ 0), hence 

the relative velocity becomes equal to the bubble departure velocity i.e. ∆𝑈 ≈ 𝑉𝑏. The 

bubble departure velocity is calculated as [121]: 

 𝑉𝑏 = √(
𝑑𝑏𝑔(𝜌𝐿 − 𝜌𝐺)

2(𝜌𝐿 + 𝜌𝐺)
+

2𝜎

𝑑𝑏(𝜌𝐿 + 𝜌𝐺)
) (3.31) 

The relation given by Cho et. al [58] is suitable in case of pool boiling because of very low 

Reynold’s number. 

3.2.3. Buoyancy force (Fb) 

The buoyancy force occurs due to the pressure differences associated with the liquid-

vapour density in a body. Moreover, the natural convection current affects the liquid 

temperature distribution around the body. This buoyancy force acts on the bubble surface 

in contact with liquid and wall. This force can be corrected with the help of contact 

pressure force acting in the z-direction on the bubble surface in contact with the wall only. 

The buoyancy force, Fb is obtained by integrating the hydrostatic component of the liquid 

pressure over the bubble [61]: 

 𝐹𝑏 = − ∫ (𝛤𝑟 − 𝜌𝐿𝑔𝑦 − 𝑃𝑣)𝑛𝑦𝑑𝐴
𝑠1+𝑠2

 (3.32) 

 
𝐹𝑏 =

4

3
𝜋𝑟3(𝜌𝐿 − 𝜌𝐺)𝑔 

(3.33) 

where s1 and s2 denote the bubble surfaces in contact with the liquid and the wall, Pv is the 

vapour pressure inside the bubble, ny is the y component of outward normal of bubble 

surface, Γr is the reference pressure at y=0, ρL and ρG are the liquid and vapour density 

respectively, g is the acceleration due to gravity. 

3.2.4. Hydrodynamic force (Fh) 

The hydrodynamic force acts on the contact area of the bubble with the solid surface. The 

hydrodynamic force Fh, may be estimated by considering an inviscid flow over a sphere in 

an unbounded flow field. Due to the symmetry over the majority of the bubble surface, the 

contribution to Fh is from the pressure on the top of the bubble over an area πdw
2/4 [61]: 
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 𝐹ℎ =
1

2
(

9

4
𝜌𝐿𝑈2)

𝜋𝑑𝑤
2

4
 (3.34) 

3.2.5. Quasi-steady drag force (Fqs) 

The constant drag force acting in the direction of the flow field is known as quasi-

steady drag force. Since the flow velocity of the fluid is very less, this force acts 

symmetrically on the vapour bubble. This force can be estimated only for a pure-

spherical bubble. This component of drag force arises when the bubble is 

considered stationary in a uniform viscous flow. Klausner et al. [61] considered the 

effect of heated surface and modified the equation of force given by Mei and 

Klausner [118]. Hence this force can be determined by the Eq. (3.35). 

 𝐹𝑞𝑠 = 6𝜋𝜌𝐿𝜈𝑈𝑟 [
2

3
+ {(

12

𝑅𝑒
)

𝑛

+ 0.796𝑛}

−1
𝑛⁄

] (3.35) 

where n is 0.65. 

3.2.6. Contact pressure force (Fcp) 

The contact pressure force at the reference point over the contact area is due to the 

pressure difference between inside and outside surface of a vapour bubble. This force is 

obtained by integrating the pressure difference along the bubble base and is sometimes 

referred to as a buoyancy correction force. Due to the axis-symmetry of the bubble, only 

the y direction is considered yielding a contact pressure of 

 𝐹𝑐𝑝 = − ∫ (𝛤𝑟 − 𝜌𝐿𝑔𝑦 − 𝑃𝑣)𝑛𝑦𝑑𝐴
𝑠2

 (3.36) 

 
𝐹𝑐𝑝 =

𝜋𝑑𝑤
2

4

2𝜎

𝑅𝑟
 

(3.37) 

where Rr is the radius of curvature of the bubble at the reference point on the surface x = 

0, which is Rr ~ 5r [61]. 

3.2.7. Unsteady drag force (Fdu) 

The bubble growth occurs either in a uniform unbounded inviscid liquid on the spherical 

bubble or in a hemispherical bubble attached to the heated surface. In general, asymmetric 

bubble growth will result in the unsteady drag force. This force depends mostly on the 
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bubble shape. The growth force, Fdu, is modelled by considering a hemispherical bubble 

expanding in an inviscid liquid, which is given by Zheng et al. [75]: 

 𝐹𝑑𝑢 = 𝜌𝐿𝜋𝑟2 (
3

2
𝐶𝑠𝑟̇2 + 𝑟𝑟̈) (3.38) 

where (·) indicates differentiation with respect to time. The constant Cs and 𝜃 is taken to 

be 20/3 and π/18 according to Zeng et al. [122]. 

The unsteady drag force due to the asymmetrical growth of the bubble in x and y 

directions are: 

 𝐹𝑑𝑢𝑥 = 𝐹𝑑𝑢 sin 𝜃 (3.39) 

 𝐹𝑑𝑢𝑦 = 𝐹𝑑𝑢 cos 𝜃 (3.40) 

For vertical direction, 𝐹𝑑𝑢𝑦 is considered for the bubble departure force. 

3.2.8. Forces in vertical direction  

The net force can be calculated by summing all the upward and downward forces acting 

on the bubble. The upward forces acting on the bubble are buoyancy force  (𝐹𝑏), shear lift 

force (𝐹𝑠𝐿), and contact pressure force (𝐹𝑐𝑝). The downward forces acting on the bubble 

are the hydrodynamic (Fh), the capillary or surface tension force (Fsy) and unsteady drag 

force (Fduy). Hence the net force acting on the detaching bubble in vertical direction can be 

written as: 

 ∑ 𝐹 = 𝐹𝑏 + 𝐹𝑠𝐿 + 𝐹𝑐𝑝 + 𝐹ℎ + 𝐹𝑠𝑦 + 𝐹𝑑𝑢𝑦 (3.41) 

The bubble will not depart from the surface till ∑ 𝐹 < 0 and as soon as ∑ 𝐹 > 0 , the 

bubble will depart from the surface. 

3.3. Acceleration of bubble  

This unbalanced net force (∑ 𝐹) in the y-direction is responsible to produce an initial 

acceleration in the bubble. This initial acceleration is calculated using Newton’s second 

law, 

 𝑎 =
∑ 𝐹

𝑀𝑒
 (3.42) 

where the Me is the entrained mass of the bubble. The mass of bubble is always calculated 

as an entrained mass, which is carried along with the bubble during its motion within the 

fluid. When the bubble (spherical vapour body) moves through the liquid, the density of 
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the bubble is much lighter than the liquid density. Hence, the entrained mass of the bubble 

is much larger than the mass of vapour content in the bubble and so subsequently 

entrained mass dominates. The entrained mass of bubble [123] is considered as half of this 

displaced mass of liquid. The entrained mass can be written as 

 𝑀𝑒 = 𝜌𝐿 (
2

3
𝜋𝑟3) (3.43) 

As per the Leighton [123] also, the ratio of displaced mass is the twice of the entrained 

mass, which provides the initial bubble size-independent acceleration as 2g. 

3.4. Forces acting during bubble motion 

The bubble translation comes into play after the vapour bubble departs from the heated 

wall with an unbalanced force acting in the y-direction i.e. opposite to the gravitational 

field. The motion of the bubble is described in terms of displacement, velocity, and 

acceleration arising from the net force.  

As reported by Klausner et al. [61], the order of magnitude of the sum of bubble 

detachment forces acting in the x-direction is of the order of 10-9 N. However, the 

summation of the forces acting along y-direction is 103 times greater than the summation 

of forces in the x-direction. Moreover, the major forces (Fig. (3.5)) which affect the 

motion of the vapour bubble are as follows: 

1) Inertia force (Fi) 

2) Buoyancy force (Fb)  

3) Drag force (Fd) 
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Figure 3.5 Forces acting on a vapour bubble during its motion 

3.4.1. Vapour bubble motion criteria 

a) The departed vapour bubble has been considered to be purely spherical. 

Because at low mass flux, the shape of the bubble is almost spherical. 

b) For a sphere, the ratio of the displaced liquid mass is twice the entrained mass 

“M” [124]. 

c) The radius of the bubble is assumed to be constant during its motion. Because 

as per the bubble growth studies, the variation in radius is very negligible 

w.r.to the bubble departure radius at low mass and heat flux. 

d) For the motion analysis of the vapour bubble, a single spherical bubble has 

been considered for this purpose. 

3.4.2. Inertia force (Fi) 

As the vapour bubble departs from the heated surface, it gains an initial acceleration from 

the unbalanced net force in the y-direction. Due to this acceleration, the bubble attains 

certain momentum which causes the liquid field to impart inertia. This inertia for the 

liquid surrounding the bubble needs to be accounted. Due to this inertia, the acceleration 

of the bubble tends to decrease from initial acceleration making the velocity component to 

reach its asymptotic value. This asymptotic value of velocity is termed as the Terminal 

velocity.  

 

The inertia force is dependent on the mass of surrounding liquid displaced by the bubble 

during its motion. Half of this displaced mass is considered as the entrained mass of 

bubble [124]. This entrained mass is also referred as the added mass with the bubble. The 

bubble’s motion is resisted by this added mass imposing as inertia force 𝐹𝑖, which is 

calculated as: 

 𝐹𝑖 = 𝑀𝑎 (3.44) 

where a is the initial acceleration of the bubble and M is the mass of the bubble  

which is equal to the entrained mass of bubble Me. Hence the inertia force is 

written as  

 𝐹𝑖 = 𝜌𝐿 (
2

3
𝜋𝑟3) 𝑎 (3.45) 
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3.4.3. Buoyancy force (Fb) 

This force is the outcome of pressure exerted on the vapour bubble by the surrounding 

liquid. Bubble’s upward motion is driven by its buoyancy, i.e. by the weight of displaced 

liquid: 

 𝐹𝑏 = 𝜌𝐿𝑉𝑔 (3.46) 

 
𝑉 =

4

3
𝜋𝑟3 

(3.47) 

where V and r are the volume and radius of the bubble respectively.  

3.4.4. Drag force (Fd) 

The drag force is exerted on the bubble due to the viscosity of water during the motion of 

bubble. The direction of drag force is always be opposite to the flow direction. After the 

bubble departs from the heating surface, it gains some initial velocity. This velocity 

imparts motion to the vapour bubble, which eventually gives rise to the drag force. This 

drag will be approximated by Stokes’s expression [125]. 

 𝐹𝑑 = 6𝜋𝜌𝐿𝜈𝑟𝑣 (3.48) 

where 𝜈 is the kinematic viscocity of the fluid and 𝑣 is the bubble velocity within 

the fluid. 

This expression is strictly valid for a sphere moving at constant velocity. This 

approximation is selected because the resulting simple solution provides ready insight to 

the physics of bubble dynamics. The error is negligible at early times (i.e. before reaching 

to its terminal velocity), where drag force is overshadowed by the inertia force, and at late 

times (i.e. at asymptotic constant terminal velocity 𝑣𝑇), the drag force dominates over the 

inertia force during its motion. The value of time scale is defined in the bubble migration 

(Section 3.5.3). 

3.4.5. Equation of motion 

Applying Newton’s second law, viz. setting buoyancy force 𝐹𝑏 equal to the sum of the 

liquid generated forces 𝐹𝑖  𝑎𝑛𝑑 𝐹𝑑, the equation of motion is. 

 𝐹𝑏 − (𝐹𝑖 + 𝐹𝑑) = 0 (3.49) 

 
𝜌𝑉𝑔 −

𝜌𝑉𝑎

2
− 6𝜋𝜌𝜈𝑟𝑣 = 0 

(3.50) 

or 
𝜌𝑉𝑎

2
+ 6𝜋𝜌𝜈𝑟𝑣 − 𝜌𝑉𝑔 = 0 (3.51) 
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Dividing all terms by  
𝜌𝑉

2
=

2

3
𝜋𝑟3𝜌 , the equation is 

 𝑎 + (
9𝜈

𝑟2
) 𝑣 − 2𝑔 = 0 (3.52) 

The radius of the bubble is taken to be constant as per the bubble motion criteria. The 

resulting error is insignificant at early times, where inertia predominates over drag. Even 

at late times, the error is unimportant at a low depth where the hydrostatic pressure is 

dominated by atmospheric pressure. Due to this, the bubble size becomes relatively 

independent of the vertical distance‘s’ migrated by the bubble. 

3.4.6. Bubble migration 

The analogous equation of motion for the Eq. (3.52) is,  

 𝑎 +
𝑣

𝑡
− 2𝑔 = 0 (3.53) 

Comparing the Eq. (3.52) and Eq. (3.53), the migration time ‘t’ for the spherical 

bubble is obtained as, 

 𝑡 =
𝑟2

9𝜈
 (3.54) 

During migration of bubble, two conditions exists with respect to time 

(1) Early time zone (𝑡 ≪
𝑟2

9𝜈
) 

(2) Late time zone (𝑡 ≫
𝑟2

9𝜈
) 

The migration conditions in terms of acceleration, velocity, and displacement are different 

for both the conditions. 

3.4.6.1Early time zone 

As soon as bubble departs from the heated surface, the inertia forces will dominate over 

the drag force. So drag force will be negligible w.r.to inertia force. Therefore buoyancy 

force and inertia force will act on the spherical bubble. For a bubble migration initiated at 

time zero or early time, it has initial acceleration. Hence, 

 𝑎 ≈ 2𝑔 (3.55) 

The bubble velocity and displaced can be found out by integrating the Eq. (3.55), 

 𝑣 = 2𝑔𝑡 (3.56) 

 𝑠 = 𝑔𝑡2 (3.57) 
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The large acceleration is due to the fact that the entrained mass is half the displaced mass 

of liquid. This acceleration is independent of bubble size, but it is a function of the 

buoyant body’s aspect ratio. The aspect ratio for any body is defined as the ratio of length 

to its diameter. If spherical bubble elongates in the vertical direction and takes the shape of 

a ellipsoid, then it experiences even larger acceleration in spite of smaller entrained mass. 

In the present case, the bubble is considered as spherical, hence the acceleration will be 

almost equal to the entrained mass. 

3.4.6.2Late time zone 

As the bubble translates further within the liquid and enters into the late time zone, 

drag force dominates over the inertia force. So inertia force is negligible w.r.to drag 

force. Therefore buoyancy force and drag force will act on the spherical bubble. 

Hence, the asymptotic terminal velocity can be determined as, 

 𝑣 = 𝑣𝑇 =
2𝑔𝑟2

9𝜈
 (3.58) 

From the Eq. (3.58), it is evident that the asymptotic terminal velocity (𝑣𝑇) is a function of 

square of bubble radius i.e. with the increase in size of the bubble, the late time velocity 

tends to increase in the parabolic fashion.  

 
9𝜈

𝑟2
=

2𝑔

𝑣𝑇
 (3.59) 

The equation of motion is conveniently formulated in terms of this asymptotic velocity; 

 𝑎 +
2𝑔

𝑣𝑇
𝑣 − 2𝑔 = 0 (3.60) 

It is known that  

 𝑎 =
𝑑2𝑠

𝑑𝑡2
;      𝑣 =

𝑑𝑠

𝑑𝑡
 (3.61) 

The above Eq. (3.60) is; 

 
𝑑2𝑠

𝑑𝑡2
+ (

2𝑔

𝑣𝑇
)

𝑑𝑠

𝑑𝑡
− 2𝑔 = 0 (3.62) 

 𝑑2𝑠

𝑑𝑡2
− (−

2𝑔

𝑣𝑇
)

𝑑𝑠

𝑑𝑡
= 2𝑔 

(3.63) 
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The Eq. (3.63) is a second order inhomogeneous equation with determined constant. The 

solution is obtained using the addition of complementary function (CF) and particular 

solution (PS).  

The solution of this differential equation will provide the displacement of bubble 

migration w.r.to time scale function and is obtained as 

 𝑠(𝑡) = 𝑣𝑇𝑡 − (
𝑣𝑇

2

2𝑔
) [1 − 𝑒

(
−2𝑔𝑡

𝑣𝑇
)
] (3.64) 

Differentiating Eq. (3.64), the bubble velocity function w.r.to time is 

 𝑣(𝑡) = 𝑣𝑇 [1 − 𝑒
(

−2𝑔𝑡
𝑣𝑇

)
] (3.65) 

Differentiating Eq. (3.65), the bubble acceleration function w.r.to time is 

 𝑎(𝑡) = 2𝑔 𝑒
(

−2𝑔𝑡
𝑣𝑇

)
 (3.66) 

These kinematic equations obtained are the exponential function of the time scale 

factor. Moreover, the bubble displacement and velocity are directly proportional to 

the terminal velocity gained at the later stage of its motion.    

3.5. Bubble impact force 

The vapour bubble will attain certain velocity and acceleration after traversing a finite 

distance. During its motion, if a vapour bubble encounters any structural component 

within the system then it will collide with the surface of the system with a certain 

momentum. This collision of the bubble will exert a force on the surface. If any force acts 

on the body for the short duration, an impulse is generated on the body. This impulsive 

force is called as impact force. The impact force is defined in terms of change in 

momentum before and after the impact / collision. This impulsive force is not constant 

during the collision time and it varies in semi-sinusoidal fashion as shown in Fig. (3.6).  



CHAPTER 3 

60 

 

 

Figure 3.6 Impact force variation with respect to collision time 

 

where 𝜏  is the impact or collision time period. Mostly the impact time period is quite less 

i.e. in milli seconds. The total impact force is the area under the force versus time curve.  

The generated impact force is the time dependent function which gives rise to the time-

dependent deceleration. Hence the impact force generated by bubble will depend on the 

deceleration magnitude at the time of the collision. The impact force can be obtained by 

considering the area under the force-time curve. 

For the present study, this time interval has been taken as the ratio of bubble diameter to 

the bubble velocity. The minimum distance travelled by the bubble between the two 

successive impacts on the surface of the system is equal to the bubble diameter. 

 𝜏 =
2𝑟

𝑣(𝑡)
 (3.67) 

where 𝑣(𝑡) is the bubble velocity at the time of impact. 

3.5.1. Mathematical formulation of impact force exerted by a bubble on a surface 

Using the Newton’s law of motion, the bubble impact force on the surface will be 

directly proportional to the bubble deceleration. The magnitude of the bubble 

deceleration will depend on the traversing time before colliding the surface.  

   𝐹 = 𝑀𝑎𝐷(𝑡) (3.68) 

where M is the mass of the bubble and 𝑎𝐷(𝑡) is the bubble’s deceleration sensed by the 

bubble during migration time (t). To get this deceleration function w.r.to time scale factor, 
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a semi sinusoidal function as ∅(𝑡) has been considered. Hence the deceleration function 

𝑎𝐷(𝑡) will be directly proportional to the ∅(𝑡).  

 𝑎𝐷(𝑡) ∝ ∅(𝑡) (3.69) 

 𝑎𝐷(𝑡) = 𝐾𝐷∅(𝑡) (3.70) 

where 𝐾𝐷 is a bubble deceleration constant and 

 ∅(𝑡) = sin (
𝜋𝑡

𝜏
) ,   0 ≤ 𝑡 ≤ 𝜏 (3.71) 

Therefore deceleration function becomes 

 𝑎𝐷(𝑡) = 𝐾𝐷sin (
𝜋𝑡

𝜏
) ,     0 ≤ 𝑡 ≤ 𝜏 (3.72) 

The value of bubble deceleration constant is determined by considering that the 

bubble will come to halt during the impact time period [126]. 

 𝑣(𝑡) = ∫ 𝑎𝐷(𝑡)
𝜏

0

𝑑𝑡,     0 ≤ 𝑡 ≤ 𝜏 (3.73) 

 
𝑣(𝑡) = 𝐾𝐷 ∫ sin (

𝜋𝑡

𝜏
) 𝑑𝑡 

𝜏

0

 
(3.74) 

 
𝑣(𝑡) = 𝐾𝐷 [−𝑐𝑜𝑠 (

𝜋𝑡

𝜏
)]

0

𝜏

 
(3.75) 

 
𝑣(𝑡) = 𝐾𝐷 (

2𝜏

𝜋
) 

(3.76) 

 𝐾𝐷 = 𝑣(𝑡) (
𝜋

2𝜏
) (3.77) 

Substituting the value of 𝜏 in Eq. (3.77), Therefore, deceleration constant is   

 𝐾𝐷 = [𝑣(𝑡)]2 (
𝜋

4𝑟
) (3.78) 

Hence the acceleration 𝑎𝐷(𝑡) can be written as 

 𝑎𝐷(𝑡) = [𝑣(𝑡)]2 (
𝜋

4𝑟
) sin (

𝜋𝑡

𝜏
) ,     0 ≤ 𝑡 ≤ 𝜏 (3.79) 

Replacing the value of M and 𝑎𝐷(𝑡) in Eq. (3.68), the impact force is 

   𝐹(𝑡) = 𝜌𝐿 (
2

3
𝜋𝑟3) [𝑣(𝑡)]2 (

𝜋

4𝑟
) sin (

𝜋𝑡

𝜏
) ,     0 ≤ 𝑡 ≤ 𝜏 (3.80) 

 
𝐹(𝑡) =

𝜌𝐿[𝜋𝑟𝑣(𝑡)]2

6
sin (

𝜋𝑡

𝜏
) ,        0 ≤ 𝑡 ≤ 𝜏 

(3.81) 
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3.5.2. Maximum impact force exerted by a bubble on a surface 

From the bubble impact force formulation, the impulsive force exerted by a bubble on the 

subsequent surface at the time of the collision is obtained explicitly. According to Eq. 

(3.81), it is evident that the impact force is varying in a sinusoidal manner. Moreover, the 

force is largely dependent on the bubble radius and its velocity during a collision. The 

maximum force is determined by substituting the value of ‘t’ as /2 in the above equation. 

The maximum exerted force Fmax is obtained as: 

 𝐹(𝑡)𝑚𝑎𝑥 =
𝜌𝐿[𝜋𝑟𝑣(𝑡)]2

6
, 𝑡 =

𝜏

2
 (3.82) 

This maximum force is dependent on bubble velocity during the collision which varies 

significantly with migration time-scale function. The impact velocity is a constant for a 

particular dimension of bubble flow field. It, however, increases with increase in bubble 

migration period which is decided by the field dimension. The impact velocity becomes 

equal the bubble terminal velocity at a very later stage of motion i.e. when  𝑡 ≫
𝑟2

9𝜈
 . At the 

point when bubble reaches its terminal velocity, the exerted impact force becomes a 

constant and becomes independent of impact velocity. The maximum constant force is 

calculated by replacing the value of v(t) by VT in Eq. (3.82) and is given as follows: 

 𝐹𝑚𝑎𝑥 =
𝜌𝐿[𝜋𝑟𝑣𝑇]2

6
 (3.83) 

 
𝐹𝑚𝑎𝑥 =

2

243
𝜌𝐿 [

𝜋𝑟3𝑔

𝜈
]

2

 
(3.84) 

At late time conditions, the maximum impact force becomes constant for a particular 

bubble radius. 

3.6. Closing remarks 

In this Chapter, the bubble departure diameter according to different models is 

presented. The best model for the liquid nitrogen bubble is Jaongbae model. The 

bubble departure diameter provides the base for the departure forces. The net 

departure force gives the value of initial acceleration for the bubble.  

The bubble motion parameters help to formulate the impact velocity and 
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acceleration on the surface by the bubble. This impact velocity is the base for the 

impact force on the structure. The generalized formulation of the induced impact 

force by the single bubble is presented. This formulation presented in this chapter 

provides a basis for the study of bubble-induced vibration and noise, which is 

presented in the next Chapter. 



 

 

                                                              

Bubble-Induced Vibration and Noise   

4.1. Introduction 

There have been several studies carried out on the behaviour of vapour bubbles in 

the past decades using different techniques such as high-speed photography and 

acoustic measurement in order to determine the vapour bubble evolution by 

considering aspects such as formation, detachment and its motion in the fluid field. 

Bubble-induced vibration and noise in a pool boiling leads to account for the 

phenomenon known as ‘Vibroacoustics’ (also called as ‘Structural Acoustics’). A 

structure such as thin flat plates or thin curved shells (i.e. the thickness dimension 

is very much less than those defining the exterior surface) tend to vibrate in a 

manner in which the predominant motion occurs in a direction normal to the 

surface. The vibration displaces and compresses the fluid, which results into 

producing the sound or noise by the structure [127]. 

For evaluating the acoustic effect of the sound radiated from such structures, it is 

crucial to study the dynamic response parameters such as Frequency Response 

Function (FRF), Mechanical mobility and Admittance. In addition, the response of 

fluid movement on the mechanical structure also needs to be studied thoroughly for 

determining the wave phenomena and their associated natural frequencies. At last, 

the vibration spectrum formation due to force, displacement, velocity, and 

acceleration needs to be analyzed for finding the noise level occurring from bubble 

induced vibration. 
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4.2. Dynamic response characteristics   

The dynamic response of any mechanical structure (cylindrical shell) due to harmonic 

excitation is expressed in the terms of its mechanical mobility [128]. The excitation will 

induce the mechanical vibrations in the structure. For the analysis of these vibrations, 

Frequency Response Function (FRF) is one of the most commonly used tools [129]. 

4.2.1. Frequency response function (FRF) 

FRF is defined as the structural response to an applied force as a function of 

frequency [130].  The response may be given in terms of displacement, velocity, or 

acceleration. The schematic for FRF is shown in Fig. (4.1).  

 

Figure 4.1 Input and output response due to Frequency Response Function (FRF) 

There are different FRF’s or transfer functions. These FRF’s are defined as per the 

input and output parameters. FRF is expressed as the ratio of output response to the 

input parameter. If the output response is velocity and input parameter is the force 

then FRF can be termed as mobility. Using the mechanical mobility, the 

acceleration spectrum of the outer shell can be determined.  

4.2.2. Mechanical admittance 

 

Mechanical admittance is realized using the concept of mechanical mobility. Mechanical 

mobility measures the ability to allow the motion of structural unit when subjected to a 

harmonic force. Mechanical mobility is the inverse function of mechanical impedance. 

Mechanical impedance depends on the excitation frequency (ω). At resonance frequency, 

mechanical impedance is lower i.e. less force is required to move the structural element 

with a certain velocity. Hence, at the resonance frequency, mechanical mobility is high.  

The generalized mechanical mobility is defined as the ratio between the complex 

amplitudes of the velocity and force field at the excitation frequency (ω) [130]. This 

complex mobility (y) is also expressed as  
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 𝑦 = 𝑌 + 𝑖𝐵 (4.1) 

where Y is the real part of the mechanical mobility function and is also called as 

mechanical admittance and B is the imaginary part of the mobility function and is called as 

susceptance [131].  

Mechanical mobility can be either transfer mobility function or direct / driving point 

mobility function. According to ISO 7626-1 [130], Transfer mechanical mobility function 

is defined as the frequency response function formed by the ratio of velocity response 

phasor at point ‘i’ to the excitation force phasor at the point ‘j’ (as shown in Fig. (4.2)). In 

order to measure the frequency response function of the structure, all the measuring points 

are allowed to respond freely without any constraints except the normal support points. 

 

Figure 4.2 Transfer Mobility Function of the System 

The definition is given mathematically as:  

 𝑦𝑖𝑗 =
𝑣𝑖

𝐹𝑗
⁄  (4.2) 

where vi is the velocity-response phasor at point i and Fj the force phasor at point j.  

If the frequency response function is formed by the velocity response and excitation force 

at the same point i, it is known as direct / driving point mechanical mobility function 

[130]. 

 𝑦𝑖𝑖 =
𝑣𝑖

𝐹𝑖
⁄  (4.3) 

Driving point admittance (Yii) of any point in the mechanical structure is defined as 

the mechanical noise induced at the same point in the structure. For an  accurate 

analysis of the noise performance, it is necessary to calculate the correlation 

between those two points (same or different) in the mechanical structure. 

Mechanical admittance of a linear mechanical structure is found by considering the 

real part of the mechanical mobility function. In the case of direct admittance, the 

complex mobility function (yii) can be made equivalent to its real part i.e. the 
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driving point admittance (Y ii).   The velocity response can be either translational or 

rotational, and the excitation can be either rectilinear force or a moment.  

4.2.2.1Mechanical-Electrical system analogy 

To evaluate the admittances of different mechanical components, understanding of 

electrical impedances is important. There are two kinds of mechanical -electrical 

analogies that can be used to represent the mechanical system in the electrical 

domain. First one is the mobility analogy and the other one is the impedance 

analogy [132]. In the case of mobility analogy, electrical impedance is considered 

equivalent to the inverse mechanical impedance (also known mechanical 

admittance). Here, a damper is analogous to a resistor, mass is analogous to a 

capacitor and the spring is analogous to an inductor. The Table (4.1) shows the 

relationship of the mechanical system and electrical system through the mobility 

analogy. 

 

Table 4.1 Mobility analogy for conversion from mechanical system to electrical system 

Mechanical system Electrical circuit 

Force (F) Current (I) 

Velocity (vs) Voltage (V) 

Mass (Ms) Capacitance (C) 

Spring (1/ks) Inductance (Li) 

Damper (1/c) Resistance (R) 

In mobility analogy ‘compliance of the spring (inverse of stiffness i.e. 1/k s)’ is 

considered equivalent to the ‘inductance of an inductor’, ‘damping of the shock 

absorber (inverse of the conductance i.e. 1/c)’ is considered equivalent to the 

electrical resistance of a resistor and ‘mass of the object’ is considered equivalent 

to the capacitance of the capacitor. The relation between electrical impedance and 

mechanical admittances of different lumped components through mobility analogy 

[133] is shown in the Table (4.2). 
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Table 4.2 Admittance and impedance relation for electrical and mechanical components 

Electrical System Mechanical System 

Components Electrical 

Impedance (Z)  

Components Mechanical 

Admittance (Y) 

|𝑌| 

Capacitor 
𝑍𝐶 =

1

𝑖𝜔𝐶
 

Mass 
𝑌𝑚 =

1

𝑖𝜔𝑀𝑠
 |𝑌𝑚| =

1

𝜔𝑀𝑠
 

Inductor 𝑍𝐿 = 𝑖𝜔𝐿𝑖 Spring 
𝑌𝑘 =

𝑖𝜔

𝑘𝑠
 |𝑌𝑘| =

𝜔

𝑘𝑠
 

Resistor 𝑍𝐶 = 𝑅 Damper 
𝑌𝑐 =

1

𝑐
 |𝑌𝑐| =

1

𝑐
 

4.2.2.2Electrical analogy for spring-mass system 

Any linear spring mass mechanical structure can be represented in an electrical 

circuit as shown in Fig. (4.3). 

 

Figure 4.3 Representation of the spring mass mechanical system in an electric Circuit 

The admittance dependence as a function of the frequency of these idealized 

mechanical elements is presented in Fig. (4.4). For analyzing different structural 

dynamics and their vibration characteristics in a defined low-frequency bandwidth, 

mechanical admittance plays a crucial role. For characterizing the response of any 

mechanical structure, it is a mandate to divide the whole system into different 

lumped elements such as mass, spring, and damper. 
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Figure 4.4 The mobility magnitudes of an idealized mechanical resistance|𝑌𝑐|, spring  
|𝑌𝑘| and mass |𝑌𝑚| as a function of frequency 

These sub-elements can be used either in a solitary or in a group (i.e. series or 

parallel connection) to determine their resultant admittance. The use of the 

mechanical elements depends totally on the structural constraints and frequency 

range [134]. The magnitude of mechanical admittance helps in calculating the 

structure-borne noise level of the presumed elements under consideration. 

4.3. Bubble–structure interaction 

When any kind of disturbance induces within the fluid i.e. either to due fluid flow boiling 

or nucleate boiling (bubble-structure collision), the solid structure in contact with the fluid 

experiences vibrational instabilities [135]–[137]. These vibrational instabilities tends to 

generate a sound field which can be controlled using:  

a) the longitudinal distribution of the vibrational acceleration component normal to 

the solid structure surface, 

b) the geometry of the vibrating surface, 

c) acoustic features of the surface surrounding the fluid, and 

d) fluid properties     

Vibrations resulting from fluid-structure interaction are basically acoustic wave 

phenomena. These wave fields are generated from any point considered within the 
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interface of the fluid-structure medium. Moreover, these generated waves extend further 

and are influenced by the various other points in the medium making the vibration study 

and calculation rather complex. Also, there is a lack of general analytical models to 

evaluate this complexity. Therefore only numerical solution to the equations governing the 

induced vibration from the fluid-structure interaction is a feasible choice. Nevertheless, the 

effect of induced vibration varies according to the structural configuration. In most of the 

cases, the complex structural geometry and material properties make the analysis 

cumbersome. In recent years, circular cylinder shells of different configuration have found 

potential applications such as fluid storage tanks, aircraft fuselages, fluid tubes etc. and a 

lot of research has been done to analyze its behaviour in response to the vibrational 

disturbances. These vibrations can lead to a response in displacements that may occur in 

three directions i.e. radial, axial and circumferential. Due to coupling between these 

directions and induced stresses from the flexural surface, makes the vibration waves 

complex.  

 

Usually, the configuration of cryopump is thin circular cylindrical shell i.e. its thickness is 

less than 1/10th of the outer diameter. Accordingly, a thin closed circular shell has been 

taken into consideration with following assumptions: 

1. The presence of residual stress has been neglected. 

2. The structure of cylindrical shell is homogenous as well as isotropic. 

3. The cylindrical shell considered is of uniform thickness throughout its length. 

Parameters associated with the cylindrical shell such as thickness to radius ratio, Poisson’s 

ratio, and wave number is varied during the study.  

4.3.1. Wave parameters 

As the acoustic wave generated from structure-fluid interaction, the disturbance at any 

point in space will vary sinusoidally in time at the same frequency as that of the generator, 

provided the medium responds linearly to the disturbance. The spatial period of a simple 

harmonic wave is commonly described by its wavelength λ. However, the spatial variation 

is better described by an associated quantity that represents phase change per unit distance 

and is equal to ω/cph, where, ω is the circular frequency and cph is the phase velocity of the 

wave. This is termed ‘wavenumber’ and is generally symbolized by k. One wavelength 

clearly corresponds to an x-dependent phase difference of 2π, hence ωλ/cph = kλ = 2π. 
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Wavenumber ‘k’ is actually the magnitude of a vector quantity that indicates the direction 

of propagation as well as the spatial phase variation. This quantity is of vital importance to 

the mathematical representation of two and three-dimensional wave fields. 

For a cylindrical shell, there are three mode shapes that are considered for the vibration 

analysis. They are: 

1. Radial (Flexural)  

2. Longitudinal (axial) 

3. Circumferential (torsional) 

In any cylindrical shell, there are three separate natural frequency for every mode shape 

(i.e. flexural, axial and circumferential). In most of the cases, the lowest natural frequency 

is associated with the motion that is primary radial. However, according to the shell size, 

the low-frequency modes are recognized as axial or circumferential rather than radial. For 

estimating the natural frequencies, the parameters such as wavenumber in axial direction 

‘km’ and the circumferential mode number ‘n’ is obligatory. The value of ‘n’ should be in 

integers and independent of the imposed boundary conditions.  

4.3.2. Vibration mode shapes 

Any complex body (i.e. more complicated than a single mass on a simple spring) can 

vibrate in many different ways. Each of these vibrating ways will have their own 

frequency. The initial displacements of any mechanical systems that cause it to vibrate 

harmonically are called as mode shapes. 

Depending upon the value of n, different mode shapes can occur corresponding to the 

circumferential wavenumber (Fig. (4.5)). The modes can be categorized as follows: 

1. If n = 0, it corresponds to breathing, torsional and axial mode where any point 

on the cross section of cylinder vibrates harmonically in a radial, 

circumferential and axial direction respectively. 

2. If n = 1, it corresponds to bending and axial shear modes the cross section of 

the cylinder remains the same. 

3. If n > 1, it corresponds to lobar modes where the number of lobes formed 

depends on the value of n. 
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Figure 4.5 Circumferential mode shapes of a cylindrical shell [88] 

Different axial wavenumbers ‘km’ in the longitudinal direction of the thin cylindrical shell 

exists corresponding to the applied boundary conditions. For determining the mode shape 

of a thin circular cylinder, mode parameters such as circumferential mode parameter ‘n’ 

and axial mode parameter ‘m’ are essential.     

As the flexural mode shapes of cylindrical shells in the axial direction are assumed 

to be of the same form as a transversely vibrating beam, with the same boundary 

conditions, the axial wavenumber, ‘km’ can be evaluated by using beam function in 

case of flexural vibrations as shown in Table (4.3). 

Table 4.3 Wavenumbers for different boundary conditions [138] 

Boundary conditions Wave numbers (km) 

Clamped-free (2𝑚 − 1)𝜋/2𝐿 

Free-simply supported (4𝑚 − 1)𝜋/4𝐿 

Simply supported-simply supported 𝑚𝜋/𝐿 

Clamped-simply supported (4𝑚 + 1)𝜋/4𝐿 

Clamped-clamped (2𝑚 + 1)𝜋/2𝐿 

Sliding-simply supported (2𝑚 − 1)𝜋/2𝐿 

Free-free (2𝑚 + 1)𝜋/2𝐿 

4.4. Nonplanar vibrations of a cylindrical shell 

A concentric cylindrical shell with thickness‘t’, radius ‘Ro’ and coordinate system r, 

ψ, z in reference to the Cartesian coordinate has been considered for the vibration 

analysis as shown in Fig. (4.6). In a wave propagation approach, the solution to the 

equations of motion is estimated using three displacement components, ‘u’, ‘v’, ‘w’ 

in an axial, tangential, and radial direction respectively. When the response displays 
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axial dependence, the motion of an infinite or simply supported shell is described 

by the displacement components as: 

 u = ∑ 𝑈𝑚𝑛 cos 𝑛𝜓 cos 𝑘𝑚𝑧

𝑚,𝑛

cos 𝜔𝑡 (4.4) 

 𝑣 = ∑ 𝑉𝑚𝑛 sin 𝑛𝜓 sin 𝑘𝑚𝑧 cos 𝜔𝑡

𝑚,𝑛

 
(4.5) 

 w = ∑ 𝑊𝑚𝑛 cos 𝑛𝜓 sin 𝑘𝑚𝑧 cos 𝜔𝑡

𝑚,𝑛

 
(4.6) 

 

 

Figure 4.6 Circular cylindrical shell: Coordinate system and dimensions 

where Umn, Vmn, and Wmn represents the displacement amplitudes of the three components. 

The motion so described consists of standing waves in both the circumferential and 

axial directions. 
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Figure 4.7 Representation of distance between the radial displacement nodal lines in the 

circumferential direction of the cylindrical Shell 

The Fig. (4.7) denotes the lobar modes for n = 4, where point ‘A’ refers to the 

maximum radial distance from the center along the circumference and point ‘B’ 

refers to the minimum distance from the center along the circumference. The 

separation between the two points A and B along the circumference direction of the 

cylindrical shell is calculated by using the equation 2πRo/2n i.e. πRo/n. The radial 

displacement of the cylindrical shell along the axial direction is evaluated by 

considering axial wavelength of 2π/km. 

4.4.1. Generalized equations of motion 

The generalized equations of motion for the cylindrical shell are formulated by Donnell 

[139] with the following assumptions: 

1. The change in the twist and curvature of the cylindrical shell is same as that of the 

flat plate. 

2. There is a negligible effect of transverse shearing-stress resultant force along the 

circumferential direction. 

These equations can be written as [139]: 

 
𝜕2𝑢

𝜕𝑧2
+ (

1 − 𝜈

2𝑅𝑜
2 )

𝜕2𝑢

𝜕𝜓2
+ (

𝜈

𝑅𝑜
)

𝜕𝑤
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2𝑅𝑜
)

𝜕2𝑣

𝜕𝑧𝜕𝜓
=

𝜕2𝑢

𝜕𝑡2 (
1

𝑐𝑝
2) (4.7) 

 
(

1 − 𝜈

2
)

𝜕2𝑣

𝜕𝑧2
+ (

1

𝑅𝑜
2)

𝜕2𝑣

𝜕𝜓2
+ (

1

𝑅𝑜
2)

𝜕𝑤

𝜕𝜓
+ (

1 + 𝜈

2𝑅𝑜
)

𝜕2𝑢

𝜕𝑧𝜕𝜓
=

𝜕2𝑣

𝜕𝑡2 (
1

𝑐𝑝
2) 

(4.8) 
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− {(
𝜈

𝑅𝑜

)
𝜕𝑢

𝜕𝑧
+ (

1

𝑅𝑜
2)

𝜕𝑢
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1

𝑅𝑜
2) 𝑤} −
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2

𝑅𝑜
2)

𝜕4𝑤

𝜕𝑧2𝜕𝜓2
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1

𝑅𝑜
4)

𝜕4𝑤

𝜕𝜓4
}

=
(1 − 𝜈2)𝜌

𝐸

𝜕2𝑤

𝜕𝑡2
 

(4.9) 

where cp refers to the dilatational plate velocity. Dilatational velocity refers to the 

propagation speed of a disturbed wave. It is evaluated using the equation 

 𝑐𝑝 = √
𝜇

𝜌
(

𝑘 + 1

𝑘 − 1
) (4.10) 

where k is given by 
3−𝜐

1+𝜐
 , μ is given by 

𝐸

2(1+𝜐)
 and ‘ρ’ is the density of the thin plate. 

Substituting the values of ‘k’ and ‘μ’, the value of 𝑐𝑝 = √
𝐸

(1−𝜐2)𝜌
. This dilatational plate 

velocity depends on the material properties such as elastic modulus, Poisson’s ratio 

and the density of the material.  

In order to find out a non-trivial solution of these equations of motion, the 

determinant of the coefficients must vanish: 

|

|
−𝛺2 + 𝑘𝑚

2 𝑅𝑜
2 +

1

2
(1 − 𝜈)𝑛2

1

2
(1 + 𝜈)𝑛𝑘𝑚𝑅𝑜 𝑣𝑘𝑚𝑅𝑜

1

2
(1 + 𝜈)𝑛𝑘𝑚𝑅𝑜 −𝛺2 +

1

2
(1 − 𝜈)𝑘𝑚

2 𝑅𝑜
2 + 𝑛2 𝑛

𝑣𝑘𝑚𝑅𝑜 𝑛 −𝛺2 + 1 + {
𝑡2

12
(𝑘𝑚

2 +
𝑛2

𝑅𝑜
2)

2

}
|

|

= 0 (4.11) 

where 𝛺 =
𝜔𝑅𝑜

𝑐𝑝
 

Solving the determinant, the equation is formulated as 

(𝛺2)3 − {1 + (
3 − 𝜈

2
) (𝑘𝑚

2 𝑅𝑜
2 + 𝑛2) + 𝛽2(𝑘𝑚

2 𝑅𝑜
2 + 𝑛2)

2
} (𝛺2)2

+ {(
1 − 𝜈

2
) [(𝑘𝑚

2 𝑅𝑜
2 + 𝑛2)

2
+ 𝑛2 + (3 + 2𝜈)𝑘𝑚

2 𝑅𝑜
2]

+ 𝛽2 (
3 − 𝜈

2
) (𝑘𝑚

2 𝑅𝑜
2 + 𝑛2)

3
} (𝛺2)

− {(
1 − 𝜈

2
) [(1 − 𝜈2)𝑘𝑚

4 𝑅𝑜
4 + 𝛽2(𝑘𝑚

2 𝑅𝑜
2 + 𝑛2)

4
]} = 0 

(4.12) 

where 𝛽2 =
𝑡𝑠

2

12𝑅𝑜
2⁄  

The equation is in the form of a cubic equation in Ω2 

(𝛺2)3 − 𝐴2(𝛺2)2 + 𝐴1(𝛺2) − 𝐴𝑜 = 0, (4.13) 
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where the coefficients Ao, A1, and A2 are: 

𝐴𝑜 = (
1 − 𝜈

2
) [(1 − 𝜈2)𝑘𝑚

4 𝑅𝑜
4 + 𝛽2(𝑘𝑚

2 𝑅𝑜
2 + 𝑛2)

4
], (4.14) 

𝐴1 = (
1 − 𝜈

2
) [(𝑘𝑚

2 𝑅𝑜
2 + 𝑛2)

2
+ 𝑛2 + (3 + 2𝜈)𝑘𝑚

2 𝑅𝑜
2]

+ 𝛽2 (
3 − 𝜈

2
) (𝑘𝑚

2 𝑅𝑜
2 + 𝑛2)

3
 

(4.15) 

𝐴2 = 1 + (
3 − 𝜈

2
) (𝑘𝑚

2 𝑅𝑜
2 + 𝑛2) + 𝛽2(𝑘𝑚

2 𝑅𝑜
2 + 𝑛2)

2
. 

(4.16) 

For n > 0, the solution of Eq. (4.13) thus gives us a set of three natural frequencies 

corresponding to each modal configuration. 

4.4.2. Cylindrical shell with a simply supported boundary conditions 

Consider a cylinder shell of length L that is simply supported at its ends, z = ±L. 

For the modes whose radial displacement w is symmetric with respect to z and ψ, 

the modal configuration is given by Eq. (4.7), Eq. (4.8), and Eq. (4.9) with: 

𝑘𝑚 = (2𝑚 + 1)
𝜋

2𝐿
,      𝑚 = 0,1,2, … … (4.17) 

The variation of three real and positive natural frequencies obtained using Eq. (4.13) can 

be plotted w.r.t. circumferential mode number (n) as shown in Fig. (4.8). 

 

Figure 4.8 Non-dimensional frequency parameter as a function of circumferential mode number 
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The above curve shows the non-dimensional frequency parameter of a finite cylindrical 

shell with simply supported ends with respect to the circumferential mode number. The 

two upper branch frequencies increase monotonically with n, while the lower branch, 

which corresponds to predominantly radial modes, shows the somewhat unexpected result 

of the frequency initially decreasing with n and then increasing.  

The location of the natural-frequency minimum can be identified analytically by 

means of an approximated expressions constructed by Heckl [140], which ignores 

the tangential inertial forces. The approximate expressions for the natural 

frequencies of predominantly radial modes becomes 

𝛺𝑚𝑛 ≈ [(1 − 𝜈2)
𝑘𝑚

4

𝑘ℎ
4 + 𝛽2𝑘ℎ

4𝑅𝑜
4]

1
2

(1 + 𝑛−2)−
1
2,        𝑛 > 0 (4.18) 

where kh is the helical wave number 

𝑘ℎ = (𝑘𝑚
2 +

𝑛2

𝑅𝑜
2)

1/2

 (4.19) 

Setting the derivative of Eq. (4.18) with respect to n equal to zero, one can solve for: 

𝑛𝑚𝑖𝑛 ≅ (
𝑘𝑚𝑅𝑜

𝛽1/2
− 𝑘𝑚

2 𝑅𝑜
2)

1/2

 (4.20) 

The radial drive point admittance ‘Ys’ is the series of modal admittance which peaks at the 

lower natural frequencies of the predominantly radial family of the three families of modes 

of a cylindrical shell. These resonances are identified by the circumferential wavenumber 

(kc) given by, 𝑘𝑐 =
𝑛

𝑅𝑜
 where n is the mode number (1 ≤ n ≤ 5) and Ro is the radius of the 

outer cylindrical shell. The corresponding frequencies are in the mid-frequency range.  

Vibrations in cylindrical shell are compared with that of a flat plate i.e. if the edges of the 

plate are wrapped around a circle to form a cylinder, the travelling flexural waves in the 

plate shall resemble with the waves travelling along the axis of a cylindrical shell. 

Moreover, at the low frequency response, the pipe mobility can be approximated with 

infinite beam mobility. As the frequency parameter further increases, the cylindrical shell 

mobility approaches that of a flat plate without curvature. Therefore, in order to evaluate 

the dynamic response of a cylindrical shell in terms of noise factor, the admittance of an 

infinite flat plate structure (Yp) is considered as the reference point [141]. The 
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approximate calculation of the driving point admittance ‘Ys’ is quite cumbersome. The 

drive-point admittance for a finite shell can be computed as: 

Re{𝑌𝑠} = [4𝜋𝑅𝑜𝜌𝑠𝑡𝑠√
𝛺𝑐𝑝

2

√2
]

−1

, 𝑓𝑜𝑟 𝛺 < 0.77
𝑡𝑠

𝑅𝑜
, (4.21) 

Re{𝑌𝑠} =
0.66

2.3𝑐𝑝𝜌𝑠𝑡𝑠
2 √𝛺, 𝑓𝑜𝑟 0.77

𝑡𝑠

𝑅𝑜
< 𝛺 < 0.6 

(4.22) 

4.5. Sound spectrum for a concentric cylindrical shell 

Since both vibration and sound measurements go from extremely low levels to extremely 

high levels, a logarithmic scale is often a logical choice for the representation of the 

amplitude of the power quantities. To this end, the decibel for a power quantity has been 

devised [142]. The decibel is defined as:  

dB = 10 log [
𝑃𝑜𝑤𝑒𝑟 𝑄𝑢𝑎𝑛𝑡𝑖𝑡𝑦

𝑅𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑃𝑜𝑤𝑒𝑟 𝑄𝑢𝑎𝑛𝑡𝑖𝑡𝑦
] (4.23) 

It is necessary to have reference amplitude because of the nature of logarithms. The 

logarithmic scale for evaluating the decibel level depends on whether the measured 

parameter is power quantity or a field quantity.  

For a field quantity, the ratio of the parameter should be expressed as the square of the 

measured field quantity. Hence, the decibel level can be written as: 

dB = 10 log [
𝐹𝑖𝑒𝑙𝑑 𝑞𝑢𝑎𝑛𝑡𝑖𝑡𝑦2

𝑅𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝐹𝑖𝑒𝑙𝑑 𝑄𝑢𝑎𝑛𝑡𝑖𝑡𝑦2
] = 20 log [

𝐹𝑖𝑒𝑙𝑑 𝑄𝑢𝑎𝑛𝑡𝑖𝑡𝑦

𝑅𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝐹𝑖𝑒𝑙𝑑 𝑄𝑢𝑎𝑛𝑡𝑖𝑡𝑦
] (4.24) 

4.5.1. Force spectrum for the shell 

The impact force calculated on the shell is a periodic function which repeats itself every 

‘τ’ seconds. In order to determine the frequency of the function, the time domain force 

function has been converted into frequency domain function using Fourier transformation 

equation. The general Fourier transformation equation [143] is given as  

∅(𝜔) = ∫ 𝑔(𝑡)𝑒𝐴𝑡𝑑𝑡
∞

−∞

 (4.25) 
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where 

𝑔(𝑡) = sin (
𝜋𝑡

𝜏
) ; 𝐴 = 𝑖𝜔 (4.26) 

The  sin (
𝜋𝑡

𝜏
) is a semi-sinusoidal time dependent deceleration during the time interval 

[0,τ]. ω denotes the vibration frequency of the system and is evaluated by considering the 

excitation time period of 1 second. The Fourier transform of the normalized deceleration 

is: 

∅(𝜔) = ∫ sin (
𝜋𝑡

𝜏
) 𝑒𝑖𝜔𝑡𝑑𝑡

𝜏

0

 (4.27) 

The solution to the Eq. (4.27)  is given as [126] 

∅(𝜔) =
𝑒𝑖𝜔𝑡(𝑖𝜔 sin (

𝜋𝑡
𝜏 ) −

𝜋
𝜏 cos (

𝜋𝑡
𝜏 ))

𝜋2

𝜏2 + (𝑖𝜔)2

 (4.28) 

Taking the definite integral of the Eq. (4.28) from 0 to τ, the formulation is  

⇒ ∅(𝜔) = [
𝑒𝑖𝜔𝑡(𝑖𝜔 sin (

𝜋𝑡
𝜏 ) −

𝜋
𝜏 cos (

𝜋𝑡
𝜏 ))

𝜋2

𝜏2 + (𝑖𝜔)2

]

0

𝜏

 (4.29) 

∅(𝜔) =
2𝜋𝜏cos (

𝜔𝜏
2

)

𝜋2 − 𝜔2𝜏2
𝑒𝑖𝜔𝜏/2 

(4.30) 

Taking the absolute value of the Eq. (4.30),  

|∅(𝜔)| =
2𝜋𝜏 |cos (

𝜔𝜏
2 )|

|𝜋2 − 𝜔2𝜏2|
 (4.31) 

≅
2𝜏

𝜋
; (

𝜔𝜏

𝜋
)

2

≪ 1 
(4.32) 

In the concentric cylindrical shell, there are two shells one around the other. Outer 

concentric shell is referred as Outer Shell while the inner concentric shell is 

referred as Inner Shell. 

4.5.1.1Outer shell 

The force is applied in the vertical direction due to impact  on the cylindrical 

surface. This force is resolved into two components, radial force (FR) and tangential 

force (FT). The components of forces are shown in Fig. (4.9).   
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Figure 4.9 Radial force on the outer shell 

For computing the force spectrum of the generated force on the cylindrical shell it is 

necessary to determine the radial force which is given by: 

𝐹𝑅 = 𝐹𝑠𝑖𝑛∅0 (4.33) 

Substituting the value of F (Section 3.6), the radial force is 

𝐹𝑅 = 𝑀𝐾𝐷∅(𝑡)𝑠𝑖𝑛∅0 (4.34) 

Eq. (4.34) is written in a frequency domain function as: 

𝐹𝑅 = 𝑀𝐾𝐷∅(𝜔)𝑠𝑖𝑛∅0 (4.35) 

Substituting the value of φ(ω) from Eq. (4.32) to the Eq. (4.35) gives: 

𝐹𝑅 = 𝑀𝐾𝐷 (
2𝜏

𝜋
) 𝑠𝑖𝑛∅0 (4.36) 

Replacing the value of 𝐾𝐷 from Eq. (3.77) in the Eq. (4.36), the equation is 

𝐹𝑅 = 𝑀𝑣(𝑡) (
𝜋

2𝜏
) (

2𝜏

𝜋
) 𝑠𝑖𝑛∅0 (4.37) 

𝐹𝑅 = 𝑀𝑣(𝑡)𝑠𝑖𝑛∅0 (4.38) 

For outer shell, 

𝑠𝑖𝑛∅0 =
𝐻𝑚𝑎𝑥

2𝑅0
 (4.39) 

The value of radial force in frequency domain for the outer shell is 

|𝐹𝑅(𝜔)| =
𝑀𝑣(𝑡)𝐻𝑚𝑎𝑥

2𝑅0
, 𝜔2𝜏2 ≪ 𝜋2 (4.40) 
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The maximum radial force is shown but this force changes with respect to the 

height. The height travelled by the bubble is maximum for the outer shell.  

4.5.1.2Inner shell 

For the inner shell, the radial force is shown in the Fig. (4.10).  

 

Figure 4.10 Radial force on the inner shell 

The value of the angle is obtained as 

𝑠𝑖𝑛∅0 =
𝐻𝑖

𝑅𝑖
 (4.41) 

where Hi is the height from the impact point to the center of the cylinder, H is the 

height travelled by the bubble before striking. Hence the radial force on the inner 

cylinder is 

|𝐹𝑅(𝜔)| =
𝑀𝑣(𝑡)𝐻𝑖

𝑅𝑖
, 𝜔2𝜏2 ≪ 𝜋2 (4.42) 

4.5.2. Acceleration spectrum for the shell 

The induced radial force on account of the bubble impact on the cylindrical shell has a 

major effect in determining the acceleration spectrum. Using the concept of mechanical 
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admittance [81], the shell admittance can be appropriately formulated in terms of radial 

drive point velocity and the radial harmonic force. The equation for the shell admittance 

(Ys) is given by: 

𝑌𝑠(𝜔) =
𝑤̇(𝜔)

𝐹𝑅(𝜔)
, (4.43) 

𝑤̇(𝜔) = 𝑌𝑠(𝜔)𝐹𝑅(𝜔) (4.44) 

where ẇ(ω) is the radial drive point velocity and FR(ω) is the radial harmonic force. 

The angular frequency of any object is evaluated by taking its absolute value of the 

angular velocity. Therefore the radial acceleration can be written as the product of radial 

velocity and the angular frequency. 

Hence the corresponding radial acceleration becomes: 

|𝑤̈(𝜔)| = 𝜔|𝑌𝑠(𝜔)𝐹𝑅(𝜔)| (4.45) 

On plotting the curve between 20 𝑙𝑜𝑔 |
𝑌𝑠

𝑌𝑝
| and Ω, an approximate expression is obtained 

for evaluating the admittance in the low frequency range at a particular value of t/Ro and 

L/2Ro. The curve corresponds to the relation between the admittance of a pipe of finite 

length and admittance of an infinite flexural thin plate. The equation for the approximate 

curve in Fig. (4.11) can be written as: 

 

Figure 4.11 Approximate curve for the relation between the ratio of dynamic response and the 

frequency parameter in low-frequency region  



CHAPTER 4 

84 

 

The non-dimensional frequency parameter (Ω) is formulated in terms of the dilatational 

plate velocity (cp = 5.4 x 105 cm/s for steel and aluminum). Here, Yp is the admittance of 

an infinite plate of the same material and thickness as the shell. Driving point mobility for 

an infinite flexural thin plate with wave motion and force excitation is given by: 

𝑌𝑝 =
1

8√𝐵𝑝𝜌𝑠𝑡𝑠

 (4.46) 

where ρs is the density of the plate material, Bp is the bending stiffness of the flexural plate 

which is calculated as: 

𝐵𝑝 =
𝐸𝑡𝑠

3

12(1 − 𝜐2)
 (4.47) 

where E is Young’s Modulus of the plate material and υ is the Poisson’s ratio. Substituting 

the value of Bp from Eq. (4.47) in Eq. (4.46), we get: 

𝑌𝑝 =
√3

4𝑡𝑠
2√

𝐸
(1 − 𝜐2)

𝜌𝑠

 
(4.48) 

The dilatational plate/wave velocity is: 

𝑐𝑝 = √
𝑘 + 1

𝑘 − 1
𝑐𝑠 (4.49) 

where 𝑐𝑠 = √
𝜇

𝜌𝑠
, and 𝑘 =

3−𝜐

1+𝜐
, putting the value of k and Cs in the Eq. (4.49), the equation 

is: 

𝑐𝑝√𝜌𝑠 = √
𝐸

(1 − 𝜐2)
 (4.50) 

Substituting the Eq. (4.50) in Eq. (4.48), the value of plate admittance is, 

𝑌𝑝 =
√3

4𝜌𝑠𝑐𝑝𝑡𝑠
2 (4.51) 

In the low-frequency range, the simply supported shell can, therefore, be modelled as a 

spring of stiffness: 

𝑘𝑠 =
𝜔

|𝑌𝑠|
 (4.52) 

The acceleration spectrum level (Lacc) of the cylindrical shell is formulated using 

convolution theorem. From Eq. (4.45), the spectrum level generated by N bubble per 

second colliding with the shell is: 

|𝑤̈(𝜔)| = 𝜔|𝑌𝑠(𝜔)𝐹𝑅(𝜔)|𝑁 (4.53) 
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By applying convolution theorem, the R.H.S. term of Eq. (4.53) is written as: 

|𝑤̈(𝜔)| = 2𝜋𝜔|𝑌𝑠(𝜔)𝐹𝑅(𝜔)|𝑁 (4.54) 

To determine the acceleration spectrum level in terms of a sound parameter, the 

logarithmic scale is applied on both sides of the Eq. (4.54). Therefore the spectrum level is 

expressed as: 

𝐿𝑎𝑐𝑐𝑑𝐵 𝑟𝑒 (𝑐𝑚/𝑠2)2/𝐻𝑧 = 20 log 2𝜋𝜔|𝑌𝑠(𝜔)𝐹𝑅(𝜔)| + 10 log 𝑁 (4.55) 

4.5.3. Velocity spectrum for the shell 

For estimating the velocity spectrum level (Lvel), the radial drive point velocity is 

written as: 

|𝑤̇(𝜔)| = |𝑌𝑠(𝜔)𝐹𝑅(𝜔)| (4.56) 

Therefore on applying convolution theorem and logarithmic scale to the Eq. (4.56), the 

sound level (in dB) is expressed as: 

𝐿𝑣𝑒𝑙𝑑𝐵 𝑟𝑒 (𝑐𝑚/𝑠)2/𝐻𝑧 = 20 log 2𝜋|𝑌𝑠(𝜔)𝐹𝑅(𝜔)| + 10 log 𝑁 (4.57) 

4.5.4. Displacement spectrum for the shell 

To compute the displacement spectrum level (Ldisp), the radial displacement is written as: 

|𝑤(𝜔)| =
𝜔|𝑌𝑠(𝜔)𝐹𝑅(𝜔)|

𝜔2
 (4.58) 

Applying convolution theorem and logarithmic scale to the Eq. (4.58), the sound level (in 

dB) is expressed as: 

𝐿𝑑𝑖𝑠𝑝𝑑𝐵 𝑟𝑒(𝑐𝑚)2/𝐻𝑧 = 20 log 2𝜋𝜔|𝑌𝑠(𝜔)𝐹𝑅(𝜔)| − 40 log 𝜔 + 10 log 𝑁 (4.59) 

The value of N can be determined using the time scale factor and the time taken for one 

bubble to reach and collide with the outer shell.  

4.6. Summary 

The force, acceleration, velocity and displacement spectrum in the terms of dB is 

generalized for any type of the configuration. The force spectrum for the cylindrical 

shells is considered for both outer and inner shell. The acceleration, velocity and 

displacement spectrum will change as per the force spectrum. Noise is directly 
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proportional to the vibrational amplitude. Noise is dependent on the number of 

bubbles striking. The general formulation has been derived.  



 

 

                                                                           

LN2 Cryopump Vibration and Noise 

This chapter describes the circular concentric shell arrangement of LN2 cryopump 

similar to actual cryopump and the necessary theoretical analysis for the involved 

dynamics and the bubble impact force and induced noises. The liquid nitrogen is 

taken as the working fluid. The bubble structure interaction has been analysed in 

detail. Also, a comparison chart has been drawn for the values obtained for the 

motion and bubble dynamics such as bubble terminal velocity, displacement, 

acceleration, departure diameter, bubble growth, generated forces and induced 

noise. 

5.1. Cryopump configuration 

The liquid nitrogen cryopump has many components. Reservoir is the main key 

component of the cryopump and it contains the liquid nitrogen fluid. LN2 is a cryogenic 

fluid having boiling point of 80K and has violent behaviours at room temperature. As the 

fluid is exposed to the outer environment through the shell, abrupt boiling occurs due 

which various LN2 bubble rise and collapse after the interaction with the surrounding 

surface. Due to the continuous rise and collapse, the cylindrical shells start experiencing 

random vibration/noise which is quiet detrimental to the data obtained from Gravitational 

Waves. 

The issue of bubble-induced vibration necessitates the analysis of cryopump reservoir and 

the required dimensional requirements for its low vibration and noise working 

environment. However, this analysis is quiet cumbersome to carry out in an actual 

cryopump due to issues involving space, cost etc. 
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Therefore, the present chapter deals with the design and analysis of the actual reservoir 

configuration of an LN2 cryopump for studying the effects of bubble dynamics in the 

resulting noise/vibration. The reservoir is surrounded by the cryostat to maintain the 

vacuum around the reservoir as shown in Fig. (5.15.2). 

 

Figure 5.1 Liquid Nitrogen cryopump (Courtesy-LIGO-USA) 

The reservoir of actual cryopump design consists of two concentric hollow steel cylinders 

with a specific annular gap between them. The ends of the cylinders are connected and 

covered with a steel cap which has a provision for the liquid nitrogen (LN2) inlet and 

outlet as shown in Fig. (5.2).  

 

Figure 5.2 Isometric view of liquid nitrogen cryopump 
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Due to the concentric circular design of the cryopump, the bubble travelling 

distance ‘H’ varies before striking the inner shell or outer shell. This variation in 

the travelling distance effects the dynamics, induced forces, vibration and noise 

parameters in a significant manner. Other factors are also important for the bubble 

induced vibration and noise like thickness of shell, number of bubble striking etc . 

The important parameters for the cryopump configuration are described in the Fig. 

(5.3). 

 

Figure 5.3 Front view of the LN2 cryopump with important parameters 

where Ri and Ro are the outer radius of the inner shell and inner radius of the outer 

shell respectively, h is the fluid level inside the cryopump, H is the height travelled 

by the bubble before striking to the outer shell, Hmax is the maximum height 

travelled by the bubble within the cryopump. 

5.2. Parameters of the cryopump  

The liquid nitrogen pump is made up of the SS material (SA-240) due to cryogenic 

and vacuum requirements. The fluid is liquid nitrogen for the cryo pumping 

purpose to maintain the Ultra High Vacuum (UHV). The cryopump works at 77.3 K 

due to the boiling point of liquid nitrogen at atmospheric pressure.  
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The different parameters for the fluid, material etc. are shown in the Table (5.1), 

Table (5.2), Table (5.3) and Table (5.4): 

 

Table 5.1 Fluid (LN2) properties 

S. No. Properties Magnitude Units 

1 Density of fluid (ρL) 806.6 kg/m3 

2 Density of gas (ρG) 4.624 kg/m3 

3 Dynamic viscosity of fluid (μL) 0.0001579 N.sec/m2 

4 Surface tension of fluid (σ) 0.008823 N/m 

5 Latent heat of fluid (hlv) 198800 J/kg 

6 Specific heat of fluid (cpl) 2042 J/kg.K 

7 Thermal conductivity @ b.p (K) 0.1375 W/m.K 

8 Temperature difference (ΔT=Tw-Tsat) 5 K 

9 Saturation Temperature (Tsat) 77.3 K 

10 Thermal diffusivity (αL) 8.34 x 10-8 m2/sec 

 

 

Table 5.2 Material (SS 304L) properties 

Sr. No. Properties Magnitude Units 

1 Density 7952 Kg/m3 

2 Yield Strength 240 MPa 

3 Ultimate Tensile Strength 620 MPa 

4 Young’s Modulus 200 GPa 

5 Poisson ratio 0.27 - 

 

 

Table 5.3 Dimensional (cryopump) parameters 

S. No. Parameter Magnitude Units 

1 Length of the Cylindrical Shells 2.000 m 

2 Inner Radius of the Outer Shell (Ro) 0.550 m 

3 Outer Radius of the Inner Shell (Ri) 0.500 m 

4 Annular Gap between Cylindrical Shells  0.050 m 
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Table 5.4 Buble (spherical) parameters 

S. No. Parameter Magnitude Units 

1 Bubble contact angle (γ) 45 degree 

2 Advancing angle (α) 55 degree 

3 Receding angle (β) 35 degree 

4 Surface Bubble contact Diameter 0.09 mm 

5 Inclination Angle (θi) π/18 radian 

These parameters are used for the theoretical investigation and analysis of 

cryopump. 

5.3. Bubble departure diameter 

In order to analyze the bubble dynamics, the liquid nitrogen vapour bubble 

diameter is found out by the Jeongbae Kim and Moo Hwan Kim [113] correlation. 

This correlation is related with the liquid nitrogen, hence the bubble departure 

diameter (d𝑏): 

d𝑏 =
0.1649𝐽𝑎0.7

√(𝜌𝐿 − 𝜌𝐺)
𝜎

 
(5.1) 

𝑎𝑛𝑑 𝐽𝑎 =
𝜌𝐿𝐶𝑝𝑙(𝑇𝑤 − 𝑇𝑠𝑎𝑡)

𝜌𝐺ℎ𝑙𝑣
 

(5.2) 

Using the fluid parameters for the liquid nitrogen as stated in Table (5.1), the bubble 

departure diameter for the liquid nitrogen is 2.5 mm. This diameter is used in all the 

subsequent analysis.   

5.4. Bubble dynamics 

Bubble dynamics provides the bubble departure force responsible to detach from 

the surface and the initial acceleration of bubble.  

5.4.1. Forces during bubble departure 

In the case of nucleate boiling, the forces in the vertical direction are responsible 

for bubble departure because the flow of the liquid nitrogen in the cryopump is 
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quasi-static. These vertical direction forces are shown in the Fig. (5.4). 

 

Figure 5.4 Forces acting on a single spherical bubble in vertical direction 

The net force acting on the detaching bubble in the vertical direction is: 

 ∑ 𝐹 = 𝐹𝑏 + 𝐹𝑠𝐿 + 𝐹𝑐𝑝 + 𝐹ℎ + 𝐹𝑠𝑦 + 𝐹𝑑𝑢𝑦 (5.3) 

The bubble force is the function of bubble radius. Hence for the analysis purpose, the 

variation of different forces as per the bubble departure radius of the bubble are plotted.  
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Figure 5.5 Buoyancy force with variation in bubble radius 

 

Figure 5.6 Shear Lift force with variation in bubble radius 
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Figure 5.7 Contact pressure force with variation in bubble radius 

The buoyancy force (Fig. (5.5)) varies as cubic power of bubble radius, shear lift 

force (Fig. (5.6)) varies as quadratic power of bubble radius and contact pressure 

force (Fig. (5.7)) varies proportional to the bubble radius. Buoyancy force varies 

from 0.35×10-4 to 2.6×10-4 N. The shear lift force varies from 1.2×10 -5 to 7×10-5 N. 

The magnitude range for the contact pressure force is from 1×10 -6 to 2×10-6 N for 

the bubble radius of 1 to 2 mm. The shear lift force is ~10 order less than the 

buoyancy force similarly contact pressure force is ~10 order less than the shear lift 

force.  
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Figure 5.8 Surface tension, Hydrodynamic and Drag force with variation in bubble radius 

All the downward forces (Surface tension, Hydrodynamic, and Unsteady drag 

force) are in the range of 10 -5 N (Fig. (5.8)). The forces increase in the negative 

direction with the increase of bubble radius while the drag force remains almost 

constant.  
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Figure 5.9 Net force (Fnet) with variation in bubble radius 

Net departure force (Fig. (5.9)) is almost equal to the buoyancy force and increases 

with the increase of bubble radius. The buoyancy force is dominating till the bubble 

radius of 1.5 mm. After that, the downward forces comes into effect and decreases 

the net force by a small magnitude.   

The bubble of spherical in shape and of diameter 2.5 mm is considered for 

evaluating all the forces. The magnitude of all the forces along the vertical 

direction is shown in the Table (5.5): 

Table 5.5 Forces in the vertical direction (upward and downward) 

Sr. No. Type of force Force (N) 

1 Buoyancy force (Fb) 6.432 x 10-5  

2 Shear lift force (𝐹𝑠𝐿) 2.046 x 10-5  

3 Contact pressure force (𝐹𝑐𝑝) 0.125 x 10-5 

4 Hydrodynamic force (Fh) - 0.835 x 10-5 

5 Surface tension force (𝐹𝑠𝑦) -1.462 x 10-5 

6 Unsteady drag force (Fdu) - 0.299 x 10-5 

 Total force 6.007 x 10-5 

 

The net force for the 2.5 mm bubble diameter is 6.01×10-5 N.   

5.4.2. Initial acceleration of bubble  

The unbalanced net force (∑ 𝐹) in the y-direction of 6.01×10-5 N is responsible to 

produce the initial acceleration in the bubble. The mass of the bubble is the 

entrained mass with the bubble and can be written as 

 𝑀𝑒 = 𝜌𝐿 (
2

3
𝜋𝑟3) (5.4) 

The entrained mass of the liquid nitrogen bubble is calculated as 3.29 × 10−6 𝑘𝑔. 

The intitial acceleration of the bubble is also function of bubble radius and varies 

as per the Fig. (5.10). 
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Figure 5.10 Initial acceleration of bubble with respect to bubble radius 

From the Fig. (5.10), it is clearly stated that with the increase in bubble radius the 

entrained mass increases. Since acceleration is dependent on the bubble radius, hence the 

bubble acceleration also increases with increase in bubble radius. For the bubble radius 

from 1 to 6 mm, the acceleration varies from 1.64 g to 2.14 g. For the bubble radius of 

1.25 mm, the initial acceleration is found to be 2g. 

As per the Leighton [123] also, the ratio of displaced mass is the twice of the entrained 

mass, which provides the initial bubble size-independent acceleration as 2g.  

5.5. Bubble acceleration, velocity, and displacement with time 

The spherical bubble starts moving within the fluid with the initial acceleration of 2g for 

the liquid nitrogen fluid. This is the general bubble acceleration (Section 3.5.6) without 

having any geometrical constraints. The acceleration decreases due to the resistance 

provided by the fluid.  The bubble acceleration with respect to time is shown in the Fig. 

(5.11). 
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Figure 5.11 Acceleration of bubble with respect to time during the motion within the fluid 

The Fig. (5.11) shows that the acceleration is continuously decreasing and becomes 

almost zero after 5 sec. The velocity variation is shown in Fig. (5.12): 

  

Figure 5.12 Velocity of bubble with respect to time during the motion within the fluid 
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As the velocity reaches its terminal velocity then it becomes almost constant for the 

further motion. The liquid nitrogen bubble reaches the terminal velocity of 17.2 

m/sec after 5 sec. The bubble motion parameters with the displacement is shown in 

the Fig. (5.13). 

 

Figure 5.13 Bubble motion parameters with respect to time during the motion within the fluid 

According to the Fig. (5.13) , the displacement required (80m) is too high to reach 

its terminal velocity. Hence in the case of liquid nitrogen cryopump, the bubble will 

not impact the cylindrical shell with the terminal or maximum velocity. 

5.5.1. Migration time and maximum height travel by LN2 bubble 

The bubble motion characteristics changes as the bubble migrates from early time zone to 

late time zone. Migration time is the time at which the bubble enters into the late time 

zone from early time zone. This migration time decides the bubble motion in the early 

time zone or the late time zone. The migration time for the liquid nitrogen bubble is 

calculated as 0.89 sec. The maximum height (Hmax, Fig. (4.9)), which a liquid nitrogen 

bubble can travel in the cryopump, is calculated as 0.5123 m. The travel time 
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corresponding to the max. height travel is 0.24 sec. The travel time is quite less than the 

migration time. Hence the liquid nitrogen bubble will remain in the early time zone only.  

5.5.2. Bubble velocity and displacement with time for LN2 cryopump 

The bubble velocity and displacement will vary during the travel time of 0.24 sec, the 

variation is shown in the Fig. (5.14). 

 

Figure 5.14 Bubble velocity and displacement with respect to time for LN2 cryopump 

 

The liquid nitrogen bubble does not attain the terminal velocity during maximum 

travelling height available within the cryopump configuration. It strikes the outer surface 

with the maximum velocity of 4.67 m/sec after traveling maximum height of 0.5123 m. 

Bubble motion provides the impact velocities with respect to the height travelled.  

5.6. Impact force by the LN2 bubble 

The impact force is dependent on the height travelled by the bubble and the impact 

velocity achieved. The height travelled will vary as per the cryopump configuration. 
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5.6.1. Height travelled by bubbles for impacting on inner shell 

The height travel before impacting to the shells are different in the case of the inner shell 

and outer shell. The variation of height is calculated for both the shells. 

5.6.1.1Impacting to inner shell 

The variation in the radius ‘R’ across the inner shell of cryopump along X-direction is, 

0 < 𝑅 < 𝑅𝑖 (0.689 𝑚) 

The variation of H with respect to R is shown in the Fig. (5.15),  

 

Figure 5.15 Height travelled by bubble before impacting to inner shell of LN2 cryopump 

 

The height variation in Y-direction is formulated as 

 𝐻 = √(𝑅𝑜
2 − 𝑅2) − √(𝑅𝑖

2 − 𝑅2) (5.5) 

The minimum distance travelled in Y-direction by the bubble is at R=0 and is denoted as 

Hmin (Inner) and the maximum distance travelled by the bubble is at R=0.689 m and is 

denoted as Hmax (Inner). 
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5.6.1.2Impacting to outer shell 

The variation in the radius ‘R’ across the outer shell of cryopump along X-direction is, 

𝑅𝑖 (0.689 𝑚) < 𝑅 < 𝑅𝑜 (0.743 𝑚) 

The variation of H with respect to R is shown in the Fig. (5.16);  

 

Figure 5.16 Height travelled by bubble before impacting to outer shell of LN2 cryopump 

The height variation in Y-direction is formulated as 

 𝐻 = 2√(𝑅𝑜
2 − 𝑅2) (5.6) 

The minimum distance travelled in Y-direction by the bubble is zero at R=0.743 m and the 

maximum distance travelled by the bubble is at R=0.689 m and is denoted as Hmax 

(Outer). 

5.6.1.3Variation in height travelled by bubble  

As per the Section 5.7.1.1 and Section 5.7.1.2, the travel height variation for the 

bubble before impacting to the inner shell and outer shell is shown in Fig. (5.17). 
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Figure 5.17 Height travelled by bubble before impacting shells of LN2 cryopump 

The bubble travels from outer shell to inner shell between the R=0 to R=0.500 m 

and as soon as it crosses the R=0.500 m, it attains the maximum height and strikes 

the outer shell itself. Then the distance travelled reduces up to the R=0.550 m. 

5.6.2. Impact force and impact velocity by bubble 

The impact velocity is the function of the height travelled by the bubble. The 

impact velocity is shown in Fig. (5.18). 
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Figure 5.18 Velocity gained by bubble before impacting shells of LN2 cryopump 

The impact force (Section 3.6) is also changed accordingly as shown in Fig. (5.19). 

 

Figure 5.19 Impact force by bubble on shells of LN2 cryopump 
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The variation of the parameters for the bubbles striking to inner shell and outer 

shell are tabulated in Table (5.6): 

Table 5.6 Height, Velocity, Time and Impact forces by bubble on shells of LN2 cryopump 

Parameter Inner Shell Outer Shell 

 Min. Max. Min. Max. 

Height (m) 0.050 0.236 0.094 0.512 

Impact Velocity (m/sec) 1.456 3.045 1.924 4.671 

Travelling time (sec) 0.074 0.155 0.098 0.238 

Impact force (N) 0.004 0.019 0.007 0.045 

The impact force calculated is the force in time domain. The impact force varies 

from 0.004 N to 0.019 N for the inner shell and 0.007 to 0.045 N for the outer shell.  

5.6.3. Total impact force on the shells 

The total impact force on the cryopump across the one cross section of width equal to the 

bubble diameter is the sum of total impact force on the inner shell (Fit) and on the outer 

shell (Fot). The impact force on the inner shell and outer shell is calculated according to 

the Fig. (5.19). The number of bubbles colliding to the shell’s surface (N) at an instant is 

different for outer and inner shell. The number of bubbles colliding to the surface is 

calculated by dividing the radial distance (along X-direction) into equal parts of bubble’s 

diameter.  

The total force (Ft) generated on the shell is the arithmetic sum of all the individual forces 

obtained from each of the bubble colliding with the surface. Hence,  

 𝐹𝑖𝑡 = ∑ 𝐹𝑖𝑛

𝑁𝑖

𝑛=1

= 1.648 𝑁𝑒𝑤𝑡𝑜𝑛𝑠 (5.7) 

 

𝐹𝑜𝑡 = ∑ 𝐹𝑜𝑛

𝑁𝑜

𝑛=1

= 0.679 𝑁𝑒𝑤𝑡𝑜𝑛𝑠 

(5.8) 

where Ni and No are the number of bubbles striking the inner shell and outer shell 

respectively. 

The total impact force on the LN2 cryopump is 

 𝐹𝑡 = 𝐹𝑖𝑡 + 𝐹𝑜𝑡 (5.9) 

The magnitude of the total impact force (time domain) in the vertical direction is 
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2.317 N. The total impact force (1.648 N) on the inner shell is more than the total 

impact force (0.679 N) on the outer shell. This is due to the number of bubble 

striking on the inner shell are more than the outer shell , while the amplitude of 

force on the outer shell is higher than the inner shell. 

5.7. Natural frequencies of mode shapes for cryopump 

As per the requirement criteria, the natural frequency of the cryopump should not 

be below 100 Hz because it works as noise in the wave detection range below 100 

Hz. The natural frequency depends on the thickness of the different shells. Hence, it 

is necessary to calculate the thickness of the shells for  the inner and outer shell. 

5.7.1.  Thickness of inner and outer shell 

The thickness of the inner shell and outer shell is calculated as per the ASME, Section 

VIII, and Division 1 code. 

5.7.1.1Material for cryopump 

The selection of materials for Vacuum and Cryogenic systems is a very important part of 

the design. The material must be capable of withstanding of structural load (for vacuum) 

and suitable to low temperature (for cryogenics).  

On the basis of above requirement for a cryopump, the austenitic grade SS304L is suitable 

candidate material among other like; Aluminium, Inconel, titanium mild steel etc. SS304L 

material confirms the following,  

 The requirement of ASME Specification SA-240 Type.  

 The surface finish of the material smoother than 3 delta. 

5.7.1.2Structural load:  

As the Cryopump works in the vacuum environment, hence the major load is the pressure 

difference (ΔP) due to vacuum inside the chamber and atmosphere outside. The liquid 

nitrogen is filled at the atmospheric pressure between the annulus-space, as shown in Fig. 

(5.20)  
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Figure 5.20 Pressure load condition on shells of LN2 cryopump 

The inner shell is designed as per the external pressure vessel criteria because the inner 

shell is subjected to the atmospheric pressure from outside. The outer shell is designed as 

per the internal pressure vessel criteria because the outer shell is subjected to the 

atmospheric pressure from inside. The atmospheric pressure is taken as 1.01325 bar or 

1.01325×105 Pa.   

5.7.1.3Inner shell thickness 

The thickness is calculated as per the ASME, Part UG-28. The thickness is 

dependent on the length to diameter ratio and diameter to thickness ratio. Initially, 

the thickness is taken as 10 mm. Hence the length to diameter ratio is 2.0 and 

diameter to thickness ratio is 100. From the charts given in ASME code, the value 

of factor A is 0.0040 and factor B for the SS304L is 350 bar. The allowable pressure 

is calculated as 

 𝑃𝑎 =
4B

3 (Doi|t)
 (5.10) 

where Pa is the allowable pressure. Pa is 3.66 bar for inner shell. The pressure is 

above the atmospheric pressure. Hence the designed thickness is taken as 10 mm.  
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The external pressure is checked for the buckling failure because the thickness of the inner 

shell is relatively small compared with the other dimensions. Elastic buckling is the 

decisive criteria in the design of thin-walled shells under external pressure, this mode of 

failure determines the wall thickness required. Buckling occurs when the working pressure 

difference (ΔP) exceeds the critical buckling pressure (Pcr). Hence the critical buckling 

pressure should be more than the atmospheric pressure for its safe operation. During 

buckling failure, the vessel can no longer retain its shape and suddenly irreversibly 

buckles to take new distorted shape [144].  

The buckling failure determines the minimum wall thickness required. During the 

buckling failure, different lobes are formed in the shell at the point of buckling. The failure 

of the vessel forms two number of lobes, hence the critical buckling pressure for two 

number of lobes is considered. The critical buckling pressure is calculated as 

 Pcr =
2E

1 − 𝜈2
(

t

D
)

3

 (5.11) 

where E is young’s modulus of elasticity, 𝜈 is the Poisson’s ratio, t and D are the thickness 

and diameter of the shell respectively.  

The inner shell is prominent to fail due to buckling. The diameter of the inner shell is 

1.378 m. Thickness of shell from the ASME code is 10 mm. Hence, the critical buckling 

pressure for the inner shell is 1.7 bar which is more than the 1.013 bar. The inner shell 

thickness is taken as 10 mm for further analysis. 

5.7.1.4Outer shell thickness 

The thickness is calculated as per the ASME, Part UG-27. The maximum allowable 

stress is taken as 120 MPa as per the UG-23. The joint efficiency is considered as 

0.6 as per UW-12 because it is fabricated from the plate with the help of welding. 

The thickness is calculated as per the circumferential ( tc) and longitudinal stress 

(tl) consideration and shown in Eq. (5.12) and Eq. (5.13) 

 𝑡𝑐 =
PR

𝑆. 𝐸 − 0.6𝑃
 (5.12) 

 
𝑡𝑙 =

PR

2𝑆𝐸 + 0.4𝑃
 

(5.13) 

The maximum value of thickness is 1.1 mm but for the fabrication point of view, 
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the minimum value is 3 mm. Hence the outer shell thickness is taken as 3 mm. 

5.7.2. Mode shape and natural frequencies 

The mode shapes for the cylindrical shapes are lobes in nature when the 

circumferential mode number ‘n’ is greater than 1. Both the outer and inner shells 

are cylindrical in nature, hence outer shell is verified for the different mode shapes.  

5.7.2.1Mode shapes for the outer shell  

The mode shapes for the cylindrical shell is given in the Section 4.3.2 and it is 

verified from the ANSYS.  

 

(a) n =2 

 

(b) n =3 

 

(c) n=4 

 

(d) n=5 

Figure 5.21 Mode shapes for outer shell w.r.to circumferential mode number 
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The mode shapes (Fig. (5.21)) are same as per the circumferential mode numbers 

defined. The boundary condition is taken as free-free at both the ends.  

5.7.2.2Natural frequencies of mode shapes for inner shell 

The thickness of the inner shell is 10 mm hence the inner shell is modeled with 

thickness 10 mm. The ends of the shell are fixed-fixed as per the actual condition 

as shown in Fig. (5.22). 

 

Figure 5.22 Inner shell with boundary condition and mesh 

The inner shell is meshed with an element size of 5×10-2 m. The mesh has 4701 

nodes and 4619 elements. The inner shell is analyzed for the different natural 

frequencies mode shapes. Twenty number of frequencies are extracted, which are 

given in the frequency chart (Fig. (5.23)) 

 

Figure 5.23 Natural frequency against the mode number for Inner Shell 

The natural frequencies are summarized in the Table (5.7). The mode number does 

not represent the circumferential or axial mode number. It is the number of modes 

extracted during the analysis.  
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Table 5.7 Natural frequency with mode number for inner shell 

Mode Number 1 2 3 4 5 6 7 8 9 10 

Frequency(Hz) 111 129 137 188 191 204 206 218 255 275 

From the frequency chart, the one frequency exists for two-mode numbers. The 

difference is in the circumferential rotation of the circumferential-mode shapes as 

shown in Fig. (5.24) for the frequency 111. 

  

 

Figure 5.24 Two mode shapes at one frequency 

Only one mode shape exist at one time but there are two possibilities as given in 

the Fig. (5.24).  

The mode shapes are the function of the circumferential-mode number (n) and the 

axial mode number (m). This is the reason that different combination of the mode 

shapes exists in the non-planer vibration of the cylindrical shell. The Fig. (5.25) 

shows the mode shape for n=5 and n=6 with m=1 
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(a) Frequency = 137 

 

(b) Frequency = 188 

 

(c) Frequency = 137 

 

(d) Frequency = 188 

Figure 5.25 Mode shapes for inner shell for n=5 and 6 with m=1 

From the Fig. (5.25) it is clear that the number of lobes is changing from 5 to 6 but 

the axial mode is almost same in behavior. But the frequency is different for both as 

137 Hz and 188 Hz.  

The axial mode changes the mode shape as shown in Fig. (5.26) for m=4 and n=2 
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Figure 5.26 Mode shape for inner shell for n=4 and m=2 

The Fig. (5.26) shows that first segment of axial mode will have rotation in the 

circumferential direction with respect to the second segment of axial mode. This is 

the reason to get the eight lobes in the front view of the shell. The frequency is 

changed to 206 Hz.  

The change of frequency is shown in Fig. (5.27) for the same number of circular 

mode number i.e. n=5 with m=2. 

  

 

Figure 5.27 Mode shape for inner shell for n=5 and m=2 

The Fig. (5.27) shows that natural frequency of the mode shape changed from 137 

Hz (n=5, m=1, Fig. (5.25)) to 218 Hz (n=5, m=2, Fig. (5.27)). 
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5.7.2.3Analytical verification of natural frequencies for inner shell 

As stated, the natural frequency is the function of circumferential mode number (n) 

and axial mode number (m). The approximate frequency is calculated by the Eq.  

(4.18) (Section 4.4.2)  

 𝛺𝑚𝑛 ≈ [(1 − 𝜈2)
𝑘𝑚

4

𝑘ℎ
4 + 𝛽2𝑘ℎ

4𝑅𝑜
4]

1
2

(1 + 𝑛−2)−
1
2,        𝑛 > 0 (5.14) 

The axial web number km is dependent on the boundary condition and axial mode 

parameter. The boundary condition is taken Fixed-Fixed. 

For the n=5 and m=1 mode, the axial (km) and helical web number (kh) are 1.686 

and 7.4503. The approximate non-dimensional frequency parameter as per the Eq. 

(5.14) is 0.1184. The dialational plate velocity for the shell is 5.257×103 m/sec. The 

angular frequency for the mode shape is 903.398 radian/sec. Hence the natural 

frequency of the mode is 143 Hz. 

For the n=5 and m=2 mode, the axial (km) and helical web number (kh) are 2.811 

and 7.7823. The approximate non-dimensional frequency parameter as per the 

Equation 5.14 is 0.1698. The dialational plate velocity for the shell does not change 

because it depends on the material property only. The angular frequency for the 

mode shape is 1296 radian/sec. Hence the natural frequency of the mode is 206 Hz. 

The frequencies calculated analytically and with ANSYS are in close agreement. 

This validates the ANSYS results and process. This process is used for the outer 

shell for the parametric analysis. 

5.7.2.4Natural frequencies of mode shapes for outer shell 

The thickness of the outer shell is 3 mm hence the inner shell is modeled with 

surface modeling so that the thickness can be varied if the natural frequency of 

mode shape is below 100 Hz. Thickness is taken as a parametric parameter. The 

ends of the shell are fixed-fixed as per the actual condition. 
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Figure 5.28 Outer shell with boundary condition and mesh 

The outer shell (Fig. (5.28)) is meshed with an element size of 1×10-2 m to increase 

the accuracy level. The mesh has 130946 nodes and 130480 elements. The outer 

shell is analyzed for the different natural frequencies mode shapes for 3 mm thick. 

Twenty number of frequencies are extracted, which are given in the frequency chart 

(Fig. (5.29)). 

 

Figure 5.29 Natural frequency against the mode number for Outer Shell (Thk. = 3 mm) 

The starting frequency is 61 Hz which is below 100 Hz (as required). Hence the 

thickness is changed from 3 mm to 11 mm. The twenty number of frequencies 
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extracted for all the different thicknesses. The natural frequencies for  11 mm thick 

outer shell are shown in Fig. (5.30).  

 

Figure 5.30 Natural frequency against the mode number for Outer Shell (Thk. = 11 mm) 

The natural frequencies for all the mode shapes between 3 mm to 11 mm are 

tabulated in Table (5.8), 

 

Table 5.8 Natural frequency with different thickness for Outer Shell 

Frequency 

  

Thickness of outer shell (mm) 

3 5 7 9 10 11 

f1 61 78 94 102 106 111 

f2 64 88 95 111 121 130 

f3 70 89 116 130 131 133 

f4 83 110 129 145 160 175 

f5 86 127 151 174 181 189 

f6 103 132 155 181 194 208 

f7 106 137 161 193 206 209 

f8 107 141 174 203 208 210 

f9 113 150 196 208 214 234 

f10 120 157 198 215 235 256 
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The thickness of the outer cylinder is taken as 11 mm because it fulfills the criteria 

of frequency (111 Hz) more than the required frequency (>100 Hz). Another reason 

for selecting the 11 mm is that the 1 st mode frequency of outer shell (111Hz) is 

matching with Inner shell  1st mode frequency (111 Hz). The mode shapes of outer 

shell at 111 Hz is same as inner shell as shown in Fig. (5.31). 

  

 

Figure 5.31 Outer shell mode shapes at 111 Hz frequency 

The frequencies for both the inner shell and outer shell are shown in the Table (5.9). 

 

Table 5.9 Natural frequency with different thickness for Outer Shell 

Mode Number 1 2 3 4 5 6 7 8 9 10 

Frequency(Hz) 

Inner Shell 

(Thk. -10 mm) 

111 129 137 188 191 204 206 218 255 275 

Frequency(Hz) 

Outer Shell 

(Thk. -11 mm) 

111 130 133 175 189 208 209 210 234 256 

The comparison of both the frequencies is shown in the Fig. (5.32). 
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Figure 5.32 Natural frequency for Inner (10 mm thk.) and Outer shell (11 mm thk.) 

The Fig. (5.32) shows that as the mode shape increases the diversion of the 

frequency increases.  

As per the mode shapes and vibration criteria, the thickness of the inner shell is 

taken as 10 mm. The thickness of the outer shell is 3 mm as per the structural 

design point of view and 11 mm as per the vibration point of view. Hence noise 

level is checked for the range from 3 mm to 11 mm. If the frequency of vibration 

and mode shapes are same for both the shells then the fluid disturbance is 

minimum. The minimum fluid disturbance is the base for low noise. 
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5.7.3. Bubble-induced noise 

The noise induced by impacting the surface is abbreviated as bubble-induced noise. 

The noise is calculated based on the flow chart as shown in Fig. (5.33) 

 

Figure 5.33 Flow chart for the bubble induced noise in terms of Force, Acceleration, Velocity 

and Displacement 

5.7.3.1Plate admittance and shell admittance 

The admittance is the function of the configuration and the material properties. The 

material properties for SS304L are mentioned in the Table (5.2). The dialational 

plate velocity is calculated as 5.257×103 m/sec, which is closely matching with the 

value of dialational plate velocity mentioned as 5.4×103 m/sec (Section 4.5.2). 

Plate admittance is the function of the shell thickness. The values of plate 

admittance for the inner shell (10 mm) and outer shell (11 mm) are 1.04×10-4 𝑚/𝑁𝑠 

and 8.56×10-5 𝑚/𝑁𝑠. The variation of plate admittance with the thickness is shown 

in Fig. (5.34). 
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Figure 5.34 Plate admittance variation with the shell thickness 

Fig. (5.34) shows that plate admittance decreases with the increase in the thickness. 

The shell admittance is related with the plate admittance. The relation for the shell 

admittance for the cylindrical configuration with respect to noise is used. The 

relation is, 

 20 𝑙𝑜𝑔 |
𝑌𝑠

𝑌𝑝
| = 15 𝑑𝐵 + 20 log 𝛺 (5.15) 

The value of the non-dimensional parameter (𝛺) is taken lowest for the mode 

number 3 as 0.049. This parameter is equivalent to the excitation frequency of 56 

Hz for the outer shell and 60 Hz for the inner shell. The change in the frequency is 

due to the change in the value of diameter of the shell. The thickness of inner shell 

is fixed as 10 mm. Hence the shell admittance for the inner shell is 2.87×10 -5 𝑚/

𝑁𝑠. For the outer shell, the thickness is varied from 3 mm to 11 mm, hence entire 

range is calculated for the outer shell. The shell admittance variation as per the 

value of plate admittance for the outer shell is shown in the Fig. (5.35). 
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Figure 5.35 Shell admittance variation with the shell thickness 

From the Fig. (5.35), the value of shell admittance for the inner shell (10 mm) 

thickness is the thickness of 3 mm and 11 mm are 3.16×10-4  𝑚/𝑁𝑠 and 2.39×10-5  

𝑚/𝑁𝑠. The value of shell admittance continuously decreases as per the increase in 

the thickness of shell. 

5.7.3.2Radial impact force (Time domain) 

The bubble strikes the inner shell and outer shell in the vertically upward direction, 

hence it produces the total impact force. This impact force is resolved in the normal 

and tangential direction of the shell surface. The force in the normal direction is 

called as a radial force. The radial force is the responsible force to produce the 

noise.  

The radial force for the outer shell and inner shell is shown in Fig. (4.9) and Fig. 

(4.10) under Section 4.5.1.1 and Section 4.5.1.2 and is expressed as. 

𝐹𝑅 = 𝐹𝑠𝑖𝑛∅0 (5.16) 

The value of  𝑠𝑖𝑛∅0 is dependent on the travel height of bubble. The equations for 
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the inner and outer shell with respect to height are  

𝑠𝑖𝑛∅0 =
𝐻𝑖

𝑅𝑖
 and 𝑠𝑖𝑛∅0 =

𝐻𝑜

2𝑅0
 (5.17) 

where Hi and Ho are the heights traveled by the bubble before striking to the inner 

and outer shell respectively. Ri and Ro are the radii of inner and outer shell 

respectively. 

The height travelled by the bubble for the inner shell between  

0 < 𝑅 < 𝑅𝑖 (0.689 𝑚) is calculated from  

 𝐻𝑖 = √(𝑅𝑜
2 − 𝑅2) − √(𝑅𝑖

2 − 𝑅2) (5.18) 

And the height traveled by the bubble for the outer shell between  

𝑅𝑖 (0.689 𝑚) < 𝑅 < 𝑅𝑜 (0.743 𝑚) is calculated from 

 𝐻𝑜 = 2√(𝑅𝑜
2 − 𝑅2) (5.19) 

The cryopump is symmetric in nature about the center line, hence the analysis is 

carried out only on one side of the cryopump.  

The radial impact force for the inner shell is shown in Fig. (5.36). 
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Figure 5.36 Radial impact force on one side of cryopump for inner shell (R=0 to R=Ri) 

The radial force (0.0044 N) at R=0 is same as the total impact force (0.0044 N) at 

R=0 because the bubble at R=0 strikes normal to the surface. The radial force 

decreases as the radial distance increases and becomes negligible at R=Ri.  

The radial impact force for the Outer shell is shown in Fig. (5.37). 

 

Figure 5.37 Radial impact force on one side of cryopump for outer shell (R=Ri to R=Ro) 

The maximum radial impact force is 0.017 N (at R=Ri) on the outer shell. The 

bubble does not strike the outer shell normal to the surface at any point. Hence the 

impact force normal to surface decreases, which is responsible for the vibration.  

5.7.3.3Radial impact force (Frequency domain) 

The radial impact force is changed from the time domain to the frequency domain. 

This force is the base for the noise level. The radial impact force in  the frequency 

domain for the inner shell is shown in Fig. (5.38). 
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Figure 5.38 Radial impact force (frequency domain) on one side of cryopump for inner shell 

Fig. (5.38) shows that radial impact force is 4.8×10 -6 N at R=0, which is the 

maximum force and it decreases with radial distance.  

The radial impact force in the frequency domain for the outer shell is shown in Fig. 

(5.39). 

 

Figure 5.39 Radial impact force (Frequency domain) on one side of cryopump for outer shell 
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Fig. (5.39) shows the maximum radial impact force for the outer shell is 5.8×10-6 

N. This force is quite close to the maximum radial impact force for the inner shell. 

It indicates that maximum noise produced by bubble on the inner shell will be 

almost closer to the maximum noise produce by bubble on the outer shell. 

5.7.3.4Force sound level spectrum  

The radial impact force is calculated in terms of sound level. The sound level is 

abbreviated as noise because it interferes with the actual data at low frequency. The 

force sound level spectrum for the inner shell is shown in Fig. (5.40). 

 

Figure 5.40 Force sound level spectrum for inner shell  

Fig. (5.40) shows that the force sound level spectrum for inner shell varies from -

106.4 dB (max.) to -123.6 dB (min.).  

The force sound level spectrum for the outer shell is shown in Fig. (5.41). 
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Figure 5.41 Force sound level spectrum for outer shell  

Fig. (5.41) shows that the force sound level spectrum for outer shell varies from -

104.8 dB (max.) to -127.9 dB (min.). This shows that the magnitude and direction 

of impact force are crucial parameters. The distance travelled by the bubble before 

impacting the outer shell is more than the distance travelled before impacting the 

inner shell. In the case of the inner shell, the maximum impact force was normal to 

the surface while for the outer shell, the maximum impact force was not normal to 

the surface. It confirms that the direction and magnitude are crucial to evaluate the 

noise spectrum.  This force does not depend on the number of bubble striking or 

any other configuration of the material. It depends on the fluid and bubble  diameter. 

5.7.3.5Acceleration, velocity, and displacement sound level spectrum 

The acceleration, velocity, and displacement sound level exist when any bubble 

strikes to the shell. This sound level spectrum depends on the material 

configuration, material property, admittances, force, excitation frequency, the 

number of striking bubbles etc.  
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The number of striking bubbles on outer and inner shell are different. The number 

of bubbles are calculated for the entire length of the circular shell. The number of 

striking bubbles from the single row of length is 1118. The frequency of the 

striking bubble depends upon the impact velocity. The impact velocity depends on 

the distance travelled. Hence the number of bubbles striking also changes as per the 

radial distance. The frequency of striking bubbles per second for inner shell is 

shown in Fig. (5.42)  

 

Figure 5.42 Frequency of striking bubbles on inner shell along radial direction 

The total number of bubbles striking on inner shell are 2.06×108 per second along 

the radial direction. The inner shell has a wide range for striking the bubbles i.e. 

along the diameter of the inner shell. The bubbles moving from the outer shell will 

strike the inner shell. Hence the total number is significant.  

The frequency of striking bubbles per second for outer shell is shown in Fig. (5.43) 
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Figure 5.43 Frequency of striking bubbles on outer shell along radial direction 

The total number of bubbles striking on inner shell are 3.72×107 per second along 

the radial direction. The outer shell has a very narrow annular gap. Only the 

bubbles coming out from the outer shell will strike to outer shell through the 

annular gap.  

The excitation frequency for the inner shell is 60 Hz for the lowest non-

dimensional frequency parameter at mode number 3. The sound level spectrum is 

shown in Fig. (5.44). 
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Figure 5.44 Acceleration, Velocity, and Displacement level spectrum for Inner shell  

The sound level acceleration is produced by the force within the material, which in 

turn produces velocity and the displacement spectrum. The maximum and minimum 

values for sound level for the inner shell are shown in Table (5.10). 

Table 5.10 Sound level spectrum for Inner Shell 

Sound level spectrum (dB) Acceleration Velocity Displacement 

Maximum -71.6 -123.1 -174.6 

Minimum -85.6 -137.1 -188.6 

The excitation frequency for the outer shell is 55 Hz for the lowest non-

dimensional frequency parameter at mode number 3. The thickness of  the outer 

shell is taken as 11 mm (as per the vibration criteria). The sound level spectrum is  

shown in Fig. (5.45). 
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Figure 5.45 Acceleration, velocity, and displacement level spectrum for outer shell  

Fig. (5.45) shows the same trend for the outer shell as given by the inner shell. The 

maximum and minimum values for sound level for outer shell are shown in Table 

(5.11). 

Table 5.11 Sound level spectrum for Outer Shell 

Sound level spectrum (dB) Acceleration Velocity Displacement 

Maximum -67.1 -118.0 -168.9 

Minimum -94.1 -145.0 -195.9 

The Table (5.10) and Table (5.11) indicates that the maximum magnitude of the 

sound level spectrum is same for both the shells either the thickness of both the 

shells are different. The thickness is also one of the key parameters for the sound to 

propagate within the shell. The effect of various parameters is checked on the 

sound level spectrums.   
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5.7.3.6Total bubble induced noise through LN2 cryopump 

The bubble induced noise is calculated for the different travelling height of the 

bubble. The variation of sound spectrum level on the inner and outer shell is shown 

in Section 5.8.3.4 (Force) and Section 5.8.3.5 (Acceleration, Velocity, and 

Displacement). The variation is taken at one side of cryopump due to the 

symmetricity. The total noise is calculated by adding all the sound levels along the 

inner shell and outer shell. 

The sound levels are based on a log scale, hence they can not be added directly. The 

addition of sound levels is dependent on the type of sources i.e. coherent or 

incoherent. For coherent sources, the sound levels are added as, 

 𝐿𝑆𝑢𝑚(𝑐) = 20𝑙𝑜𝑔10(10(𝐿1
20⁄ ) + 10(𝐿2

20⁄ )+. … … . . +10(𝐿𝑛
20⁄ )) (5.20) 

where 𝐿𝑆𝑢𝑚(𝑐) is the total sound level from coherent sources and L1, L2, ……Ln are 

the individual coherent noise levels which have to be added. The Eq. (5.20) is 

written as 

 𝐿𝑆𝑢𝑚(𝑐) = 20𝑙𝑜𝑔10 (∑ 10

𝑛

𝑖=1

 (𝐿𝑖
20⁄ )) (5.21) 

The incoherent sources are added as per the equation 

 𝐿𝑆𝑢𝑚(𝑖𝑐) = 20𝑙𝑜𝑔10 (∑ 10

𝑛

𝑖=1

 (𝐿𝑖
20⁄ )) (5.22) 

where 𝐿𝑆𝑢𝑚(𝑖𝑐) is the total sound level from incoherent sources 

The addition of n sound levels of equal amplitude (L) from the coherent and 

incoherent sources is 

 𝐿𝑆𝑢𝑚−𝑛 = 𝐿 + ∆𝐿 (5.23) 

 𝐿𝑆𝑢𝑚−𝑛(𝑐) = 𝐿 + 20𝑙𝑜𝑔10𝑛 (5.24) 

 𝐿𝑆𝑢𝑚−𝑛(𝑖𝑐) = 𝐿 + 10𝑙𝑜𝑔10𝑛 (5.25) 

where 𝐿𝑆𝑢𝑚−𝑛(𝑐) and 𝐿𝑆𝑢𝑚−𝑛(𝑖𝑐) are the total noise from n sound coherent and 

incoherent sources and ∆𝐿 is the increase in the sound level with respect to L. ∆𝐿 is 

formulated up to 10 noise sources (Table (5.12)). 
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Table 5.12 Sound level increase in dB 

Number of sources 1 2 3 4 5 6 7 8 9 10 

∆𝑳 in dB (coherent)  0.0 3.0 4.8 6.0 7.0 7.8 8.5 9.0 9.5 10.0 

∆𝑳 in dB (incoherent) 0.0 6.0 9.6 12.0 14.0 15.6 17.0 18.0 19.0 20.0 

The sound level (dB) depends on the number of sound sources as shown in Fig. 

(5.46). 

 

Figure 5.46 Sound level increase from equal sound level sources  

The Fig. (5.46) shows that the sound level for the coherent sources increases twice 

than the incoherent sources. The sum of the sound levels spectrum for the 

cryopump on one side and both sides of the cryopump for Inner shell are given in 

Table (5.13) and Table (5.14) respectively. 

Table 5.13 Sound level spectrum for inner shell (one side of cryopump) 

Sound level spectrum  Acceleration Velocity Displacement Force 

Coherent (dB) -23.6 -75.1 -126.7 -58.8 

Incoherent (dB) -47.9 -99.5 -150.9 -83.1 
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Table 5.14 Sound level spectrum for inner shell (both side of cryopump) 

Sound level spectrum  Acceleration Velocity Displacement Force 

Coherent (dB) -17.6 -69.1 -120.7 -52.8 

Incoherent (dB) -44.9 -96.5 -147.0 -80.1 

The sum of the sound levels spectrum for the cryopump on one side and both sides 

of the cryopump for Outer shell are given in Table (5.15) and Table (5.16) 

respectively. 

Table 5.15 Sound level spectrum for outer shell (one side of cryopump) 

Sound level spectrum  Acceleration Velocity Displacement Force 

Coherent (dB) -45.4 -96.3 -147.3 -82.5 

Incoherent (dB) -57.8 -108.7 -159.6 -95.1 

 

Table 5.16 Sound level spectrum for outer shell (both side of cryopump) 

Sound level spectrum  Acceleration Velocity Displacement Force 

Coherent (dB) -39.4 -90.3 -141.3 -76.5 

Incoherent (dB) -54.8 -105.7 -156.6 -92.1 

The total sound level spectrum from the LN2 cryopump is calculated by adding the 

sound level for inner shell and outer shell  (Table (5.17)). 

Table 5.17 Sound level spectrum for LN2 cryopump 

Sound level spectrum  Acceleration Velocity Displacement Force 

Coherent (dB) -16.9 -68.4 -119.9 -52.3 

Incoherent (dB) -44.5 -96.0 -146.5 -79.8 

The total bubble induced noise band for the coherent and incoherent is shown in 

Fig. (5.47). 
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Figure 5.47 Total sound level for different sound level parameters  

The Fig. (5.47) shows the variation in the sound level noise and it gives the 

maximum (coherent) and minimum (incoherent) value of noise for the LN2 

cryopump. The bubble impacting may be coherent or incoherent in nature due to the 

different variable parameters. Hence the bubble induced noise will vary between 

the coherent and incoherent. The maximum noise of -16.9 dB is due to the 

acceleration.  

5.7.4. Parametric study on bubble induced noise 

The bubble induced noise is a function of various parameters like bubble diameter, 

the number of bubble striking, the thickness of shell etc. Few parameters are 

studied to check its effect on the bubble induced noise on the outer shell.  

5.7.4.1Force noise Vs bubble diameter  

Bubble diameter is the function of fluid properties. The fluid properties will change 
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as per the different temperature and pressure conditions. At the atmospheric 

pressure, the fluid properties remain constant. In the case of liquid nitrogen, the 

temperature difference (∆𝑇) between the wall (Tw) and the saturation temperature 

(Tsat) can vary  from 2-10 K for nucleate boiling [145], [146]. The boiling regime 

graphs indicate that after 10 K, the film boiling will start. ∆𝑇 = 5 K is the 

temperature, where the liquid nitrogen is purely in the nucleate boiling. After ∆𝑇 = 

5 K, the film boiling phenomenon intitiates up to ∆𝑇 = 10 K.  

The temperature difference is responsible for the bubble departure diameter. The 

variation of bubble departure diameter is shown in Fig. (5.48).  

 

Figure 5.48 Total sound level for different sound level parameters  

Fig. (5.48) shows that the bubble diameter is changed from 1.3 mm to 4.1 mm for 

the liquid nitrogen for nucleate boiling. The force spectrum (Fig. (5.49)) is 

analyzed according to the diameter of the bubble for the outer shell. 
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Figure 5.49 Force spectrum noise for different bubble diameter   

Total force is the sum of all the individual forces, hence the bubble induced total 

force noise variation is calculated for the outer shell.  

 

Figure 5.50 Total force noise with different bubble diameter for outer shell  
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Fig. (5.50) shows that the total noise increases as per the increase in the bubble 

diameter i.e. increase in the temperature difference.   

5.7.4.2Acceleration, velocity and displacement spectrum Vs shell thickness 

The acceleration, velocity, and displacement is a function of the thickness of the 

shell. The outer shell has 3 mm as per the mechanical design and 11 mm as per the 

vibration criteria. Hence the thickness is changed for outer  shell from 3 mm to 11 

mm. The changes in the spectrum are shown in the Fig. (5.51), Fig. (5.52) and Fig. 

(5.53). 
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Figure 5.51 Acceleration noise spectrum with different shell thickness for outer shell  
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Figure 5.52 Velocity noise spectrum with different shell thickness for outer shell  
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Figure 5.53 Displacement noise spectrum with different shell thickness for outer shell  

The Fig. (5.51), Fig. (5.52) and Fig. (5.53) shows that the all the noises decrease 

with increase in the thickness of the shell. The decrement is shown in the Table 

(5.18). 

 Table 5.18 Sound level spectrum for LN2 cryopump 

Noise 

Parameter 

Thickness 

3 mm 11 mm  

Min. (dB) Max. (dB) Min. (dB) Max. (dB) 

Acceleration -71 -44 -94 -67 

Velocity -122 -95 -145 -118 

Displacement -173 -146 -195 -168 

From the Table (5.18), it is concluded that as the thickness of the shell increases, 

the noise reduces. The reduction in acceleration, velocity, and displacement are 

found as 17-20%, 12-13% and 10% in the displacement when thickness of shell 

changes from 3 mm to 11 mm.  
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5.7.4.3Noise level Vs number of bubbles striking the shell 

The noise level is a function of the number of bubbles striking the shell. The outer 

shell is taken and the only single bubble is taken for a maximum height of 0.5561 

m. If the number of striking bubbles increases on the same point then the noise 

level is plotted in Fig. (5.54). 

 

Figure 5.54 Noise spectrum with number of bubble striking for outer shell  

Fig. (5.54) shows that as the number of striking bubbles increases the noise level 

also increases. The number of striking bubbles at a time for inner shell and outer 

shell are 308568 and 24596. Hence, the noise for the inner shell is more than the 

outer shell due to the more number of bubbles striking the inner shell.  

5.8. Closing remarks 

In this Chapter, the bubble dynamics for the bubble departure and motion are 

discussed. The motion with respect to the early and late time zone is analyzed for 
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the liquid nitrogen bubble. The thickness required for the bubble induced noise is 

calculated according to the mechanical design, buckling criteria and vibration point 

of view. Different mode shapes are illustrated with the circumferential and axial 

mode numbers. The bubble induced noise spectrum for force, acceleration, velocity, 

and displacement are analyzed. The parametric study is given to check the effect of 

different parameters on the bubble-induced noise. 

 



 

 

                                                                

Conclusions and Summary 

LIGO is very sensitive towards the noise generated by any source. Liquid nitrogen 

cryopump is one of the noise source but it is one of the key component for  LIGO. 

The noise generated by the cryopump is due to the bubble-structure interaction. 

This noise can distort the gravitational wave signal. Hence the noise generated by 

the cryopump is the main focus for investigation. 

The problem is the amalgamation of three important domains as cryogenics, bubble 

dynamics, and noise associated with vibration. The noise and vibration produced 

inside the cryopump is due to the nucleate boiling of liquid nitrogen. Through the 

literature survey, it is known that these areas are not explored much for the 

sensitive applications like LIGO.    

Bubble dynamics is used to analyze the noise and vibration. A generalized solution 

for the bubble dynamics is derived for a single liquid nitrogen bubble. The bubble 

displacement, velocity, and acceleration are derived for the early time zone and late 

time zone. The time to reach the terminal velocity by the bubble is also calculated. 

The bubble dynamics is applied to find out the impact force on the liquid nitrogen 

cryopump.  

The radial impact force is responsible for the non-planer vibration. Hence the non-

planer vibration for the circular shell has been investigated. The solution obtained 

is general for different sizes of circular shells with the different boundary 

conditions. The non-dimensional frequency parameter is drawn for all the 

circumferential modes of circular shell. The lowest frequency mode is achieved for 
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the circumferential mode which corresponds to the radial impact force. 

The thickness of the circular shells is calculated with the help of ASME code 

Section VIII division 1 for the external pressure vessel and internal pressure vessel 

sections. The external pressure vessel is checked for the buckling failure criteria. 

The thickness is verified for the low-frequency vibrational modes. The optimum 

thickness is obtained which satisfy the mechanical and vibrational criteria of the 

cryopump.  

The analytical model for the bubble induced noise is developed, this model is 

generalized in nature for the circular shells. The different parameters responsible 

for the sound level spectrum are considered. Mechanical mobility of circular shell 

is taken into consideration with the help of shell admittance and plate admittance. 

The bubble induced noise for the force, acceleration, velocity and the displacement 

is analyzed.  

The configuration of the liquid nitrogen cryopump is quite different than the other 

geometries as simple circular, rectangular etc. The configuration is concentric 

shells and the fluid is filled in the annular gap. The fluid present in the annular 

region makes the analysis difficult because the height traveled by bubble varies 

continuously. The bubble striking the inner shell and outer shell has different force 

on the shells. The impact force is also not normal to the surface and varies with 

respect to striking point. This provides the different spectrum for the bubble 

induced noise for the force, acceleration, velocity, and displacement.  

The effect of bubble diameters due to the different temperature difference in the 

case of nucleate boiling, shell thickness and the number of bubbles striking the 

surface has been studied.   

6.1. Conclusions 

An analytical solution for the bubble induced noise is proposed which can be either 

used to study the circular shell or any other geometry. The bubble dynamics is 

dependent on the fluid properties according to different types of fluid. Hence the 

generalized solution is derived for any type of fluid. The concluding points are 

presented below. 
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1. The bubble diameter is dependent on the fluid properties, the temperature 

difference (∆T) between the wall (or surface) and the saturation temperature 

of the fluid. Fluid properties depend on the operating pressure and 

temperature of the fluid. For a particular type of fluid, the bubble diameter 

increases as the temperature difference (∆T) increases.  

2. The net bubble departure force is in the order of 10 -5 N in the case of 

nucleate boiling. Nucleate boiling considers only the vertical upward force. 

The main departure force is the buoyancy force, other forces do not affect 

too much.  

3. The initial acceleration and entrained mass are found to be ~ 2g and half of 

the mass displaced by the bubble during the motion.  

4. The bubble dynamics is dependent on the bubble diameter, migration time 

and the traveling time. If the traveling time is less than the migration time 

then the bubble is moving in early time zone otherwise in late time zone.  

Bubble motion parameters (acceleration, velocity, and displacement) 

changes according to the early time and late time zone. In early time zone, 

the bubble does not attain terminal velocity.  

5. The impact force changes as per the distance travelled and impact velocity at 

the instant of striking the surface. The radial impact force is more important 

than the total impact force because the radial force is responsible for the 

vibration in the circular shell. 

6. The natural frequencies corresponding to different mode shapes is are 

dependent on the boundary conditions, shape and size of the shell, length, 

and thickness of the shell. The combination of circumferential and axial 

mode number changes the natural frequency and the mode shapes.   

7. The criteria for adopting the thickness of the outer and inner shell is based 

on the cut-off frequency (> 100 Hz) as well as mechanical stress.  

8. The bubble induced noise provides the sound level spectrum for the different 

parameters. The induced noise is dependent on the bubble diameter, shell 
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thickness, the number of bubble striking, type of fluid, material properties, 

and configuration etc.  

The methodology presented here is for a liquid nitrogen spherical bubble striking 

for the circular shell made up of isotropic and homogeneous material.  

6.2.  Contribution of the present work 

The present work was initiated with the objectives of developing a generalized 

analytical formulation to study the bubble induced noise in the liquid nitrogen 

cryopump. The low-frequency noise is avoided during the operation of the 

cryopump which provides difficult data analysis in the detection of gravity waves. 

The set objectives are fulfilled effectively and following are the major contribution 

in the field of gravity wave detection.  

1. A generalized solution to study the effect of bubble diameter on the bubble 

dynamics for any type of fluid is derived. The formulation can be used for any fluid 

with any bubble diameter.  

2. The generalized analytical solution can be employed to analyze the bubble 

induced noise for circular shell made up of any material, having any boundary 

condition, for any noise parameter.  

3. The nucleate boiling as a part of Sub-cooled Boiling Induced Vibration 

(SBIV) is analyzed in terms of vibration and noise. 

6.3. Limitations  

1. The present formulation is for the bubble induced noise in case of nucleate 

boiling only and can not be applied for the film boiling.  

2. The solution is valid for quasi-static fluid condition only. 

3. The solution is valid for isotropic and homogeneous material of the shell.  

6.4. Future scope 

 The present method can be verified experimentally for liquid nitrogen with 

different pressure fluids present in the annular gap.  
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 Heat transfer criteria can be considered for the bubble growth during the 

motion. 

 The bubble induced vibration in the fluid flow condition can be extended 

further for different flow rates.     
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